"!I

<
A

STAC-PUB-45
August 1964

\.;/51&4{,1/ 'Jﬂ!a:'éx.:?

HIGH ENERGY y RAY SOURCE FROM ELECTRON POSITRON PAIR ANNTHILATION*
Yung-Su Tsai

Stanford Linear Accelerator Center
Stanford University, Stanford, California

ABSTRACT
Problems associated with using the process e+ + e—‘—>27 as
a source for high energy 7 vray are investigated. The polariza-
tion of the 7's is shown to be negligible at high energies. The

spread of 7y spectra at a fixed angle due to radiative corrections
Iy =2
& ppz 2
ma

is investigated. It was found that terms like are as-
sociated with infrared divergence and disappear with a reascnable
energy resolution. The result obtained is found to be véry similar
to Schwinger's corrections without vacuum polarization. Our resultv

was Tound to be also usable in the colliding beam experiment without

any modification under certain conditions.

(To be submitted to Physical Review)
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1. INTRODUCTLION

In the usual experiments involving photons as incident particles, the
photon source is from the ordinery bremsstrshlungs which are not only non-
monochrometic but also stroﬁgly dominated by low energy' 7's due to the
l/k dependence in the bremsstrahlung cross sections. This fact not only
imposes some complications to the kinematical analysis of the subsequent
photoproduction processes but also sometimes renders the experiments impos-
sible due to the encrmous background produced by the low energy 7's; for
example in the bubble chamber experiments there will be too meny campton
electrons and electron pairs produced. Ballam end Guiragossifn® made & pro-
posal to use the faqt that when positrons are injected into the hydrogen
target one c¢btains monochromstic 7's Irom e+ +e -~ 27 process in adf
dition to the ordinary bremsstvehlung from e + e —wet +e” +7 and
e+ + 7P et P+ 7. One hopes that the 7¥'s thus produced will have
sufficiently high energy components to ovérécme part of thé difficulties
mentioned above. In order to obtain a resultant gemma spectra from et
hydrogén atan collision one has to calculate the following four processes
in détail:

* ¢+ e =2y end its radiative corrections

1.
2. et 4+ e 03
3. e+ +e -oe+ +e +7

iy + +
. e +p-e +p+7Y

In this paper we treat only the lst process and part of the second process

where the third photon emitted is limited to a low energy. The exact treatments



of process 2, 3 and U4 can be done by an electronic computer and will be pub-
lished separately.2 Figure 1 shows the articipated 7 .spectrum at a fixed
angle. The spike in the figure is due to précess 1 aﬁd 2. The prdcesses’2,
3 and 4 contribute to the smooth curve in the background. The troublesome
low energy end of the spectrum can usually be greatly reduced by passing the
4 rajs through some material using the fact that the absorption coefficlent
for the low energy 7 rays is larger-than that for the high energy 7y Tays.
In Section 2, we treat the lowest order process, define th¢ notations,
give many useful kinematical relations -and formulae and show that the polari-
zation of the 7y rays produced in the process e+ +e —2y is negligibly
small at high energies. In Section 3 the spreading of the 7 spectra due
to radiative corrections is calculated. It was found that the terms like
% n? Eﬁ; do not occur in our final expression for the radiative corrections

42

& . It is concluded that terms like % An? o

are closely related to the
infrared phenomena and disappear when the phase space for the third photon
k3 is taken to be such that ugax >>m in the center of mass system. (See

A
Section 5.) In Section 4 some numerical examples are given. In Section 3,

hE2

the physical significance of existence or absence of terms like oy n? s

is discussed. The resemblance between our results and Schwinger's formula

is pointed out, and finally the adaption of our result to the colliding beam
éxperiment is considered. In the Appendix we discuss éome precautions needed
in the calculation of cross sections involving many identical particles in |

the final states.



2. et v e 52y

In this section we treat the lowest order cross section. Since we are
interested only in the very high energy e+ beam we may treat the electron
in the hydrogen atom to be ffee. Pl and P2 represent’the four momenta of
the target electron and the incident positfon respectively. .kl and el
represent the four momenta and polarization vector of the detected photon
and k2 and e2 represent those of the undetected photon. Quantities with
a bar on top represent the center of mass gquantities. Our metric is defired

n that i = & P =(E,pP t ‘P =wE -k -
such that if %k = (o, k) and P =(E, R ), then k P =oF -k P

