
SLAC-m-63 
November 1964 

Double Charge Exchange Scattering of Pions from Nuclei* 

R. G. Parsons 
Institute of Theoretical Physics, Department of Physics 

Stanford University, Stanford, California 

and 

J. S. Trefifl 
Department of Physics, Stanford University, Stanford, California 

and 

S. D. Drell 
Stanford Linear Accelerator Center, Stanford University, Stanford, California 

ABSTRACT 

Pions offer a unique possibility as probes of nuclear structure 

since they can exchange two units of electrical charge unaccompanied 

by other quantum numbers. We have calculated the double charge ex- 

change cross section for the reaction I-C- + He3 -+IZ + 
-t 3n in the 

impulse approximation using the Chew-Low model for the pion-nucleon 

interaction. Only the dominant 3-3 channel is retained. For inci- 

dent pions in the energy region of several hundred MeV, values of 

the differential cross section of da/dRdE = l-10 pb/MeV are obtained 

for forward angles. Triple scattering terms are also calculated and 

found to introduce corrections of < lO$ in da/dRdE. Similar results 

are obtained when the work is extended to the reaction YI++O~~+ II-+ Ne18 

using shell model wave functions. 
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DISCUSSION 

It has been pointed out' that pions offer a unique opportunity to 

probe nuclear structure, since they can exchange two units of electrical 

charge unaccompanied by other quantum numbers in the reactions 

IT' + A(Z) -frc+ + A(Z f 2) (1) 

Such processes are of interest in nuclear structure analyses for in- 

formation they provide on the correlation between two identically charged 

nucleons in nuclei. What is more, since both the incident and emerging 

pions are electrically charged and can be detected with very high energy 

resolution, excitations of individual nuclear levels in the final nucleus 

can be studied and the overlap of two nuclear states differing only by 

particular shell model level assignments can be measured. 

Approximate calculations of differential cross sections for reactions 

(1) are presented in this paper. The incident pion must scatter twice 

within each individual nucleus in order to transfer two units of charge, 

one each to two nucleons. Therefore, it is not enough to relate the 

scattering amplitude to experimental parameters for single pion-nucleon 

scattering using the impulse approximation. What is needed is an extra- 

polation of the scattering amplitude "off of its mass shell" in order to 

be able to describe the virtual pion propagating between the two scatter- 

ings - viz. 

x+ + A(Z) -(r0+A(Z+l)) -Q-t-+A(Z+2) 
, 

The Chew-Low theory2provides the necessary extrapolation for this calcula- 

tion. The calculation is carried out in the energy range in which the 
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pion-nucleon phase shifts are dominated by the 3-3 resonance, and all 

other channels are ignored for simplicity. The double scattering formal- 

ism is then used in a straightforward manner to calculate (1) both for 

n- + He3 -ffi + 
+ 3n 

and for 

+ Jt -i-O l8 -fn[- + Ne18 

Although triple scattering corrections to the double scattering ampli- 

tude are computed, other higher order multiple scatterings as well as dis- 

tortion of the incident and emerging pion waves are ignored. These cor- 

rections are expected largely to cancel out in ratios of cross sections to 

different levels of a final nucleus which are primarily sensitive to the 

wave functions of the states. 

The calculational results presented here are not to be ascribed a 

quantitative significance. Rather they are intended to encourage interest 

on the part of our experimental colleagues in making accurate measurements 

by showing that 

i) differential cross sections are in the range of magnitudes 

da m-l- 10 pb/ster MeV 

and thus can be experimentally measured by existing sy-nchrocyclo- 

trons, and 

ii) interesting nuclear wave function correlations are probed; in par- 

ticular in the energy region of several hundred MeV the reduced 

wave length of the virtual intermediate pion is 

5 = 'jkr - 3OO'MeV N 0.7 X lo-l3 cm 
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which is short enough to probe nuclear correlations within the 

"healing distance" but not so short as to run up against the re- 

pulsive core. 

CALCULATION 

He3 Target 

We calculate first of all the cross section for the double charge ex- 

change reaction 5[- + He3 -+ fi + 
+ 3n in the forward direction using the 

Chew-Low model2 for the individual pion-nucleon interaction. 

The target nucleus is described by the dominant fully space symmetric 

S state wave function whose space part has a gaussian dependence on the 

nucleon separations.3 The mixed symmetry states are an admixture of only 

about 4 percent and are neglected in this calculation. All final state 

interactions are neglected and plane waves in a Slater determinant are 

used for the final state wave functions. It is assumed that the momentum 

transferred to the nucleons is small, so that the final state has two neu- 

trons in a relative s state and one neutron in a p state relative to the 

other two. We define our units such &hat ?i = c = mJ[ = 1. 

