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ABSTRACT 

The anmalous magnetic mment of t he  electron,  $( g - z ) ,  i s  copputed using 

dispers ion theory.  The ana ly t i c  continuation i s  made i n  t h e  mass of one of 

t he  ex te rna l  e lec t ron  l i n e s  and only t h e  one e l ec t ron  one photon s t a t e s  are 

re ta ined  i n  the  absorptive amplitude. I n  t h i s  way we r e l a t e  g-2 t o  t h e  

Compton amplitude which has a known exact th reshold  behavior. 

mation i s  an expansion i n  the  low energy behavior r a t h e r  than a per turbat ion 

expansion i n  powers of 1/137 and we a re  able  t o  show t h a t  a major contribu- 

t i o n  t o  g-2 canes from t h e  low mass region of t he  e l ec t ron  photon system 

near  the  threshold of the  absorptive amplitude. F i r s t  i n  a pure ly  non- 

r e l a t i v i s t i c  ca lcu la t ion  we f i n d  t h a t  a major p a r t  of t he  a/2fi cor rec t ion  

i s  accounted f o r  by t h e  Thomson l i m i t .  

including the  exact  residue of the pole t e r n s  i n  t h e  Cmpton amplitude i n  

accord with the low energy theorem on Cmpton sca t t e r ing  w e  f i n d  t h a t  e lectron-  

photon s t a t e s  below 2.5 me2 i n  the absorptive amplitude reproduce 90% of the  

-0.328 $/n2 contr ibut ion and predic t  a value of 

sixth order term. 

difference of muon and e lec t ron  g-2 values.  F ina l ly  we c a l c u l a t e  with t h i s  

approach the  anmalous magnetic moments of t h e  proton and neutron, with t h e  

Kroll-Rudeman theorem on meson photoproduction providing the low-energy 

Out approxi- 

Further  r e f in ing  our  ca l cu la t ion  by 

+ 0.15 a3/f13 for the  

We a l s o  give a simple physical  i n t e r p r e t a t i o n  of the 
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"anchor" i n  t h i s  case. 

absorpt ive amplitude we obta in  f a i r  agreement with the magnitude and the 

i sovec tor  character  of t he  moments, f ind ing  Ap x 0.7 (Apexpt) 

Again r e t a in ing  only the  low mass r e g i m  of the 

P and 

AP N -  - 0.9 @PexpJ 
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I. INTRODUCTION 

Feynman, i n  h i s  repor t  t o  the  12 th  Solvay Congress on "The Present  

S t a tus  of Quantum Electrodynamics" (@D) ca l l ed  f o r  more i n s i g h t  and physi-  

c a l  i n t u i t i o n  i n  Q,ED ca lcu la t ions .  To quote fram a p a r t i c u l a r l y  r e l evan t  

passage:' 

veloped i n  t h i s  subjec t .  

exac t ly  the  coe f f i c i en t  of same spec i f i c  term. 

"It seems tha.t  very  l i t t l e  physical  i n t u i t i o n  has y e t  been de- 

I n  near ly  every case we a re  reduced t o  cmput ing  
' 

We have no way t o  ge t  a 

general  idea of the r e s u l t  t o  be expected. 

s ide r ,  for example, the  anmalous e l ec t ron  mment , . .  [e 2 

To make my view c l ea re r ,  con- 

= -$?. 25( -0.328 $/n2] . 
We have no physical  p i c tu re  by which we can e a s i l y  see t h a t  t h e  cor rec t ion  

i s  roughly a/25(, i n  f a c t ,  we do not even know why the  s ign  i s  pos i t i ve  

(o the r  than by cmput ing  it). 

with t h e  ca l cu la t ion  of t h e  second order t e r n  t o  t h r e e  s i g n i f i c a n t  f i g u r e s  

In  another f i e l d  w e  would not be content 

without enough understa.nding t o  get a. rationa.1 est imate  of the order of 

magnitude of t he  t h i r d .  

p lor ing  a,new roan, but  soon we must develop some concept of t h i s  roam as  

We have been computing terms l i k e  a. b l i n d  man ex- 

a whole, and t o  have same general  idea of what i s  contained i n  it. 

s p e c i f i c  challenge, i s  there  any method of computing t h e  anomalous mment 

of t h e  e l ec t ron  which, on f i r s t  rough approximation, gives a f a i r  approxi- 

mation t o  the  0 tern and a crude one t o  ; and when improved, increases  

the  accuracy of the 02 t e rn ,  y ie ld ing  a rough est imate  t o  a3 and 

A s  a 

beyond? I' 

This paper i s  our a.nswer t o  t h i s  cha.llenge. We w i l l  show tha , t  t he  

Schwinger correct ion,2 a/23r, of the  e l ec t ron  (or muon) magnetic mament 

can be ca lcu la ted  approximately and very  simply i n  terms of t h e  exact 

Thomson l i m i t  t o  Campton s c a t t e r i n g  of photons by e lec t rons .3  A l l  t h a t  i s  
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needed by way of formalism are  the  n o n - r e l a t i v i s t i c  P a u l i  two-cmponent 

theory of t he  e l ec t ron  and the  ana ly t i c  property of Feynman graphs i n  per-  

t u rba t ion  theory t h a t  allows us t o  wr i te  a dispers ion r e l a t i o n  f o r  t h e  

electromagnetic i n t e rac t ion  ver tex .  4 

We can do b e t t e r  than t h i s  by keeping r e l a t i v i s t i c  kinematics and by 

using t h e  fill content of t h e  exact low energy theorem on Cmpton s c a t t e r i n g  

including the  magnetic moment contr ibut ions which a re  l i n e a r  i n  the  energy. 

If we include the  mmmt t o  order 

s ign  and approximately co r rec t  magnitude s r e  obtained f o r  t h e  cor rec t ion  

of -0.328 $/n2 

and Petennann.6 Including t h e  ai! moment term i n  t h e  Cmpton amplitude leads 

t o  t h e  pred ic t ion  cf + 0.15 a3/fl3 t o  s i x t h  order.  We a l s o  give a simple 

phys ica l  i n t e rp re t a t ion  and ca l cu l s t ion  of t h e  difference between t h e  muon 

5 

a/2~r i n  t he  Cmpton amplitude, t h e  cor rec t  

as cmputed i n  fourth-order per turba t ion  theory by Sommerfield 

a.nd e l ec t ron  moments. 