2 , .
The units used are %E =, and H =c = 1. We choose a gauge such that in the

H

(m, o)),el-Pl=e-P=o and ek =e *k = o. By

laboratory system (%
1 21 11 2 2

calculating the lowest order Feynman diagrams shown in Fig. 2, one obilains

the differential cross section

=
=
5

do i n® (m + E )
— (e ,e ) = 7 2
ko 1’ T2 8

53 + 55 +2 - b (e -e >;] cee o (2-2)

1 2
1

v}

P (m+E - P cosb)®
2 2 2

2 and 6 1is the angle between “52 and tgl‘.

where ri = 7.95 X 107°% cm
For convenience in discussing the polarization, let us choose a coordinate
in which the direction of kl, is the 2z axis and that of Kl X k is the ¥y
- e e D

axis as shown in Fig. 3. Then the summation over e can be carried out with
2

respect to two transverse directions

[¢)]
i

(o, + cosb o, - gin6 )
? 12’ 7 12

= (o, o, 1, o)

o
i

I



and the result is

do w W

o _AJ 2 2 _ 2 2 2 : _ v
an (el> “2\e Toa +2 -2 GLX cos 612+e19 (2-2)
k 2 1
1
where
= m® (m + E )
AE_Q 2
2

P (m+E -P cos@)2
2 2 2

From Eq. (2-2) we can construct the density matrix for the photon beam kl,

]

€

W
x, A2, 2,25 -26, 5 _cos®s_ +5. 5, (2-3)
ij 2 wg wl iJ ix “jx 12 iy Jy
where 1 =x, y and J =X, ¥-.

The density matrix X completely specifies the quantum mechanical descrip-
tion of a monochromatic photon beam kl because any subsequent'interaction.of
kl can be written as Tr MXM+ where M 1is the matrix element of the sub-
séquept interaction. (Provided one uses the same gauge as used here.)

However it is more convenient to give an equivalent description in terms of
intensity of the beam and the three Stokes parameters Sx’ Sy’ and SZ.

The trace of X gives.the differential cross section summed over the
polarization el and is given by

do w w

o _ _al L, 2 .52 | -~
o Ty X = A o tg tsin 912 (2-4)
k 2 1




The definitions of the Stokes parameters, their functional form of our par-
ticular problem and their physical meanings can be given by the following

equations.” (See Fig. b4.)

Tr cxx X + X

x  Trx  Trx - O_‘
~ ~ . ~ ~ (2_5)
& + e e - e
do e = - do (8 =Y
o0 Ve Ve
BN R
do {& = +do [& =
CVR - Ve
Tr 0 X i (x - X )
s = Y _ Xy g
y Tr X Tr X
(2-6)
do {8 = T - —
_ 1 Vo Nt Vo
do e = =_ =y + do e = ——:::——X
1 V2 1 Y2
Tr ¢ X X _  -X sin®6
g = Zz XX Y _ 12
Z Tr X Tr X w w
~t 4 -2 4 5in%
w w 12
2 1
(2-7)




It is seen that the only nonvarnishing Stokes parameter is Sz and
Eq. (2-7) shows that there are more photons plane polarized in the produc-
tion plane (x-z plane) than those perpendicular to the production Plane.
The_magnitgde of SZ is roughly proportional to 9?2 , the square of the
angle between two photons produced. The @ifferential cross section and the
only nonvarnishing Stokes parameter S, of Egs. (2-&) and (2-7) can be

written in terms of 6 and E2 alone by the following kinematic relations.

(Eg +m) m E2 ' :
= ~ - \
® "W+ E - P coso 2 (2-8)
2 2" A
2
02
(E +m) (E - P cosb) E_ &
o = 2 2 2 e 2 (2_9)
o m+E - P cosb 2"’
2 2 o4 220
2
2 (E -m) sin®  (E - m)%sirto L :
- 2 2
sin6 = - P oosO - — ~ 0 . (2-10)
e 2 2 (E, - chose)‘ . y®e®

The approximate relations = hold only when

1>>e>>E£s (2-11)

2

= [

Hereafter we use the symbol = +to represent approximate relations true

only if inequalities Eg. (2-11) are satisfied.



When 1 >> 0 and 7 >> 1 we may write?

2

o
Q
=

(2-12)

0 1 2y 1+ 726% Ly2g2 Ly2g*
'é— + + -

2
Aty E_+_79%]2 1+ y%6% 7 1+ 7782 (1 + y%63)
- 2

r\)lon

. 52
~ 1 . 2 . 72 , (2-13)
1+ ZQE, 76°
2 .
The second relation holds only when inequalities Eq. (2-11) are satisfied.