In the impulse approximation, the scattering matrix T($,Go) for a 

pion with initial wave number and final wave number % is given by4 

T(&ifko) = 2 J‘ 
d';; cu 

(2fi)3 (q2 - k', - ie) ij 

ij-4 

where (c, = 
q ( 

q2 + 1+ and where ci is the scattering matrix for the inter- 

action of a pion and the i-th nucleon. Since both the initial and final 

wave functions are antisymmetric under the interchange of any two nucleons, 
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the term in square brackets above may be replaced by 
d 

The operator t($,G) corresponds to a displacement operator times the 

usual t($,$) of Chew and Low, i.e., 

i(ii,-iE)-(ii-$) i(i;,+Z)*($G) .-+ + 
K2(C,c) T,(G,i;,) = e e e -lqmr t2(ic,{) t3(;,%0) 

-f -t + 
where 

1-t 1-t 
r=r and 6=-r 

3 
-G,z=r --r 

2( +f> 
2 1 2 3 ' 3( 1 

-t 
r i is the coordinate of the i-th nucleon. 

and 

The scattering matrix in the 3-3 channel is given by 

t(X) = - 2d~q~p) -’ P33(tp,5) pm3 e iQP) sin 6(p) 

where P33($,;) is the spin-isospin projection operator for the 3-3 channel. 

For the phase shifts we use a parametrization given by McKinley5 for the 

3-3 channel: 

9 -3 e Nd sin 6(q) = qm3(cot 6(q) - i)-' = (a + bq2 + cq4 - is')-' 

where a = 4.108, b = 0.7987, and c = 0.8337. 

The angular part of the integral over the intermediate momentum was 

evaluated by expanding the projection operator and displacement operators 

in spherical harmonics. This leads to an integral over the intermediate 

momentum of the form 

s dq 2q4 j,(sr) 
(q2 - k', - %)(a + bq2 + c$ - iq') 

,with n=Oor2. 
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To approximate this integral, we note that (a + bq2 + cq4 - iq3)" is 

sharply peaked at q = qr = 1.658. Therefore we replaced j,(qr) by 

J,h,r) - The remainder of the integral was evaluated for Ik - q$D I? 

( where I? is the width of the resonance) and for /k - qrl<< I'. For inter- 

mediate values of q, a graphical interpolation was made. 

After integrating over 2, f, and z, summing over spin and isospin 

variables, and integrating over the final phase space (many of the integrals 

over r and p were done numerically on an IBM 7090) we obtained a table 

of the cross section for several values of momentum transfer. These are 

given in Table I. 

A calculation was made to determine the triple scattering corrections 

to the previous result. The calculation was very similar to, although 

longer than, the double scattering case. The result was expressed as a 

correction factor to the double scattering result, i.e., 

d2+3JME 
I (double+triple) = d2a/dndE 

I (double) (1 + 4 

Values of CX for a momentum transfer of 0.3 mfic are given in Table II for 

different incident momenta. 

0 Ia Target 

This method of calculation was also extended to a heavier nucleus using 

a simple version of the shell model with the neglect of spin-orbit coupling 

effects. The transition O1s - Nels was chosen since these two nuclei in 

the ground state differ only in that the former has two Id neutrons outside 

of a closed shell, while the latter has two ld protons outside of a closed 

shell. Also, both nuclei have zero total angular momentum in the ground 

state. 
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Since the double scattering T matrix depends on the separation between 

the two scattering centers, we must use a shell model potential whose nuclear 

wave function is separable into relative coordinates Denoting the nuclear 

wave function by 
I 

& n& 
"11' 22' AP > , where nucleon 1 has radial quantum 

number n and orbital angular momentum quantum number 4 nucleon 2 has 1 1' 

quantum numbers n2 and t2 and the total angular momentum and magnetic 

quantum number are A and p respectively, we may separate into the rela- 

tive coordinates of the two particles if an harmonic oscillator potential 

is used.6 We wieh to write 

I n.& n& hp>= 
11' 2.2' 

r&NL,hp > 
rU?NL 

where n and 4 are the quantum numbers associated with the relative 

coordinate (2)-Q1 - G2) = G = (r,G,q) and N and L are the quantum 

numbers associated with the coordinate 

(2)-+4 +G2) =-K = 

< &,NL,h n & ,n & ,A > 
I 11 22 

< r&,NL,h nltl,n2t2,h > are called transformation brackets and are tabu- 
I 

lated.7 The nuclear wave functions are expressible in terms of single par- 

ticle harmonic oscillator wave functions as follows: 

I nlgl ,n2g2, her > = 1 <&&,mm 
12 12 I hcl ’ yj m @pl) yj m (e2,‘P,’ l 

mm 11 22 

I2 

R n .f? (rl) Rn a (r2) 
11 22 
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The symbols <Z.L,mM 

normalized harmonic 

I Ap > are Clebsch-Gordon coefficients and R ne(d are 

oscillator wave functions given by 

Rneb) = Pa e -b2 LF (p2) 

where p is in units of (F&0)' 0 
1 

The parameter for the oscillator potential for 018 is (ti/M~)~ = 1.694 

fermis. ' The parameter for NeLa was assumed to be equal to that of O1s. 

