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r e l e t i v i s t i c  lhlt t o  so lv ing  t h e  Schroecinger equzkllon for a Lsotential Pi5th 

matrix. A f u r t h e r  advantage of t h e  q?roac 'n  g lven '3eiow i s  that  It leads 

t:, a non-singular i n t e g r a l  equat loz  fer t'r._e Se'navior of ;ke s c a t t e r i n s  

mat r ix  off t h e  energy shell, ~ k o s e  kerne l  I s  e :ml l c i t l y  ie';eel-mIz?l. by tke 

(off-shell) Born a2proximation f o r  thn in te racklon ,  axf'. ir;hic'n I s  ec;Jlvnlent 

t o  @the Schroedinger eqca t ion  i n  t'ne c o n - r e l c t i v i s t i c  cese. 

behavior i s  e q l L c i t l y  s e p r a t e d  P r o n  the  two-boljr s c a t t e r l c g  i m t ~ i x  C E  cSe 

eser,T s h e l l ,  g iving a s inq le  r e p - e s e n t a t i o n  :or the T m a t i - l x  neeckd t o  

cons t ruc t  the kerzels f o r  the Faedeev ec_uetions" f o r  the t k ree -body  >rcble-n+ 

3 5 s  of?-she,l 
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three-body problem coming from t h e  (experimental ly  determinable) two-body 

T matrix, and those  due t o  t h e  (model dependent) o f f - s h e l l  behavior.  

I f  we denote the  usual n o n - r e l a t i v i s t i c  wave func t ion  i n  

of-mass system by Y&) = exp( ik  - -  * r )  -I- Gk(~), or i n  momentum 

Yk(g) = G(2-k) -I- cp ( ), and make t h e  p a r t i a l  wave expansion 

N 

- - 
- - k g  

(Pk(g) = (l/2rr2)Z4(2&1)P4($ - " . i ) < ( p ) ,  i t  i s  easy  t o  show t h a t  - 

r w  

(1) 
0 

where t&(k) = exp ( i f j t (k))  sin 8t(k)/k and w,(r) i s  the  r ea l  wave func- 

t i o n  which approaches 

h n c e  we can r ep resen t  t h e  s c a t t e r e d  WLLV: f unc t ion  i n  momentum sphce by 

qa (k r )  - c t n  6t jX(kr)  ou t s ide  t h e  range of  forces. 

w i t h  

cu 

f a ( k , p )  = (p/k)'+ (p2 - k') [clrkr'~, J , ( ~ c ) [ ~ , p ( k r )  " - c t n  & j t ( k r )  - w k ( r ) ]  ( 3 )  
0 

We see  inmediately from Eq. (3) t h a t  

a l l  r ea l  values of p and k, s ince  the integral i s  r e a l  arxl f i n i t e .  If 

ft(k,k) = 1, and ti;at f i s  r ea l  f o r  

we s u b s t i t u t e  t h i s  r ep resen ta t ion  i n t o  t h e  Schroedinger equat ion i n  nomentum 
I 
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immediately t h a t  

Hence, from t h e  proper ty  fa(k,k) = 1, t h e  on-she l l  t. matrix i s  given by 

Note t h a t  the  ke rne l  of t he  equation i s  = i n i t e  at  

t i o n  i s  of  t h e  E'redholm type. 

approximation i s  proportional La ( i./2pq)'. ) r  I (p'+q2-Q2)/2pq] 

square- in tegrable  kerne l ,  showin2 t h a t  Gie equat ion should 6e 'reattYly 

q = k, so t h a t  t he  equa- 

?i)r a Yux\-.wa p o t e n t i a l ,  the  o f f - s h e l l  Bo?n 

whidh gi\eS 'a 
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so lub le  by numerical. methods. Note f u r t h e r  tha t  k occurs  only as a para-  

meter i n  t h e  equat ion,  not as a va r i ab le ,  so t h a t  any s i n g u i a r i t i e s  due t o  

t h e  vanish ing  of V (k ,k)  can cause no e s s e n t i a l  d i f f i c u l t y ,  I n  par t icu-  

lar ,  a l though V (p ,k)  vanishes  a t  th reshold ,  f o r  any reasonable p o t e n t i a l  

such as t h a t  considered above, t h i s  behavior can be f ac to red  as 

t i m e s  a func t ion  which i s  f i n i t e  f o r  e i t h e r  ( o r  bo th)  p and k equal  t o  

zero. 