Similarly for Sz we have

2
g = 86y (o-1k).

20 (b o+ 920%) (1 + y%67)

~ 0

For convenience of order of magnitude estimate we give some of the values

of do/d?  and §, in Teble I.

1

TABLE I
dag
¢ S
) ko z
1
0 Ty o]
2
1 o’ 1
14 2 14
~\/if 5 .2 8
Y 9 "o 57




3. RADIATIVE CORRECTIONS

From the experience in the‘electron scattering from nuclei, we know that
the radiative corrections are quite important whenever one deals with inter-
actibns inﬁolving extremely relativistic charged particies. In our casge the
radiative corrections will induce a tail fo the spike in Fig. 1, a phenomernon

5

very similar to the radiative taills in the electron scétterings. Harris® and

Brown have previously calculated the radiative corrections to the pair annihi-
lation, assuming the maximum energy of the 3rd photon emitted, 'agax’ to be
isotropic in angle and uﬁax <<m in the laboratory frame. Their results
were obtained by using the substitutibn rule on the earlier paper by Brown‘
and Feynman6 on compton scattering. The calculation can be divided into two
parts; the virtual radiative corrections represented by Fig. 5 and real radia-
tive éorrections represented by Fig. 6. The expressions for the virtual
radiative corrections are independent of experimental conditions. Thus we

use the results of HB for this part. The real radiative corrections have to

be recalculated because the results depend upon the experimental set up. For

convenience of calculation we shall use the center of mass system. We»define'

L — —
E = El = Ez’ P = (E® - mz)? and 6 to be the angle between 'Ez and kl

According to Harris and Brown the cross section for the e+ +e =2y

up to order e6, averaged over spins and summed over polarizations can be

. 7
written as

do_,  do o A 1=
&, = o, 1-742 (1 - 2x coth 2x) 4n = - bx coth 2x (2g(x) - h(2x) + i
1 1
+ F (k,7) + F (7,k) (3-1)



where A 1s the usual fictitious photon mass and

F (k,T7) u = [:lkx (k 7)7* sinh 2x (1 + 2 cosh® X) + 2x tanh ;{l g(x)

+-

L« hxcothExE%g-%—L—l—ﬁ(K )"t sinhzgl
\ .

2x (n-6> 37 3 7.8 8 <2 _ ok 4 K2t
T simmnox T /7 (L+Kr) +2+1 - =- =

ok= K 2ker (k- 1)
L 2 _ .2 )
ok2 4 T N *Je o 372 jl 1,
- - E-T_EK—_MXCOtth—é_E?
21 (k - 1)% cosh® x ( ;
1 1\% 12 3k 2k 1 [k 1
+u(ﬁ+1‘) Tk T2t T otz n—l(’r+2)
C—(K) 5_2_ T K K T g _3. 1 (:32>
+ G T+K2+T+ t5 TR T . 3-

The symbols used in the above equations have the following meaning:

K = = 5
m2 -
2P -k 2P -k
= 12 _ 2 1
T= - s
n2 m2 :
WEE
K+ T = —2 = 52 |

- 10 -



cosh x = 7 =\V/%; s

i
"
It
M-
o
C+
[4V]
5
oy
o
o
[

o
X
1
h(x)=;fucothudu s
o
and 1-K
2 du
Go(x) = Jf An (1-u) -
1

We notice that if the inequalities (2-11) hold, then
T>>y >> 1 _ (3-3a)

and

K >>y >> 1 . | (3-3b)

Since the definitions given above by HB are unwieldy we give simplified
(but exact) expressions as well as approximate expressions which hold only

when (2-11) is satisfied.

K T
u=m-l=+=f ,
T K .

"

1
o+

5°

1

g8 vl

sinh x

- 11 -



cosh 2x = 2y - 1 = 2y

T P —2
sinh 2x = 2E P = 2y s
2
2
- - X _r 1 TRy X
gx) = dn2y - 5 - T - - ol b3
{n X ﬂev 1 ~-2X X
h(x) = (2sinh x) - 515 " ® (e =) = >
G(n):"—g‘@(l-n>~¢(1>»-£%n2n+—2—’f
o] K K 3 >

where ©(x) is the Spence function defined as

o(x) = - \/ﬁ ﬁﬁ_%l;&l du .
o

Substituting the approximate expressions given above intc Eq. (3-1) and

neglecting terms small compared with 1 1inside the bracket{_i}we obtain®

do do g e = - = f _ o —’}
ARGy R R S -y S O B R A B N = A RS
an an Ji— - = 2 m 6 ;
2 P E-P {
1 L J)
where

fu

N
TN
..l_
Al
+
n
2|
S’