Fina.lly, wi th  t h i s  approa.ch we c a l c u h t e  the  anmalous ma.gnetic maments 

of nucleons In  t h i s  ca.se the  Kroll-Ruderman theorem provides the  low-energy 

"anchor," and f a . i r  a.greement i s  obtained both with the  ma.gnitude and the  i so -  

vec tor  chamcter  of  t he  moments. 

11. NON-RELATIVISTIC CALCUUTION AND THE SCHWINGER CORRECTION 

The Schwinger correct ion,  9 = i s  found i n  lowest-order per turba-  

t i o n  theory by evaluat ing t h e  r ad ia t ive  cor rec t ion  t o  the  electromagnetic 

ver tex,  Fig. 1. Instead of following t h i s  procedure we s h a l l  appeal t o  the  

f a m i l i a r  r e s u l t  t h a t  t he  Feynman amplitude f o r  Fig.  1 s tudied  as  a funct ion 

of t he  (mass)2 of one of t h e  ex te rna l  l i n e s ,  wi th  the  o ther  two on t h e i r  

mass s h e l l s ,  s a t i s f i e s  a d i spers ion  r e l a t i o n  i n  t h i s  va r i ab le .  This property 
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i s  v a l i d  t o  a l l  f i n i t e  orders  i n  per turba t ion  theory.  

t h e  anomalous moment z ( g - 2 )  f r o m  the  dispers ion i n t e g r a l  we must assume t h a t  

t he  dispers ion r e l a t i o n  f o r  t he  magnetic moment p a r t  of t h e  amplitude re -  

qu i res  no subtract ions;  otherwise g-2, l i k e  t h e  charge e, would be another 

parameter i n  the  theory.  

In order  t o  compute 
I 

F i r s t  we consider t he  ana ly t i c  proper t ies  of t h e  Feynma.n amplitude cor- 

responding t o  Fig.  1 as a funct ion of t he  invar ian t  mass 

t h e  incoming electron7 w i t h  the  photon and outgoing e l ec t ron  set on t h e i r  

respec t ive  mass s h e l l s :  .e2 = 0, p2 = m2. 

t h e  spinor  fac tors ,  considered as funct ions of 

i n  the cu t  W2 plane w i t h  a branch cut from rn2 t o  + m.  The absorpt ive 

p a r t s  of these amplitudes a re  given by the d iscont inui ty  across  t h i s  cu t  

and a re  obtained by s e t t i n g  the  i n t e r n a l  photon and e l ec t ron  l i n e s  on t h e i r  

pos i t i ve  energy mass s h e l l s .  

of these i n t e r n a l  p a r t i c l e s  according t o 8  

W2 = ( p  + $)" of 

The s c a l a r  funct ions mult iplying 

W2 , a re  a n a l y t i c  funct ions 

T h i s  i s  done by replacement of t h e  propagators 

+2n2 6 (k" - m") B(ko) S(q2)  B ( q o )  (1) 
1 1 

q" + i c  k2 - m2 + i€ 

The absorptive amplitude w i l l  be given by 

- - w2 - m2 Jr' dx U(p)N(W2,x) 

'1 
32nW2 

where x = q 

asd q = -5 . 
/ Igl' i n  t he  center-of-mass system with p + 4 = (W,O)  

N 

3 -f 
N is  a. numerator fa .c tor  appearing i n  t h e  amplitude, and i s  

N 
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a, polynomial which does not  influence the ana.lytic proper t ies  according t o  

the  F e w a n  r u l e s  which t i e  together  t h e  two ends of t he  i n t e r n a l  photon 

l i n e  withg g 

( 2 )  a r e  shown i n  Fig.  2 where we have indicated both the  ver tex  and s e l f -  

The "cut" graphs corresponding t o  the  absorptive amplitude 
Pt.l 

epergy p a r t s .  

by mult iplying the  e l e c t r m a g n e t i c  current  by the  Compton amplitude followed 

by an in t eg ra t ion  over t he  sca t t e r ing  angle x according t o  ( 2 ) .  This 

d i r e c t  dependence of t he  absorptive amplitude on the Compton amplitude and 

These graphs i l l u s t r a t e  how the  absorptive p a r t  i s  obtained 

on t h e  current  i s  the  input  t h a t  introduces physics v i a  the  f a c t o r  N i n  

t h e  numerator. 

Using the  es tab l i shed  ana ly t i c  proper t ies  of t he  Feynman amplitude we 

can now exp lo i t  the  known exact  low energy behavior of the  Compton amplitude 

t o  es t imate  the  anomalous moment. Before presenting a. more forma.1 discussion 

t h a t  provides a ba.sis for a systematic i t e r a t i o n  scheme we s h a l l  give a "first 

rough approximation" t o  g-2 using only the  non- re l a t iv i s t i c  Paul i  two com- 

ponent theory of the  e lec t ron .  

with the  gyromagnetic r a t i o  g t o  e m i t  a photon of momentum 5 - 0  i s  

The t r a n s i t i o n  current  f o r  a Paul i  e lec t ron  

where Xf and )Ii denote the f i n a l  and i n i t i a l  two cmponent spinors of 

t h e  e lec t ron  a t  r e s t  and ( 3 )  i s  accurate t o  lowest order i n  v/c.  In  a 

r e l a t i v i s t i c  dispersion study of the ver tex  a s  a funct ion of e lec t ron  ma.ss 

W2, t h e  cha.rge e and the  normal moment g = 2 associated with it i n  the  

Dirac theory a re  given by a subt rac t ion  constant a s  required by the  Ward 

ident i ty . "  It i s  only t h e  change i n  t h e  g value,  g-2 , a r i s i n g  from 
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t h e  r ad ia t ive  cor rec t ions  cont r ibu t ing  t o  t h e  absorptive amplitude i n  (2 )  

t h a t  we calcula.te from the  dispers ion re lamt ion  

For Img(W2) 

r i g h t  by X 

f o r  

i n  the  Paul i  approximation we r e tu rn  t o  (2), mul t ip ly  on the  

f o r  the  inc ident  e lec t ron ,  i n s e r t  non- re l a , t i v i s t i c  expressions 

N , a.nd p ro jec t  out t h e  sp in  dependent m p l i t u d e  fram 

* 
In  ( 5 ) ,  x f  grs I, 
amplitude. 