at k = 0, t h e  only  s i n g u l a r i t y  corning from the inhomogeneous term, which 

goes as k e Consequently ~ ' ,~ (k ,p )  w.11 also :>ehave as k as k 

-e 
-e 

p%!' 

Refer r ing  back t o  Eq. (6), w e  sce that t h i s  leaves  the  k e r n e l  f i n i t e  

-4 --e 
3 ,  

goes t o  zero,  bu t  if this  behavior 1:: i n s e r t e d  i n  the  denominator of Eq. (51, 
we see t h a t  this p r e c i s e l y  cancels  t h e  ;$ behavior of v in t h e  i n t e -  

grand. Tne decomi:iator i s  the re fo re  f ix t i t e  at k = 0,  and the th re sho ld  

behavior  comLng frox the  Born term in t + ~  l . ~  nv-?era*ior I s  preserved. 

It i s  c l e a r  t l iat. i f  t h e  p:.cr.cia:L vanishes a t  some po in t  ko o t h e r  

a a than  threshold ,  and t h i s  zero G:..?. 3 e  f::,c;orc:d out as 

a r g m e n t  j u s t  g iven  shows t h a t  t p ( k  ) w L l l  also. vanish a t  t h i s  po in t .  I n  

gene ra l  we would not expect t h i s  zero t o  be f ac to rab le ,  and a l s o  would not 

expect t y ( k  ) t o  vanish  where the  Born approximat,ion does. Yowcvery i f  
0 0  

V~(ko,ko)~ 0 

1 + (2/fi)[dq q2V~(ko,q)f~(ko,q)/(q2-iE-k';) = 0, t h u s  i n su r ing  consis tency 

wi th  Eq. (3 ) .  

(p-ko) (k-ko) the 

,., 0 

and t ( k  ) f 0, w e  see  that Xq. (1;) r equ i r e s  t ha t  
' $ 0  

0 3 

I n  o rde r  t o  cons t ruc t  t he  kernels of  t h e  Faddeev equat ions f o r  t h e  

t h r e e - b o w  problem (assuming only two-body i n t e r a c t i o n s ) ,  we r equ i r e  t h e  

gene ra l  o f f - s h e l l  T mat r ix  <qlT(z) Ip - > defined by tne  Lipprnan-Schwil?ges5 

equat ions  T = V 3. VGoT and C = Go t G VG, which a r e  equivalent  t o  
0 
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GOTGO = G - Go. 

given by 

func t ion  by 

pans i o n  

For t h e  case at hand the full Green's func t ion  G i s  
00 

S-2 kY-~(q)Yk(E)/(ZiiC-k~/;?cl) and the f r e e - p a r t i c l e  Green's 
0 - 

- 2  G i l  = (z+iE-p /2m)6(p-q), - so, i€ we nske t h e  p a r t i a l  wave ex- 

t h e  par t ia l -wave  T ma t r i ces  are given i n  terms of t h e  no ta t ion  def ined  

above by 

Using our r e p r e s e n t a t i o n  for  #(p) < 

d e f i n i t i o n  of T i n  terms of G and C reduces Go 

and the  compieteness r e l a t i o n ,  t h e  

0 

I oa 

u 
a 

T .e ( 5 )  = [wdk/(<2+ick') - t;(p)fx(p,q) +. wdk/p2-ic-k2) 