SR NS S R R |
S SE RN 18 (35



We next calculate the cross section for e+ +e -3y. In principle one
could calculate this cross section exactly by going into the center of mass
system of two undetected particles as was done in other three particle final
state problems.9 We shall not calculate this cross section exactly here but
merely try to find the dominant terms (such as log 7, An v An %%r- etc.),

: 1
because these terms can be obtained without much effort and one expects that
the resultant formula should be accurate to within one‘or two percent which
is hopefully quite sﬁfficient for the experimentalists needs. We shall cal-

culate everything in the center of mass system.lO

To do this we have to specify
what we are looking for in the laboratory system and then transform the lab
experimental conditions into those of the C.M. We are interested in the
photon spectra at a certain angle in the lab system. We anticipate the spec-
trum will look like what is shown in Fig. 7. (The photons due to ordinary
bremsstrahlung have been substracted already.) Usually the incident positron
energy E2 and the angle © have certain width .AEe and AGI and they cause
the width W +to the right of the peak in the spectrum. In the vicinity of
the peak the shape of the spectrum is dominated by AEZ and A8 and has very
little to do with the radiative corrections. What one can calculate by using ~
the standard method is the area under the curve between a?in ‘and c as a
Tunction of Aul as shown.in Fig..Y provided Aua ig large compared with W.
Even if in the ideal case where W is infinitly small Anﬂ should not be
taken too small* because of the infrared divergence difficulties inherent in
the perturbation method. Since the area as a function of Awl can be cal-
culated, we can obtain the spectrum itself in the region where Aml > w by

simply differentiating the expression for the area with respect to L
1

- 13 -



Thus our experimental condition in the lab frame can be stated as "How many
photons can be detected in a small angular range A6 with energy wl > a?ln

if the incident positrons have energy E2 e In the center of mass system

we have incident positron energy

—~
)
1
o
S

the scattering angle &

and the energy of the detected photon

76
k (P +P ) w {1+
1 12 1 2

o = ~ —~ (:-8)
oA /(P +P )2 2y
-
From the above equations we can construct the phase space for the photon
kl ‘in the center of mass system represented by an area ABCD in Fig. 8.
The horizontal line AB is obtained by setting w + E where E is given
1 2 2
by Eq. (3-6). 6, 1S obtained from Eq. (3-7),
max
762,
TMax
7 - P eoustut v
1 cos@min . . (3-9)
max 76°.
E
m
1+ 5

- 14 -



The line CD is obtained from Egs. (3-8) and (3-7)

2 .
_ .- (; + Zg%) uyln o
o = ot ‘ = —2 ' (3-10) -

* + 2y 2

ol ol

2; cos

Now we know the infrared divergence occurs near the straight line AB and the
main contribution to the cross section comes from the region of the phase
space near the line AB. We are thus justified to replace the line CD by C'D!

which is obtained by replacing 6 by ééve in Eq. (3-10). For convenience

we define

2y0A0

n6=% -8 . = (3-11)
max min At
1+ Zg— sin@
and
— = -min = £
My =EE -t = B —op—— (3-12)
1 1 ed, , .
w (8 )
1 ave
where aﬁ (eave) is the peak energy of kl in the laboratory system as .
shown in Fig. 7, and corresponds approximately to the value of wl obtained
from Eq. (2-8) with an average values of 6 and 7y . Hereafter we assume
L 1
A5  to be very small and simply write uﬁ for ai (Gave). Thus we have
specified the phase space of kl in the center of mass system.
We next determine the phase space of k2 and k3 . From energy and
momentum conservation
® +w +w =2F , (3-13)



and .
Xk +k +k =o0 _ (3-1h)

we can show that for each value of El the allowed values of Ezv and

e~ o~

EB must be on the surface of an ellipsoid with El vector connecting

e

the two foci as shown in Fig. 9. The ellipsoid shrinks to a line when

Sy

- = . . .- =min
w =E and has a maximum extension when wl = wl . Thus the phase space
1 .

of k2 and k3 can be represented by all the points inside the ellipsoid
obtained by setting 51 = Emin. In principle one has to treat' k2 and k3
symmetrically since they are identical particles and both are undetected.