t h e  physicaL charge e i s  also t h e  exact  Thamson amplitude as ;e +O and 

(W-m) - to:  

is  a n o n - r e l a t i v i s t i c  approximation t o  the Compton 

By t he  low energy theorem t h e  perturba.t ion r e s u l t  i n  terms of 

For t he  time component d we invoke cur ren t  conservation ro 
3 - 
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s o  t h a t  

The cmponents of the t r a n s i t i o n  cur ren t  i n  the  Pau l i  theory a re  given by 

X *  m j o X i  = e X: Xi 

descr ibing the  Schroedinger plus  t h e  sp in  currents  c rea ted  when t h e  i n i t i a l  

e lec t ron  of momentum p acce lera tes  t o  the  intermediate one with momentum N k . 
N 

Introducing (6), ( 7 ) ,  (8) and (9) i n t o  ( 5 ) ,  performing the  angular  

i n t eg ra l ,  and picking o f f  t he  coef f ic ien t  of 
N u gives simply 

Near threshold,  a s  

amplitude obtained from a r e l a t i v i s t i c  per turbat ion approach. 

W +m, Eq .  (10) may be compared with the  absorpt ive 

A s  w e  s h a l l  

a 
- 27t ’ 
From the  

o r  see l a t e r  it not  only reproduces the  absorptive amplitude i n  the  

Schwinger, approximation but is, i n  f a c t ,  exact i n  t h i s  limit.’’ 

low energy theorem we know t h a t  t he  per turbat ion ca lcu la t ion  of t he  Compton 

amplitude, expressed i n  terms of t h e  exact renormalized charge, reproduces 

the  exact Thomson l i m i t  a s  However, the  dispers ion i n t e g r a l  

i n  ( 4 )  extends over the  e n t i r e  physical  range of Compton sca t t e r ing  energies  

m2 < - W2 - < W, (10) w i l l  f a i l  f o r  purely kinematic reasons.  

4 = W - m +O. 

and, f o r  l a rge  
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I n  f a c t  the  dispers ion i n t e g r a l  (4) f o r  g-2 diverges logar i thmica l ly  if we 

use (10). Introducing a cutoff  we f i n d  

which shows t h a t  t he  major p a r t  of t h e  Schwinger correct ion a r i s e s  near  

threshold when m <, W 5 l . 7 m .  

T h i s  r e s u l t  provides an in t e rp re t a t ion  of the  Schwinger cor rec t ion  i n  

terms of t he  Paul i  current  and the exact c l a s s i c a l  low energy Thomson 

ahplitude,  which determines, moreover, t he  s ign of t he  moment cor rec t ion .  

Beyond t h i s  it suggests a program f o r  computing the e lec t ron  magnetic moment 

t o  higher accuracy by making f u l l  use of a l l  the  information i n  t h e  low-energy 

theorem for sca t t e r ing  of l i g h t  by a spin 1/2 p a r t i c l e .  

exact Thomson l i m i t  a t  zero energy, Gell-Mann, Goldberger, and Low’ proved 

t h a t  the  terms i n  the Cmpton amplitude l i n e a r  i n  photon energy can be ex- 

pressed exac t ly  i n  terms of t h e  experimental magnetic moment of t h e  e lec t ron  

(fermion).  

obtaining i n  t h i s  way an a lgebra ic  r e l a t i o n  between the  moment w e  wish t o  com- 

pute  on the  left-hand s ide  of ( 4 )  and a quadrat ic  form i n  

hand s ide .  In  the  s p i r i t  of a per turbat ion expansion i n  a , an input  on 

t h e  r i g h t  of the  anomalous moment accurate t o  order 

order  Q?+l s ince  the  terms i n  Img(W2) a re  proport ional  t o  a, ap, a n d W 2  

depending on whet& the charge o r  moment cur ren ts  appear a t  the  v e r t i c e s  of the  

Compton amplitude. 

I n  addi t ion  t o  the  

We may include these along wi th  the  Thomson l i m i t  i n  ( 6 )  and (?),  

p on the r i g h t -  

(? gives an output t o  

This expansion is not equivalent t o  t h e  s t r a i g h t  per turba t ion  expansion 

i n  powers of a. I n  a complete ca lcu la t ion  t o  order a2 f o r  instance,  it is 

necessary t o  include r ad ia t ive  correct ions both t o  t h e  ver tex  and t o  the  
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Campton sca t t e r ing  pa.rts  a s  i n  F ig .  3; t h i s  means three-body intermediate 

s t a t e s ,  containing an e lec t ron  p lus  two photons i n  the  absorpt ive m p l i t u d e .  

However, t h e  success of (lo) and (11) i n  approximately reproducing the Schwinger 

correct ion motivates us t o  r e t a i n  nothing more than the f u l l  contents of t he  

low-energy theorem a.s. t he  major cont r ibu ter  t o  the  absorpt ive amplitude. 

We do this  now with the  fill r e l a t i v i s t i c  kinematics i n  order  t o  avoid an 

improper and exaggerated emphasis on the  la.rge W region and s e n s i t i v i t y  

t o  t h e  cu tof f .  This means keeping the  pole dia.grams with physica.1 charge 

p lus  magnetic moment v e r t i c e s  a s  i n  F ig .  4 i n  t h e  Compton ca lcu la t ion .  

want t o  see how wel l  t h i s  approach reproduces the computed and measured 

contr ibut ion t o  the  moment:6’12 

We 

a2 

- a a2 - - - 0.328 - 
112 

2n (9) theory 

= - a - [0.327 & 0.007 a2 
211 (9) experiment 

a r e  a2 
n2 

In  t h a t  we f i n d  t h a t  both t h e  s ign  and approximate magnitude of 

obtained with t h i s  approach, w e  a r e  encouraged t o  d r a w  the  conclusion t h a t  

-0.3 - 

does indeed have something t o  the  C? r e s u l t  which emerges, + 0.17 7 , a3 
112 

do with the  f u l l  accurate r e s u l t  t h a t  awaits a very major ca lcu la t ion  a t  

t h i s  time. 