This calculation is identical to that for He3 except for the differ- 

ent initial and final nuclear wave functions. Values of da/m for forward 

scattering are given in Table III.' 

The calculation was repeated assuming that Ne18 was left in an excited 

state with both protons in the 2s shell. The ratio of this cross section 

to that for Ne18 in its ground state is tabulated in Table IV. Ratios 

of this type are of particular interest since many of the higher order 

multiple scattering and nuclear potential effectsl"are expected to cancel 

out. Comparison of calculation with observed ratios is then sensitive to 

details of the desired nuclear correlations. 

We have also evaluated the cross section 

by the closure approximation, i.e., 

of 018 - Ne18 (ground state) 

g = $ 1 ITI 21-r G(Energy) k znp 

f 0 
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The results of this calculation are tabulated in Table V, and are prima- 

rily of interest for comparing with observation to measure the effect of 

absorption of the incident and emerging pion waves into other inelastic 

channels. 
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In this calculation, we have set e i(k -k).p -0 *x y = 1. For angles away 

from the forward direction, this term will become a nuclear form 

factor and reduce the value of (g) for b. -&I z-m& - 
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10. We have not computed these for 0". Their correction to the results 

in Tables III and IV are presumably more important than the analogous 

corrections of Table II for the He nucleus since there is more nu- 
3 

clear matter off which the intermediate pion can scatter. 
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TABLE I 

Values of the cross section for Helium 3 

for two values of the momentum transfer 

(cross section in microbarns per MeV) 

kO 

(incident pion momentum 

in units of "Jr) 

d2a 
= (ko-k'0.2) 

a% 
Fizz (ko-k'O. 3) 

1.0 o .0082 0.035 

1.1 0.025 0.11 

1.2 0.078 0.34 

1.3 0.25 1.8 

1.4 0.71 3.1. 

l-5 1.4 6.3 

1.6 l-9 9.2 

1.7 2.0 11.0 

1.8 1.4 10.0 

l-9 0.91 6.9 

2.0 0.35 3-o 
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I 

TABLE II 

Values of the correction factor cx 

for triple scattering on Helium 3 

k. (incident pion momentum cx 

in units of "Jr) 

1.1 0.011 

1.2 0.034 

1.3 0.046 

1.4 0.079 

1.5 0.084 

1.6 0.076 

l-7 0.063 

1.8 0.048 

1.9 0.031 

2.0 0.015 
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I 

TABLE III 

Values of the cross section for 

018 - Ne18 (ground state) in microbarns 

k. (incident pion momentum 

in units of mn) 

da/d.Q 

0.5 0.0092 

0.6 0.026 

0.7 0.064 

0.8 0.16 

o-9 0.38 

1.0 0.83 

1.1 l-79 

1.2 4.37 

1.3 11.5 

1.4 27.0 

1.5 42.0 

1.6 42.0 

1.7 31.0 

1.8 18.0 

l-9 9-l 

2.0 3.4 
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TAE3L.E N 

Ratios of the cross section for OL8 - Ne18 (excited state) 

to the cross section for OL8 - NeL8 (ground state) 

k. (incident pion m0mentU.m 

in units of ma) 

0.5 0 -930 

0.6 1.05 

0.7 1.13 

0.8 1.18 

0.9 1.21, 

1.0 1.24 

1.1 1.26 

1.2 1.27 

1.3 1.30 

1.4 1.33 

l-5 1.40 

1.6 1.48 

1.7 1.56 

1.8 1.61 

l-9 1.63 

2.0 1.63 
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TABLE V 

Values of the cross section for O1s - NeL8 (ground state) 

in the closure approximation 

k. (incident pion momentum 

in units of mz) 

da/dJl (microbarns/ster) 

o-5 

0.6 

o-7 

0.8 

o-9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

l-9 

2.0 

0.060 

0.17 

0.40 

0.90 

l-9 

3.8 

7.4 

17.0 

45.0 

110.0 

210.0 

280.0 

305.0 

260 .o 

170.0 

77.0 
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