However as is shown in the Appendix we need to consider only half of the 7
phase space, Fig. 10, due to the symmetry between k2 and k3 . In this

phase space only k3 but not k2 can become infrared. The distance from
the point o to any point on the surface of this semiellipsoid gives the

maximum value of ug, and is a function of angle (5 ) between k and
13 1

k3 in the center of mass system. Explicitly one obtaines

—max 2
o = — — —— — , (3-15a)
3 E+ M0 + (E-2w. ) cosb
1 1 13
for
A
_ 1-—5
_ E - L QF{'
cosf > - — L=_ cosB = - L
13— = - VA
E +Al)l 1+ 1
e
w
1
and
max E - &0
- _ b
W= (3-15v)
2cosb ‘
13



for

3l
g

cosf < - —m=>=t

[
W
o
b=

Equation (3-15a) represeﬁts the quation for the ellipsoid and
Equation (3-15b) represents the bottpm'flat surface in Fig. 10. Some
simplification to the phase space of k3 can be obtained by explicitly
congidering the nature of the matrix elements.

There.are 6 diagrams which contribute to the 3y annihilation process
as shown in Fig. 6. k3 is not connected to the external charged lines in
M5 and M6 and thus M5 and M6 are not infrared divergent as can be
verified by explicit calculations. For simplicity of the calculation we

shall ignore M and M6 and further the terms proportional to k3 in the
5

numerator.t® Then the cross section for 3y annihilation can be written as
dg do k= dk_ an > 2P P o
37 _ o G 3 3 03 m 12 m
e e [ . : (3-16)
4re® k= + A% (Px )2 (Px ) (Px) (Pk)®
3 2 3 13 23 13

In the center of mass system both Pl and P are extremely relativistic
2

and the denominators in the integrand of Eq. (3-16) tell us that practically

all k3 are emitted either along Pl or Fe . Thus we expect the result

———— e~

of the integration is quite insensitive to the detail shape of the phase

space except in the viecinity of EB V4 ?l' and E? Y/ 52 . The maximum values

of w3 along Pl and P2 can be obtained fram Egs. (B—lSa,b) by setting

- 17 -



513 =g -6 and 513 = 6 respectively, and are to be denoted as

max ,—
w - (k

3 haat
that EB is much smaller compared with E in order to obtain a very simple

//El) and ZJ_JY;BX (k //,:152) respectively. We have tacitly assumed
s . 4

expression (Eq. 3-16) for the 3y annihilation cross section. But from
Fig. 10 we see that even for small Aﬁi 3 &g can be as large as =~ % .

However, as can be seen from Eq. (3-15) and Fig. 11, if

1 - B>>06> B, (3-17)

both a2 (k '4:E ) and o (k /P ) are always small compared with
3 ~3 1 3 w3 e

Ez if Awl is small. Hence we shall assume that inequalities (3-17) are

dlfS

satisfie The integration (3-16) is a familiar one occurring in every

bremsstrahlung calculation. Past experiencesl4 show that the phase space

shown in Fig. 10 can be replaced by a sphere with a radius K% defined

by a geocmetrical mean

—y

i

e lm y8) 5 (E2)|
. 3
- E e () - (E-m)° o] . (3-18)

Carrying out the integration in this spherical phase space, and neg-

lecting non-logarithmic terms, we obtain™®

[

do do - =
57 . .0 & E L4E 1 1 i o
) W x|t (Iﬁn 2 ) + 3 KR+ ZK(E,E - K(P,P )} \5-19)

- 18 -



where K(Pi’Pj> is the infrared terms and defined by

P2
By =X
) / 22
K(P,Py) = (ByPy) T dx (3-20)
o] X

with PX = PiX + Pj(l—X). It was emphaSized by the author in previous works®? *°
that it 1is & good idea not to integrate terms like K(Pi’Pj> explicitly‘
because they always cancel between elastic and inelastic radiative corrections.
However, since we are going to use Harris and Brown's results on the elastic
part we give the explicit expressioﬁsAfor K<Pi’Pj) in the center éf mass-

system. (Of course the expression can be covariantized easily.)

= - o -
K(Pl,Pl) = K(P2,1>2) = 4n N . (3-21)

5

e, e o2 - = —_ = — —
K(p P ) = Bt | g W2 g EP L o BeP 1 p2BP g B g BP
1oz PE A% E-P 2P 2P P

E-P
- 2@(»“—2) + 20 (E—:—E> . | (3-22)
2E 2F : -
e, pa e 5 2 2
zE+P—_/&n1+P _4%_%&121_4'_13___1( (3-23)
PE| A - E-P m?