The bas ic  assumption is  t h a t  the major contr ibut ion of t he  higher  rad ia-  

t ive  correct ions a re  contained i n  the  pole terms of the  Campton amplitude 

t h a t  a.re responsible f o r  t he  low-energy theorem. We thereby r e l ega te  t o  a 

minor r o l e  the  additiona.1 r ad ia t ive  correct ions t o  the ve r t ex  and s c a t t e r i n g  

amplitudes, due both t o  the i r  v i r t u a l  i n t e r n a l  photons a s  we l l  a.s the r e a l  
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ones exchanged between the  ver tex  and s c a t t e r i n g  amplitudes .I3 

approach a c lose agreement t o  t he  known 

emphasis on the  low-energy sca t t e r ing  region and wi th  a logari thmic cutoff  

dependence for t he  dispers ion in t eg ra l .  It i s  upon t h i s  r e s u l t  t h a t  we 

base our confidence i n  the  O? predic t ion .  

With this  

moment i s  found, again with 

Before turning t o  the  formal ca lcu la t ion  w e  may review Feynman's remark:: 

and ask what we have accomplished. A physical  p i c tu re  of the  Cd/27t con t r i -  

bution has been given based formally on the  exis tence of  a d i spers ion  r e l a -  

t i o n  but  with the  simple elementary physical  input of t he  Pau l i  cur ren t  and 

Thomson amplitude. Correcting t h i s  ca lcu la t ion  by making t h e  kinematics 

r e l a t i v i s t i c  and including the  e n t i r e  low energy Compton s c a t t e r i n g  amplitude 

v i a  t h e  pole terms wi th  physical  v e r t i c e s  we obtain a good approximation t o  

the  C? r e s u l t  and o f f e r  an estimate of the  O? term. Moreover, w e  can 

systematical ly  improve our ca lcu la t ions  by keeping higher terms i n  the  d is -  

pers ion theory expansion over r e a l  intermediate s t a t e s .  

111. RELATIVISTIC CALCULATION 

We re tu rn  now t o  a covariant formulation i n  order  both t o  give a system- 

a t i c  reduction t o  the  Paul i  two-component r e s u l t  of t he  l a s t  s ec t ion  and t o  

i n i t i a t e  an iLerat ion procedure for achieving higher accuracy i n  the  ca lcu la-  

t i o n  of g-2. 

The most general  expression f o r  the  electromagnetic cur ren t  with the 

emerging e lec t ron  and photon on t h e i r  mass s h e l l s  p2 = m2 and = 0 

- 11 - 



takes  the  form7 

- y ! - # + m  i a  
- F - ( W 2 )  + F;(W2)& 1 

P ] 2 

+ 2  The FT(W ) a r e  invar ian t  f lmctions of t he  s c a l a r  W2 = ( p  + 4)" and a.re 

defined i n  the cu t  W2 plane with a branch point  a t  W2 = m2 a s  discussed 

1 

i n  t he  preceding sec t ion  and i l l u s t r a t e d  i n  Fig.  5 ;  for W2 > m2, 

+ 2  F:(W2) = lim F$W + i E ) .  A f u r t h e r  r e s t r i c t i o n  on (13) comes from the  
E -to+ 

Ward-Taka.hashi i d e n t i t y  which fixes1* 

+ 2  Hence i n  (13), Fl(W ) = F;(W2) = 1, a constant  independent of W2 , and 

evident ly  the  normal Dirac moment g = 2 together  with t h e  charge appea.r 

e n t i r e l y  as a. subt rac t ion  constant i n  the  dispers ion approach i n  the  W2 

Equation (13) now s impl i f i e s  t o  7 ,  10 pla.ne . 

F+ 

shell'', W2 = m2 

i s  recognized as the  anomalous magnetic mment a s  we go on t o  the  mss 
2 
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This i s  the  quant i ty  of i n t e r e s t  t o  us and w e  p ro jec t  it out of (14) with  

the  operator7 

which gives 

The dispers ion r e l a t i o n  f o r  F+(W2) i s  taken t o  be an unsubtracted one 
2 

W+( W") 
2 

+ 2 6-2 - 1 
2 r c  F ( m ) r  

2 

i . e . ,  the  charge e 

electrodynamics? The anomalous moment i s  ca lcu la ted  fram t h e  r a d i a t i v e  

correct ions.  

i s  the  only coupling parameter introduced i n t o  quantum 

We must now make a dynamical assumption i n  introducing ImF+(W2) 2 on 

the  right-hand s ide  of (17) and t h i s  we do by r e t a in ing  only t h e  two-part ic le  

intermediate s t a t e  of one e lec t ron  plus  one photon a s  i n  F ig .  2.  

wr i te  t h i s  approximation using ( 2 ) ,  and project ion operator  (16) :, 

We can now 

sp ins  -1 

where p(W2) = (W2-rn2)/W2 i s  a purely kinematic phase space f a c t o r .  Here 

P v -  u(p)TpV p(k) i s  the  Compton amplitude f o r  an i n i t i a l  photon of w E (  q)  
and an e lec t ron  of  momentum k t o  

(SI momentum q and polar iza t ion  E 

s c a t t e r  t o  a f i n a l  s t a t e  of a photon of momentum and po la r i za t ion  

- 13 - 



and an e lec t ron  of momentum p = k + q - a. I n  t h e  center-of-mass 

of the  sca t t e r ing  process N p = - 5 , ,s = - ,k, po -I. to = W, x = q.&/lql N I&\ N . 
Equation (18) i s  the  r e l a t i v i s t i c  genera l iza t ion  of ( 5 )  , 

The exact  Campton amplitude, and any s a t i s f a c t o r y  approximation t o  it, 

w i l l  s a . t i s fy  the  requirement of current  conservation, i . e . ,  

& u(p)TPvu(k) = 0 

qvG(p)TPvu(k) = 0 

P 

The f i r s t  of these r e l a t ions  i n  p a r t i c u l a r  permits us t o  d i sca rd  a l l  terms 

i n  (16) f o r  v2 t h a t  a r e  proport ional  t o  when i n s e r t i n g  i n t o  (18). 

