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Consider a p a r t i a l  wave e l a s t i c  s c a t t e r i n g  amplitude f o r  two s p i n l e s s  

1 equal mass, M, p a r t i c l e s  a s  a funct ion of s ( =  4(k2 + M')) 

where p i s  a kinematical  f a c t o r  and t h e  "generalized p o t e n t i a l "  B i s  r egu la r  

i n  the  phys ica l  region, whereas RA has cu t s  f o r  s > 4M2 s E '  The i n e l a s t i c  

p a r t i a l  wave cross s e c t i o n  0' r i s  determined by 7 alone: 

0' r = r n 2 ( 2 ! + 1 ) ( 1 - T y )  . 

3 3  Given B and 7 ,  w e  can determine A = N/D using t h e  Frye-Warnock equations.  

1 f (B(s ' )  - B(s) )  2 p ( s ' )  R e  N(sl)ds '  
r .  ( s '  - s ) ( 1  + q ( s i ) )  

R e  N ( s )  = B ( s )  + - 
E S 

D ( s )  = 1 - Re N ( s )  O ( s - s g ) ,  

E S 

Im ~ ( s )  = # Re D ( s )  O(s-sI) 9 
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where s i s  the  lowest i n e l a s t i c  th reshold .  On t h e  o ther  hand consider a s e t  

of coupled 2 body channels with p o t e n t i a l s  B 

I 
The amplitudes i j '  

4 (= (Si j  - 6 .  . >  
A i j  lJ 2 i ( p i  p j ) F  

-1 may be determined by the  multichannel ND formalism from t h e  B . Now 

take  Bll and 7 determined from t h e  /A 
i j  

4 l 2  and ca l cu la t e  A from ( 3 ) .  i j  

The purpose of t h i s  note  i s  t o  demonstrate by a simple example t h a t  

We genera l ize  from t h e  the  so lu t ion  A i s  not i n  genera l  equal  t o  A 

r e s u l t s  of ca l cu la t ions  descr ibed below that  a s u f f i c i e n t  condi t ion for 

t he  two amplitudes A ( ca l cu la t ed  from ( 3 ) )  and All ( ca l cu la t ed  by the  

multichannel DID 

11 - 

-1 equat ions)  t o  be i d e n t i c a l  i s  t h a t  t h e  diagonal  forces  

B. . ( i  
11 

t h e  absence of coupling between t h e  channels. A s  one increases  t h e  s t r eng ths  

1) a r e  not s t rong  enough t o  produce bound s t a t e s  i n  channel i i n  

for t h e  Bii ( i  

complex conjugate p a i r s  of zeros In  S 

the  i n e l a s t i c  cu t  (s > s ) .  The two ca l cu la t ions  then d isagree .  Thus t h e  

phys ica l  s i t u a t i o n  i n  which we have a B 

bound s t a t e  i n  channel i and then  weakly couple it t o  the open channel 1 

1) beyond these  values  (necessary to produce b inding) ,  

move onto t h e  phys ica l  shee t  through 11 

I 
s t rong  enough t o  produce a ii 

t o  produce a narrow resonance i n  A 

channel ca l cu la t ion  ( 3 ) .  

cannot be reproduced i n  t h e  one 11 
I n  addi t ion ,  we demonstrate t h a t ,  i n  our simple 

example, t h e r e  a r e  no poles  of t h e  S matr ix  on t h e  phys ica l  shee t  for 

complex values  of s .  
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I n  order  t o  ca r ry  out a s u b s t a n t i a l  amount of t h e  ca lcu la t ions  

a n a l y t i c a l l y ,  we consider a two channel n o n - r e l a t i v i s t i c  s wave (p i  = ( S - S ~ ) ~ )  1 

system wi th  t h e  input  (symmetric) B given by a s i n g l e  pole 

B~~ = g .  . / ( s + m ) .  
1J  

Then 

- 
Dij - - sij gij  pi 

1 1 
( si+m)' ( si-s - 1 

@. =-'--L + 
1 2( s i+m)2 s +m s + m  

The procedure i s  f o r  given g and m c a l c u l a t e  A and 7 from ( 5 ) .  Then 

using Bll and 7 a s  input  we ca l cu la t e  A from (3)  and compare it with A 

(The i n t e g r a l  equation (3) f o r  Re N(s) i s  solved numerically by t h e  

matr ix  invers ion  technique.)  

i j  11 

11 

The next s t e p  i n  t h e  program i s  t o  l o c a t e  

t h e  zeros and poles  of SII(= Pip l  All t 1). T h i s  problem i s  e a s i l y  reduced 

(4) 

I 

t o  s o l v i n g  a q u a r t i c  equat ion i n  t h e  va r i ab le  (s-s2)'; t h e  same equation 

gives  both  zeros  and poles  of S a s  a func t ion  of t h e  3 g 
11 i j  

's for a given 
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input  pole pos i t ion  m e  

correspond t o  poles  or zeros of S 

and Im( s-sl)' 2. 0)  by p u t t i n g  these values back i n t o  the  expressions f o r  A 

on the  phys ica l  shee t  for and S 

complex values  of s .  