Experimentally meaningful cross section can be obtained by adding Eq. (3-19)

- 19 -



to Eq. (3-4) and we obtain finally

do do do

_—_ = 37,: S
T *tm cam 1+l

with

= » =2

5 - 2% Jlp, B % /kn T I O
7 Kmax . \ m2 2

3

\

where f is the function defined in Eg. (3-5), and is numerically very
small in the range where inequalities (3-17) hold.'®
The radiative correction & in.Eq. (3-24) can be written explicitly

in terms of laboratory quantities by the following substitutions:

)-+—E_2 ~ 2E2 ~
= T
m
E 1 76°
Kmax Aua 792 4
= 1 + = \/2
2@@{,
K = 1 ~ 27
m 2 4
¥0
1+ wru
and
£
2U.)e 292
T = 2 ~ 7
m 2
767
1+ >

- 20 -
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(3-25)

(3-26)

(3-27)

(3-28)

(3-29)



In summary, Eq. (3-2@) gives the area under the curve of Fig. 7 from
min . . »
w to ¢ as a function of Aml in the range
1 :

a§£'0.1 > o > W, (3-30)

provided the angle € 1is such that

1 79- 1 ‘
>, > 37
Amﬁ > 2 > Ol . (3 31)

The lower limit of Aai in (3-30) is necessary because near the peak in Fig. 7;
the shape of the spectra is mainly determined by AE2 and A8 and further
even if AEE and A8 were zero (i.e. m;o), Aml should not be taken too

small because of infrared divergence difficulties, i.e. Eq. (3-24) diverges

as Ana — o. A proper criteria to ascertain that we are not in the infrared
region is that Awl should be taken large enough such that™’ -8 < 0.2. On
the other hand the upper limit of Aaa and inequalities (3—31) were imposed
because we had assumed aé to be small campared with E in order to obtain
Fq. (3-16). Inequalities (3-31) are merely the reexpression of the C.M. con-
dition (3-17) in terms of lab quantitiés.

Differentiating Eq. (3-24) with respect to Aﬂi we obtain the spectral

distribution of wl at angle 6 1in the lab system,

2
03}' - o do _ ch 20 /&n 2E2 ) 1 ( 3-32)
o a = = |tn —= - , 327
K Qo BAQE ko a =« m QFI:— o :
1 1 - / 1 1
which is correct only if Aml = m?& - and 6 are such that (3-30) and

(3-31) are satisfied.



4. NUMERICAL EXAMPLES

In order to facilitate numerical computations we shall rewrite all our
formulae in more compact forms. We are mainly interested in the regions of
6 and Aml specified by inequalities (2-11), (3-30) and (3-31). Let us

introduce two new symbols

2 :‘7_25 C(k-1)
<
R = Ei—: ()+—2)'_

' . + - .
The lowest order cross section for e + e -2y can be written as

(see Egq. 2-13)

do rZ ’
1
R )
k (l+z)2 '

The radiative corrections © can be written as (see Eq. 3-25)

1+z

/ e .
5 = -Eﬂ—o‘ ‘%nk ME—)—% @n2y-1) + Y, (4-4)

Where

}_4
I}
AiQ
a
N L
N
N
- ’_J
+
N
+
v
N
S———
V]
T
+
(1
~—
1
}_J .
+
N |
e

+
]
N =
(
D
N
+
p=}

N
Wi
+
}._J
mhg

TN
+
=
g
T
)
N



The spectra of the photon for e 4+ e 3y can be written as (see

Eq. 3-32)

d%g or?

3 1 1 R
e, lel ) ﬂo (1+z) (Z * E) (fn2y-1) 'E;' (4-6)

1

The quantity Y(z) has a rather complicated expression but numerically it

is very small. For example

Y (10) = ¥ (0.1) = 0.0024

Y (1) = 0.004

The numerical values for & are given for 7y = 3 X 10* (i.e. E2 = 15 BeV)

and z = 1,

R = 100 ® = -0.207
R= 50 5 = -0.175
R= 25 5 = -0.142
R = 10 & = -0.10

R= 5 5 = -0.068

5. CONCLUDING REMARKS

A, The purpose of writing this paper is three-fold.

1. To obtain useful formulae concerning the use of 7y rays from e++e——927
as a source for high energy 7 rays. It is hoped that Varioué formulae and
considerations given here may be of some help to the experimentalists in de-

signing the experiments.
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2. To show how this type of calculaticn can be done in order to take
into account the realistic experimental requirements.