Together wi th  the iden t i ty ,  v a l i d  when -e2 = 0, 

s implify the  pro jec t ion  operator t o  

CL P 

( - i a  CLT &') = & $  c1 we can 

and cas t  the  absorptive amplitude (18) i n t o  a more t ransparent  form 

Equation (21) i s  the  product o f  a kinematic f ac to r ,  t h e  Compton amplitude, 

u(p)Tpvu(k) , the  e lec t ron  t r a n s i t i o n  current  from a s t a t e  of momentum N p 
- 
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Y t o  k, u ( k ) y  u (p>,  and the sp in  pro jec t ion  operator.  We can r e t u r n  t o  our 

previous non- re l a t iv i s t i c  form by a s y s t e m t i c  low-energy reduct ion from it 

o r  we can proceed d i r e c t l y  t o  higher order  correct ions by including t h e  f u l l  

01 

TpY . content of t h e  low energy Compton theorems i n  

First ,  however, w e  may remark t h a t  the  Klein-Nishina formula of lowest 

order  per turbat ion theory 

gives when introduced i n  (21) 

a . Equation (23) d i f f e r s  e=- 
2 2n which reproduces the  Schwinger correct ion 

from our e a r l i e r  two-component ca lcu la t ion  (10) only by a r e l a t i v i s t i c  

kinematic correct ion m2 r e c a l l  bi!? ( W  ) = 3 hg(W2) The ingredien ts  

of t h a t  e a r l i e r  approach a re  apparent i n  the  f a c t o r s  of (21);  i n  pa r t i cu la r ,  

there  appear the  Thomson amplitude and the t r a n s i t i o n  cur ren t  from the  

+ 2  
W 2  I 2 

i n i t i a l  e lec t ron  w i t h  2 t o  one w i t h  momentum & a The d e t a i l e d  reduct ion 

of (21) t o  t h a t  result i s  ca r r i ed  out i n  the  appendix. 

We a l s o  see  i n  (23) and (17) the  dominant r o l e  of t h e  low mass region 

near  threshold W - m i n  the  magnetic moment ca lcu la t ion .  If w e  keep only 

the  contr ibut ion between rn 5 W 5 Emax E i n  (17) w e  f i n d  

a 
= 2J( (1 - 1/h2> 

which shows t h a t  more than 80$ of the Schwinger cor rec t ion  comes from the  

mass region < 2 .3  m o r  wi th in  0.65 MeV of threshold.  Comparing (24) with 
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(11) we see t h a t  t he  cor rec t  r e l a t i v i s t i c  kinematics has converted t h e  log- 

ar i thmic cu t  o f f  dependence there  i n t o  (1 - 1/A2), a convergent f a c t o r  a s  

A -+m. 

Encouraged by t h i s  r e s u l t  we proceed t o  a ca lcu la t ion  of higher  order  

1 correct ions t o  - 2 (g-2) 

t o  the Compton sca t t e r ing  amplitude i n  (21) .  

v e r t i c e s  

ver tex  f o r  a Dirac p a r t i c l e  with a r b i t r a r y  g: 

by including the  e n t i r e  contents of t h e  pole terms 

This means replacing t h e  bare 

i n  (22) ,  corresponding t o  ii Dirac p a r t i c l e  with g=2, by the  
~ yP 

The complete ver tex  (14) reduces t o  (23)  a t  the  intermediate e l ec t ron  pole 

a s  seen i n  (13). 

v i s t i c  reduction of (22) wi th  the  currer!ts (25) operating a t  the v e r t i c e s  

a s  i n  F ig .  ( k ) ,  gives t h e  exact  low ener;;,f Compton amplitude through f i rs t  

A s  shown by Low, Gell-Mann and Goldberger5 the nonre l a t i -  

order  terms i n  the  energy cu i . e .  

qf 151 . The cor rec t ions  i n  where w = 151 = 121 , % =  ~ J I ~ I  , and q = # A 

( 2 5 )  a re  proport ional  t o  a and t o  higher powers i n  the  f i n e  s t r u c t u r e  

- 16 - 



constant and w e  turn t o  them, and through t h e m  t o  the fill low energy 

Compton sca t t e r ing  theorem (26), a s  the  major cont r ibu ters  t o  t h e  higher  

order correct ions t o  t h e  e lec t ron  g-2 value.  
a 

Including the  a correct ions by s e t t i n g  9 = i n  ( 2 5 )  we compute 

the  contr ibut ion t o  the  absorptive p a r t .  To the  ex ten t  t h a t  w e  a r e  

able  t o  reproduce i n  t h i s  way the  known cont r ibu t ion  t o  the g-2 value 

of the  e lec t ron  w e  a r e  motivated t o  push on, including the  value o f  g-2 

through second order  i n  s 
O? moment. 

s 

i n  ( 2 5 )  t o  der ive an approximation t o  the  

The absorptive p a r t  (21)  t o  order 02 i s  found using (22) and ( 2 5 )  

by d i r e c t  ca lcu la t ion :  

Inser t ing  (27) i n t o  (17) and cu t t ing  off the  logar i thmica l ly  divel-gent 

i n t e g r a l  a t  W = Am gives for the  O? correc t ion  

= - 0.28 a2/n2 

% - 0.33 S/n2 

f o r  l2 = 3 

f o r  A2 = 6 

showing a s  i n  (24) t h a t  more than 80% of the  cor rec t  f o u r t h  order  anomalous 

moment contr ibut ion comes the  mass region < 2.3 m. Evident ly  t h e  sum of 
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contr ibut ions from r ad ia t ive  correct ions t o  the  ve r t ex  and t o  the  Compton 

sca t t e r ing  amplitude i n  addi t ion  t o  the  pole terms i n  (18), a s  wel l  a s  t he  

high energy contr ibut ions t o  the  dispers ion in t eg ra l ,  p lay  only a minor 

r o l e .  

We proceed then t o  the  next  higher order  i n  0, , including the  f u l l  

pole term i n  the  Compton sca t t e r ing ,  s e t t i n g  the  anomaly t o  i t s  "experimental 

value ' I  

and choosing the  same cut  o f f  indicated i n  (28 ) .  

the  approximate 2 moment according t o  the  philosophy of low-energy 

dominance which was successfu l  t o  orders a and O?. 

I n  t h i s  way we deduce 

The t o t a l  contr ibut ion t o  the  absorptive p a r t  (21) t o  a l l  orders of 

a coming from the  pole terms, (22)  and (25) ,  i s  

and the  r e su l t i ng  g-2 value i s  

} -t.$] e=--- a a 8 d . p  [(& I?) (2 f 1 

1' 2(x2-1) 
2 2rr 25( 

f o r  A' = 5 a2 a3 1 (%- - 0.28 - + 0.14 - 
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or approximately 

Equation (31) represents  our f i n a l  r e s u l t  and i s  presented here a s  our 

answer t o  Feynman’s challenge quoted i n  the  first paragraph. 