After  solving for t he  roots ,  we determine whether they 

on the  phys ica l  sheet  (where Im(s-s2)' 2 0 
1 

11 
1 

11 
We f i n d  t h a t  t he re  a r e  no poles i n  S 

11 * 11. 

Now for given g and g. , take g small; then All agrees with A 11 12 22 

a s  ca lcu la ted  from ( 3 ) .  

> 2(s2+rn)' 

Increase g22 : for a l l  g22 > some value 

( t h e  value for which channel 2 i n  the  absence of coupling t o  

( g  22 l l 'g12Jm)  
1 

channel 1 developes a bound s t a t e )  t he  2 amplitudes All and A disagree.  Return- 

ing t o  t h e  l o c a t i o n  of t h e  zeros i n  S 

value f o r  which a (double)  zero i n  S 11 

i n e l a s t i c  threshold,  i . e . ,  11 for some s > s i s  equal t o  zero.  We see  for 

we f i n d  t h a t  g corresponds t o  the  11' 22 

occurs along the  r e a l  ax i s  above t h e  

2 

t h i s  s i t u a t i o n  t h a t  t h e  i n t e g r a l  equation ( 3 )  for Re N i s  no longer Fredholm. 

 or e;22 ( a t  complex conjugate p o i n t s )  i22(gll,g12Jm) a p a i r  of zeros i n  s 11 
move from the r e a l  a x i s  onto t h e  physj-cal s h e e t ,  

We inves t iga ted  i n  g rea t  d e t a i l  t h e  case g = 0, i a e q ,  no l e f t  hand 11 
6 

cut i n  channel 1. I n  this case t h e  Ball-Frazer representa t ion  i s  appl icable :  

We w r i t e  a d i spers ion  r e l a t i o n  for the phase s h i f t  i n  channel 1: 

1 h q (  s '  )ds '  
I 

(S'-S1)T( s ' - s )  
S 
2 
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I n  addi t ion,  we note t h a t  t h e  q u a r t i c  equation f o r  t h e  zeros i n  S 

a cubic.  We f i n d  t h a t  i n  a l l  cases ( g  

l a t i o n s  ( 3 )  and ( 6 )  f o r  A agree.  

reduces t o  11 
= 0) t h a t  both one channel calcu- 11 

They both break down and disagree' wi th  t h e  

two channelAll when zeros i n  S 

through t h e  i n e l a s t i c  c u t .  

appear on t h e  phys ica l  shee t ,  coming 11 

It i s  c l e a r  t h a t  A a s  ca l cu la t ed  from ( 6 )  w i l l  

d isagree wi th  All then s ince  zeros i n  S 

taken i n t o  account by ( 6 ) .  

amount t o  cu ts  i n  8 which a r e  not 11 

* 
The appearance of zeros ( a t  a and a ) of S on t h e  phys ica l  shee t  11 

through t h e  i n e l a s t i c  cu t  w i l l  a l s o  cause t h e  F ro i s sa r t8  one channel N/D 

He introduces 11 * formalism t o  disagree with A 

1 

I 
ds' h , ( s ' )  

i(s-s1)9 7J .i: ( S'-S1)F( s 1 - s )  
R = exp(- 

I S 

-1 and notes t h a t  R S s a t i s f i e s  e l a s t i c  u n i t a r i t y .  However R i s  not unique 

s ince  we could mul t ip ly  it by t h e  f a c t o r  

This would presumably b r ing  t h e  one channel ca l cu la t ion  i n  agreement with t h e  

multichannel one. The G f a c t o r  i s  c l e a r l y  r e l a t e d  t o  spec i fy ing  t h e  CDD 

amb i g u i  t y . 9 
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I n  summary, we speculate  t h a t  a s u f f i c i e n t  condition f o r  one channel 

ca l cu la t ion  ( 3 )  t o  agree with the  multichannel amplitude A 

diagonal  forces  i n  t h e  channels not e x p l i c i t l y  considered should not be s t rong  

i s  t h a t  t h e  11 

enough t o  produce bound s t a t e s  i n  t h e  absence of coupling t o  channel 1. 

We would l i k e  t o  thank Professor M. Nauenberg f o r  he lp fu l  d i scuss ions .  
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