3. As a byproduct of this calculation, we observe that there is no term
such as %'£n2 i%f in our expression for ® (see Eq. (3-31)). Such a term
occurs only in the infrared term K(Pl,PZ) Awhich is cancelled completely after
addition of elastic and inelastic cross sections as previously observed.t® Thus
we conclude that the appearance of such a term in Brown énd Feynman and Harris
and Brown's results is purely due to those authors choice of phase space for
k}, namely wé is isotropic and << m in the lab frame. As emphasized

previously that this kind of term is very undesirable. If, irrespective of

=2
, Oi&qg LE .
how one chooses the phase space for k , terms such as p —5~ occurin
3
m

& , it means that quite independent of infrared catastrophies the perturbation
=2
o4 Ly
expansion is not valid at energies higher than the value at which Py nZ —;— ~ 1.
m

(This will occur at around E ~ BeV.) In other words, the existence of such
terms in B.F. and H.B. and disappearance of such terms in our expression

simply indicate that such terms are closely related to the infrared catastirophe
of the perturbation expansion and can be gotten rid of if one chooses the phase

for Wy to be such that ugax >> m in the center of mass system.

B. It is interesting to notice the similarity between our expression for 5

(see Eq. 3-25) and the Schwinger's radiative corrections to the potential

scattering,

~2a [ B 13 ;qi)_l_v_,
SSchwinger i ekLAE - 12) (?n 2 1 36 . (5-1)
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The similarity can be made more striking if we decompose 5Schwinger into

the contributions from the vacuum polarization, the vertex part and the

bremsstrahlung:
6Schwinger - 6vac + 6vertex * Sbrem s (5-2)
where
Cz [, 1y, () ] )
®vac b [;9 3 tn V2 i _ ‘ (5-3)
_ =20 |1 1 3, [-¢® n
6vertex Cox [? K(Pl’P3) 2 K(Pl!Pl) N An ( mzj + 11y (5-4)
r . / 2
= Y L E -as 3
oen = 2|3 K22 ) + B u(p,p) e g (e 7L 1) 6
Now if we omit o and consider
vac
| o B3 (4, ° 1
E5vertex * 5brem I [:lezﬁz' A) ({n n2 l) + %} ’ (5-6)

we arrived at a formula almost identical to Eq; (3-25) if we make the

following substitutions:

25 (5-Ta)
AE ghnax
3
-q® > 4E? (in the more usual notations -t —s) (5-7o)

It is obvious why one should omit Svac’ because there is no vacuum
polarization in our problem. It is also quite obvious why by making substi-

tutions (5-7 a,b) on Eq. (5-5) we can obtain our Eq. (3-19). However it is

- 25 -



not guite obvious that by making & substitution -t —» s into the ordinary
vertex correction one obtains the bulk of the virtual radiative corrections

represented by Eq. (3-4).%8

(@]
-3
5
3
H
3
ct

beam experiment proposed at Stanford. The purpose of investigating the re-
action such aé e+ + e =2y 1in the colliding experiment is to test the
validity of quantum electrodynamics at high energies. Due to the backgréund
bremsstrahlungs, the experiment will probably be done by detecting two photons
in coincidence and each photon detector having fairly good energy and angular
resolutions. The lowest order cross section can be obtained from Eg. (2-L)

by covariantizing the expression inside the bracket and recalculating the

function A which represents the phase space and flux density. The result is

a 221 _ - _
Go _ ot E + P cosf . E - P cosf . 1 _ m=
dﬂkl BPE|E - Pcos6b E + P cost 2 _P? cos®6  (E® - P? cos5)2
2 2
rm - =
=~ 32 cot® g + tan< g (5-8)
8E

The second equation holds only if 6 and E  satisfies
2
L= 1 ’ y
sing >> 5 < 1. (5-9)

The radiative correction can be calculated by using Eq. (3-25). The only thing
. gmnax .

one has to do is to relate 5 to the energy and angular resolutions of the

detecting system. If A8 is negligible and further if Aal is the smaller

one of energy resolutions of the two detectors, then Eq. (3-18) can be used

as KX,
3
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APPENDIX I

In applying the Feynman rules to calculate the transition proﬁabilitiés
involving identical particles in the final states considerable care must be
exercised. . Take the example of reaction. e+ +e - kl + k2 + k3 in the
C.M. system.v Because of_energy-momentum>conservation only ﬁomenta,of two
particles (say El and E2> are needed to determine the kinematics complétely.
Suppose we have two detectors A and B. We may arbitrarily assign the photon
detected by A to be kl and that detected by B to be kg, and calculate the

cross section according to the standard rule,

G = (2 )4 1 1 f d3kl d3k2 d3k3 54( - 6 y o (A_.l\

A ((P N mgmg)% (33 J 2 2o 2o Pr7Ps Z i ’
11 12 ‘ i=1

where S 1is average over initial spin and sum over the final polarizations

and Miis are the matrix element written according to the standard rule.