The a n a l y t i c i t y  proper t ies  of  Feynman graphs toge ther  with the  exact  

low energy Compton s c a t t e r i n g  l i m i t s  f o r  photon e l ec t ron  s c a t t e r i n g  have 

been used a s  a b a s i s  f o r  an approximation scheme. 

of a/2n 

zero energy t o  the  Compton amplitude and the  two component Pau l i  cur ren t  f o r  

a non- re l a t iv i s t i c  e lec t ron .  These physical  inputs  a l s o  f i x  the  s ign  of g-2 

correct ion.  

of t he  low energy Compton s c a t t e r i n g  theorem gives  the  exact Schwinger 

correct ion a s  wel l  a s  a good approximation t o  t h e  Petermann-Sommerfield term, 

- 0.328 $/n2 On the  b a s i s  of t h i s  success w e  conjecture t h a t  our CX3 

predic t ion  of zi- 0.15 $/a3 

magnitude. 

The Schwinger cor rec t ion  

is reproduced approximately using only t h e  exact Thomson l i m i t  a t  

Retaining r e l a t i v i s t i c  kinematics a s  we l l  a s  the f u l l  content 

i s  cor rec t  i n  s ign  and approximately v a l i d  i n  

I n  order  t o  complete t h i s  program and t o  e s t a b l i s h  the  v a l i d i t y  our 

approximation of dominance of the  low energy amplitudes two ca lcu la t ions  

must be undertaken. One includes a more complete treatment of t he  current ,  

represented by u(k)  y y  u(p )  

the  

ana lys i s  i s  cu r ren t ly  i n  progress and necess i t a t e s  a discussion of t he  com- 

pensating in f r a  red  divergences buried i n  a s  wel l  a s  i n  t h e  27, l e  

intermediate s t a t e s .  The aim here i s  t o  compute a s  much a s  possible ,  i f  

not a l l ,  of t he  contr ibut ions t o  ImF ( W  ) t h a t  a r e  proport ional  t o  (W2-m2) 

i n  (21) f o r  t he  inc ident  e l ec t ron  t o  produce 

l y ,  l e  s t a t e ,  by r e t a in ing  the  f u l l  ve r t ex  s t ruc tu re  of (14). This 

F-(W2) 
2 

2 + 2  

2 
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near  th reshold  (W2-m2) 4 0 ,  i n  addi t ion  t o  the exact threshold term (23) .  

It i s  r e a d i l y  es tab l i shed  t h a t  t he  add i t iona l  contr ibut ions t o  

from the  &@) terms i n  (14) a re  proport ional  t o  (W2-m2) a s  W2-m2-+0 

and therefore  do not  d i s tu rb  the  exact low energy behavior of t he  absorpt ive 

amplitude given by ( 1 0 ) .  

when contracted with t h e  Compton amplitude according t o  cur ren t  conservation 

- i . e .  i n  (18), yv  3 9  F - ( W 2 )  and by (lg), ( u ( p )  Tpv u(k)}  q, = 0 .  

+ 2  ImF (W ) 
2 

2 

2 

The terms i n  (14)  proport ional  t o  $(W2) vanish 
3 

+ 1 -  
t ' 3  

The second ca lcu la t ion  i s  o f  course the  camplete 2 per turba t ion  

ca lcu la t ion  including the  3 y ,  l e  intermediate s t a t e s  which must be faced 

up t o  eventual ly .  

Our predict ion of  =+ 0.15 g / n 3  cannot be t e s t e d  aga ins t  experiment 

+ u n t i l  more accurate  determinations of t he  muonium ( p  

i n  t he  ground s t a t e ,  or of t h e  deuterium or helium f i n e  s t ruc tu re ,y i e ld  a 

more accurate determination o f  the  f i n e  s t ruc tu re  constant .17 

1 imi t  of a c cura cy 

e - )  hyperfine s t ruc tu re  

The present 

-1 a = 137.0388 - -4. 0.0006 

when included i n  wr i t ing  the  

uncertainty 

a/2n term i n  the  formula (12) l eads  t o  an 

due t o  the  experimental uncer ta in ty  i n  0 alone. Thus more than a more 

accurate  g-2 measurement i t s e l f  i s  needed before a t e s t  of t h e  sixth order 

anomalous moment i s  achieved. 
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Tv. MUON a-2 VALUE 

An a l t e r n a t i v e  dispersion approach t o  the calculat ion of g-2 i s  t o  

study the electromagnetic ver tex a s  a function of the momentum t r a n s f e r  

introduced by the electroma.gnetic current, wi th  both fermion l i n e s  on t h e i r  

mass s h e l l s .  This i s  the  form of dispersion r e l a t i o n  fami l ia r  i n  the e lec-  

tromagnetic form f a c t o r  studies," v iz . ,  

d a 2 W  (a') 

u2 - q2 - i c  
2 

4m2 

In  t h i s  approach the absorptive amplitude is  obtained ts3p multiplying the 

current t o  produce a lepton p a i r  by the Bhabha sca t te r ing  amplitude i n  the 

3Sl and 3D1 s t a t e s .  

Schwinger correction and the posi t ive sign of the moment correct ion corres- 

ponds t o  the f a c t  t h a t  the electron and positron a t t r a c t  one another v i a  

t h e i r  coulomb in te rac t ion  i n  the  daminant S-s ta te  in te rac t ion .  W e  have 

preferred the sidewise dispersion re la t ions  of the previous sec t ion  a s  

being of more d i r e c t  i n t u i t i v e  appeal, although s imi la r  r e s u l t s  t o  order 

Once again a perturbation approach reproduces the 

and can be obtained from Eq. (32) by including anomalous moment con- 

t r ibu t ions  t o  the  e e rescat ter ing;  no exact low energy theorem can be 

cited,  however. 

- +  19 

When we t u r n  t o  a study of the muon g-2 value, however, our previous 

considerations f a i l .  This i s  because we have r e l i e d  heavily on the assump- 

t i o n  t h a t  the low energy behavior near the Compton s c a t t e r i n g  threshold 

plays the dominant r o l e .  

the one muon plus e e 

For muons, however, there  e x i s t  s t a t e s  such a s  
- +  p a i r  s t a t e s  shown i n  Fig. 6a which has a very 
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low-lying threshold a t  

and must not be ignored. T h i s  absorptive amplitude a r i s e s  from t he  ind i -  

cated cut through the  vacuum polar iza t ion  bubble in  Fig. &. Whereas t h i s  

vacuum polar iza t ion  contr ibut ion i s  t o t a l l y  negl igible  for t he  e l ec t ron  

g-2 value2' and has a threshold of 3 me above and beyond o w  low-energy 

region, it plays an important ro l e  i n  the  muon problem with i t s  low-lying 

threshold.  