b 0 

where 



The symmetry of t h e  T mat r ix  i n  p and q i s  guaranteed 

p l e t e n e s s  r e l a t i o n ,  which can be shown t o  requi re  t h a t  

by the  corn- 

50 m 

Note t h a t  i f  we p u t  one of t h e  p a r t i c l e s  on Lhe energy s h e l l ,  we a l s o  

o b t a i n  a simple r e s u l t  f o r  t h e  h a l f - o f f - s h e l l  

cussed by Sobel' i n  connection wi th  p-p bremsstrahlung, namely 

T matrix r ecen t ly  dis-  

Note also t h a t  i f  we make use of the uiii1,arity r e l a t i o n  

k2 t I (k ) t&(k)  = ( i k / 2 ) [ t i ( k )  I t & ( k ) ]  = ( s ~ ~ / ~ ) [ t ~ ( - k ) - t & ( k ) l ,  WE! can' eon- 

v e r t  t he  dk i n t e g r a t i o n  t o  a contour i n t e g r a l  along the  r e a l  a x i s  wi th  

a h a l f - c i r c l e  at i n f i n i t y .  This allows us t o  separa te  out  t he  term coming 

from t h e  s i n g u l a r i t y  of the  r e a l  a x i s  and ob ta in  

siq' 6&(k) = 

' 

.e Tqp(() = - t t ( ( ) f t ( ( , q ) f t ( i , p !  + non-separable terms 

To see  t h a t  t h i s  can be expected t o  be a dominant cont r ibu t ion  t o  T, we 

eva lua te  f (k,p) f o r  a wave func t ion  which d i f f e r s  from i t s  asymptotic 

value by e -IJr u s ing  Eq. (3)  and f i n d  t h a t  

f (k,p) = 1 f (k2-pZ)/[(p"-k')' f 2p2(p2-!-k2) + p"]t showing t h a t  o the r  

con t r ibu t ions  from the  s i n g u l a r i t i e s  of w a r e  separated from the  domi- 

nant s i n g u l a r i t y  on the  r e a l  axis b y  at l e a s t  t he  range of  forces .  Since 

t h i s  lead ing  term i s  separable  i n  p and q, it  w i l l  reduce the  Faddeev 

0 

0 
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equa t ions  t o  (coupled) i n t e g r a l  equations i n  a s i n g l e  va r i ab le ,  which a r e  

r e a d i l y  so lub le  on a computer. It i s  t h e r e f o r e  t o  be hoped t h a t  t h i s  re- 

p r e s e n t a t i o n  w i l l  provide a good f irst  approximation f o r  at l e a s t  some 

a s p e c t s  o f  t h e  three-body problem. F i n a l l y ,  it should be emphasized t h a t  

t t ( k )  

s c a t t e r i n g  experiments, independent of any assumptions (o ther  than t h a t  

they  are of s h o r t  range) about t h e  na ture  of the s t rong  i n t e r a c t i o n s .  We 

can t h e r e f o r e  cons t ruc t  d i f f e r e n t  l o c a l ,  non-local, o r  velocity-dependent 

models f o r  t h e  s t r o n g - i n t e r a c t i o n s  lead ing  t o  i d e n t i c a l  r e s u l t s  f o r  

t t ( k ) ,  and s tudy  s e p a r a t e l y  t h e  inf luence  of these  d i f f e r i n g  phys ica l  as- 

sumptions about t h e  s t rong- in t e rac t ions  on t h e  three-body problem, intlepen- 

d e n t l y  from t h e  (experimental ly  determinable ) two-par t ic le  amplitude 

t t ( k )  which we adopt. 

can be determined without  a m b i b i t y  d i r e c t l y  from two-par t ic le  

I am indebted t o  M. Bander,'D. Wong, and T. Osborn f o r  s e v e r a l  u s e f u l  

d i scuss ions  of t h i s  problem, and i n  p a r t i c u l a r  f o r  helping t o  show t h a t  no 

t r o u b l e  a r i s e s  f r o m t h e  zeros  o f  V$(k,k). 
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