I n  order t o  study the  muon g-2 va.lue we turn  then t o  Eq. (32) and 

attempt t o  calculate  the  difference between the muon and e lec t ron  moments 

due t o  the  vacuum polar iza t ion  contributions.  Our aim here is t o  give a 

very simple physical bas i s  for understanding t h i s  difference i n  s ign and 

approximate magnitude 

order a2 it equals 

A s  computed with per turbat ion theory21 through 

We a.chieve t h i s  by observing simply t h a t  a vacuum polar iza t ion  con- 

t r i bu t ion  necessar i ly  enhances the  photon propagator a.nd therefore  in -  

creases the  e-e+ a t t r a c t i o n  since t h e  spec t r a l  function s ( ~ ~ )  i s  

always grea te r  o r  equal t o  zero in22 

r 1 

For sca t t e r ing  q2 = - w" and, since ~ ( 6 ~ )  > 0 
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Physically t h i s  inequal i ty  records the  f a c t  t h a t  the  vacuum polar iza t ion  

cloud sh ie lds  the  bare e lec t ron  o r  muon charge and thus a probe of the  

e lec t ron  or muon charge t o  within the  range 5/2mc - 2 X 10-l'crn 

vacuum polar izat ion cloud "sees" a l a r g e r  charge a d  hence a s t ronger  

a t t r a c t i o n .  In  the  Lamb s h i f t ,  f o r  example, vacuum polar iza t ion  cont r i -  

b u t e ~ ~ ~  an added binding of a - 27 Mc, lowering the  2 s ~  r e l a t i v e  t o  t he  

2 p ~  l e v e l  since i n  the  l a t t e r  s t a t e  the  electron and proton remain out- 

s ide  of t h e i r  vacuum polar iza t ion  clouds due t o  the  cent r i fuga l  b a r r i e r .  

The difference (33) in t h e  vacuum polar iza t ion  contr ibut ions t o  t h e  

of t h e  

2 

2 

muon and e lec t ron  g-2 values a r i s e s  so l e ly  from the  difference i n  t h e i r  

sca les  of energy and momentum t ransfers ,  and hence of impact parameters 
+ -  + -  f o r  the  resca t te r ing  of t he  p p or e e pa i r s  i n  Fig. 7. The energy 

sca le  i s  determined by the  r e s t  masses of the  pa r t i c l e s ,  i . e  . 9  by the  

threshold 4m2 i n  Eq. (32 ) .  The momentum t r a n s f e r  i n  the  sca t te r ing ,  

t = q2j i s  r e l a t e d  t o  the  t o t a l  energy s = o2 according t o  

where x i s  the  cosine of the  center-of-mass sca t t e r ing  angle which is  

integrated over i n  the sca t te r ing .  The angular momentum and p a r i t y  selec-  

t i o n  ru les  assure us t h a t  o n l y t h e  3s and 31, sca t t e r ing  channels con t r i -  
1 1 

bute ( i . e  o ,  J = 1 and C = -1 corresponding t o  a. photon) and s o  the  effective 

t values a.re j u s t  t he  energies s a rn2 f o r  x N 0 i n  Eq. (34).  The p+p- 

- 23 - 



sca t t e r ing  i s  thus a t  small impact parameters, 

ing vacuum polar iza t ion  contr ibut ion i s  la rge .  

extrapolate  the  Serber-Uehlinpterm f o r  t he  vacuum polar iza t ion  contribu- 

t i o n  f o r  l a rge  t = 5 = m2 >> m2 e 

j u s t  t h a t  amount 

k l / m p  and the  correspond- 

In f ac t ,  we may simply 

and enhance the  muon g-2 ca lcu la t ion  by 
P 

i .e ., 

Up t o  terms of order un i ty  r e l a t i v e  t o  & m2/m2 P e  , Eq. ( 3 5 ) ,  j u s t  accounts 

f o r  t he  more accurately computed difference,  Eq. (33). 

difference i s  now c l e a r l y  seen t o  a r i s e  from t h e  increased a t t r a c t i o n  

between the  

The s ign of t he  

p’p- p a i r  as  they s c a t t e r  w i t h  J = 1 a t  small  impact parameters, 

l / m p  , within the  vacuum polar iza t ion  cloud. 

v. NUCrnON g-2 VALUE 

A s  a f i n a l  appl ica t ion  of t h e  ideas i n  t h i s  paper and as  independent 

evidence supporting the  point of view exploi ted here - namely t h a t  of 

dcuninance of the  threshold contributions t o  the  absorptive amplitude - we 

tu rn  t o  t he  nucleon anomalous moment ca lcu la t ion  as f i rs t  s tudied by 

Bincer7 as a function of the  incident fermion mass 

i n  Fig. 8, the  absorptive amplitude a t  threshold W2 = ( M  + ~ 1 ) ~  

ponds now t o  the  

production. 

W2 . A s  i l l u s t r a t e d  

corres-  

pion emission amplitude mul t ip l ied  by photopion 
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The exact threshold behavior of the photopion amplitude - i.e. , S-wave 

production of charged pions - i s  given, for for t h e  ex te rna l  

pion l i ne ,  by the  renormalized per turbat ion term according t o  t h e  

Kroll-Ruderman theorem2' which replaces the  Thomson l i m i t  for t h i s  ap- 

p l ica t ion .  I t s  r e l a t i v i s t i c  dispersion theore t ic  form, i . e . ,  t he  

complete pole term, gives r i s e  t o  both P- and S-wave amplitudes with 

J = 1/2 

p/M - 0  

t h a t  are relevant7 i n  our applications.  

Keeping ju s t  the leading term a t  threshold,  W2 - M2 +0 ,  l e t t i n g  

p/M + O ,  and repeating the calculat ions of Section I11 with t h e  renor- 

malized Born amplitude for photo-pion production replacing (22) and 

with 

i n  (21) we f i n d  i n  analogy wi th  (23) 

as found i n  (2)l 

[ the 1/W2 comes from phase space 

I t n 9  2 (w2> = - d 2 (w2) = ImFv 2 (w") 

( W2-M2) , as w2 - + M ~  
W2 

The superscr ipts  P, N, and V denote proton, neutron, and isovector  

respect ively and the  i n  (36) a re  the  isotopic  Pau l i  matr ices:  

g2/4x sz 15 i s  the  pion-nucleon coupling s t rength.  The r e s u l t i n g  

2 

a,noma.lous maments a re  
h2M2 
- = - (g2/4.) X4-l h2 

2n 
1 = - (g2/4.) - 

pp - - '"n 2n 
M2 

( 3 7 )  
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The contr ibut ion t o  the  i sosea la r  absorptive amplitude vanishes as  
2 

(W2 - M2) a t  threshold.  

a r b i t r a r y  ~ but again approximating p/M - t o  f o r  s impl ic i ty  we f ind  

If we r e t a i n  the  e n t i r e  Born amplitude f o r  

(3W2-M2) M2 M2 log W2/M2 ( W2-M2 ) E 

W2 - M2 ] - 4M4 2 2~~ 

for W2 +M2 (39) 

1 (W2-3M2) M2 + M2 l o g  W2/M2 

2w4 W2 - M2 

Although it has an extra. f a c t o r  of (W2-M2) a.t threshold, t h e  absorptive 

amplitude f o r  the  i s o s m l a r  a m e n t  grows rap id ly  u n t i l  for W2/M2 >> 1 , 

d ( w 2 )  2 = - 3 mV(w2) 2 . 

It i s  here t h a t  we see e x p l i c i t l y  the f a i l u r e  of t he  per turbat ion calcula-  

t i ons  of the a.noma.lous moments which have long been known t o  pred ic t  much 

too la rge  an i sosca la r  part .” Evidently i f  we i n s e r t  (39) i n t o  the d i s -  

persion in t eg ra l  

and perform the  i n t e g r a l  over t he  f u l l  range of energies 

are  just reproducing r e l a t i v i s t i c  per turbat ion theory with the  familiar 

unsuccessful r e s u l t  

M2 < - W2 < - w we 
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The same f a i l u r e  has been noted i n  the  dispers ion calculat ions first per- 

formed with the  photon mass as  the var iab le  and with the nucleons on the  

mass s h e l l .  There the  la rge  unwelcome i sosca la r  contr ibut ion or iginated 

from the  nucleon current  of Fig. 9a and was discarded due t o  i t s  high 

threshold, 

w i t h  threshold < = 4p2 

= 4M2 , compared with the purely isovector  contr ibut ion 

a r i s i n g  from t he  pion current i n  Fig. gb. 

If we i n s e r t  (39) i n  (40) but  cut off t he  absorptive i n t e g r a l  a t  t he  

low threshold 

wanted i sosca la r  term i s  g rea t ly  suppressed and t h a t  

l2 = 2.3 - i . e .  M - -  < W < l . 5 M  we f i n d  the  ro l e  of t he  un- 

A s  i n  the electron g-2 ca.lculation we see that t h e  low energy region plays 

a major ro l e .  Inser t ing  j u s t  the  pole terms we reproduce the  measured mo- 

ments w i t h  some success. 

support of t he  point of view exploited i n  the  ca lcu la t ions  throughout t h i s  

We conclude w i t h  t h i s  independent evidence i n  

pa.per. 
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APPENDIX 

Here we s h a l l  demonstrate the  non- re l a t iv i s t i c  reduction of t h e  ca l -  

culat ion of t he  Schwinger correction, a/231 , and show t h a t  a l l  t h e  en te r s  

the  f i n a l  r e s u l t  i s  the  Thomson sca t t e r ing  amplitude multiplying the  Pauli  

current a t  the ver tex.  W e  begin with Eq.  (21) which we wr i te  i n  the  form 

where the f a c t o r  (W2-m2)/W2 a r i s e s  from considerations of r e l a t i v i s t i c  

kinematics. 

may consider each term i n  the brackets separately.  

To obtain the reduction of Eq. (Al) as  U) = W - m -0 , we 

The t h i r d  term i n  Eq. (a) i s  the project ion operator.  Since 

c(p)~~'&~u(p) = 0 , we need consider only the  space component as  CD +O , 

where p = -& . 
and has the  non- re l a t iv i s t i c  reduction v a l i d  t o  order  v/c, as  i n  Eqs .  (8) 

The second term i n  Eq. (Al) i s  the  fami l ia r  Dirac current 
.rr I - *  

and (9) 
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i n  terms of t he  Schrodinger and Paul i  current .  

is given by the  low-energy theorem (26) as  

6( p)Tkou( k )  may be obtained from ;( p)Tkiu( k) by invoking current  conser- 

vat ion as i n  Eq. (19) 

The f i rs t  bracket i n  Eq. ( A l )  

The time components, u) +O. 

Putt ing a l l  t h i s  together  we obtain from Eg. ( A l )  the  reduction a s  

LU 40) 

Using the  f u l l  low-energy theorem (26) and the f a c t  t h a t  

Jfix qj = 0 

-1 

it i s  seen tha.t  t he  term 

-1 

corresponding t o  the contr ibut ion from intermediate longi tudina l  photons 

gives no contr ibut ion.  

i n  t h i s  l i m i t  which can be seen by subs t i tu t ing  the  Thomson l i m i t  

The Schrodinger current a l so  gives no contr ibut ion 

2 e - Tki - - - m %i 

- 29 - 



i n  Eq. ( A 4 )  and taking the  t r a c e .  

of Compton sca t t e r ing  i n  conjunction with the Paul i  current,  

What remains i s  j u s t  the  Thomson l i m i t  

i n  agreement with our previous r e su l t ,  Eq. 10. 
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FIGURE CAPTIONS 
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Feynman graphs contr ibut ing t o  the  f i r s t -o rde r  rad ia t ive  correct ions of 

the electron current.  

Cut Feynman graphs contribvting t o  the absorptive amplitude. 

Three-body intermediate s t a t e  contributing t o  the  absorptive amplitude 

t o  order 02. 

Pole term contr ibut ion t o  the  Compton amplitude. 

Analytic propert ies  of the  invariant functions 

Vacuum polar iza t ion  contribution t o  the muon current.  

Cut vacuum polar iza t ion  Feynman graph. 

Pion-nucleon intermediate s t a t e  contribution t o  the absorptive pa r t  of 

the nucleon current .  

Perturbation contributions t o  the nucleon current.  
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