(We normalize one particle per (2E) *em® for each particle.) The integral

is to be taken in the range specified by detectors A and B. Now suppose the
detector B is removed, do we get the right result by just integrating éver

all dzkg? The answer is no. The expression (Al) must be divided by 2 and

then integrate over all possible d3k2 . To show this, consider an event where

one of three photonggoes into A and another into B. The probability of this
event (see Fig. 1lla) is independent of whether there is a detector at B or
not. Now corresponding to this event, there are two possibilities,'either
kg goes into B or k3 gees into B as shown in Fig. 11b and 1llec. Both of

these possibilities occur when there is no detector at B. But now as soon
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as we put a detector in B, the situation represented by Fig. llc is excluded
because we said the photon detected by B is called kg ; This proves our
assertion. The result can be generalized to n identical particles in the “
final states. We need n-1 detectors to determine the kinematics of the
problem. Thus if there are n-1 detectors we use the sténdard rule. If we
have n-2 detectors we divide the whole expression by 2. If there are n-d
detectors we divide the standard expression by 4d! Specifically if there is
no detector (i.e. total cross section) we have to divide the Eq. (A-1) by n!
The arguments given above can be used in our calculation éf spectra.of
kl due to e+ + e —3y. The radiative corrections calculated by Brown agd
Feynman and Harris and Brown apply only to the coincidence experiments. Since
we are not measuring k2 and k3 we have to integrate over all the phase
space of k2 and k3 and divide it by 2! according to our prescription. The
phase space of k2 and k3 can be represented as an ellipsoid as shown in
Fig. 9. Now the matrix element thZ is symmetric with respect fo interchange
of k2 *>k3 . Thus instead of integrating k2 and k3 in the whole phasé
space and divide it by 2! , we may equivalently integrate half of the phase
space as shown in Fig.10 . Now in this-modifiéd phase space k2 is never
small and thus infrared divergence occurs only when k3 — 0, although both

k2 and k3 can become infrared in the complete phase space.
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portional to ® in £,
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The advantage of using the center of mass system is that it is easier to see
under what conditions the k3 in the numerator of the matrix eiement can be
neglected and obtain an extremely simple expression such as Eq. (3-16). From

our considerations it can be concluded that in order to neglect k3 in the
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numerator, it is not necessary to assume w, to be much smaller than m

in the laboratory system as was done in B. F. and H. B. As will be arguedi
in Section 5, in the regions where ag << m in the lab system, the pertur-
bation expansion is not valid due to the existence of terms like %»£n2 2y

in the radiative corrections ®. Similar consideration was done by the
author for the radiative correction to the e-e scattering in the labor—
atory system. See Section 5 of the paper Y. 5. Tsai, Phys. Rev 120, 269
(1960).

See footnote 17.

The approximations made here are certainly the most serious ones and impose
severe limitations to the range of applicability of our result, represented
by the first inequality in (3—30)>and inequalities (3—3;). The problem that
one has to investigate is whether the curve in Fig. 7 goes down monotonically
to the low energy end or will it go up again and give some additional (unwelcome)
low energy photons. The author tends to believe the latter because a positron
can first emit a high energy photon and then annihilate at a very low energy
at which the cross section is very large. (A similar phenomenon is well
‘known in the bremsstrahlung produced by coulomb scatterings.) Fortunately
the exact calculation of low energy end of the spectrum can be done without
much difficulty with the help of a computer. A computer can take traces,

sum the tensor indices, do necessary cancellations, sorting out terms in a
convenient order and obtain an analytical expression in less than one hour
for a job which takes about six months for a physicist to do by paper and

pencil. Two working computer procedures are available at Stanford, one by
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1k,

15.

16.

17.

18.

S. Swanson aﬁd another by A. Hearn, both of the Physics Department,

Stanford University.

Inequalities (3-17) reduce to (3-31) in the laboratory system. Fortunately
the angular range most éonvenient for the experimentalistsl is in the

vicinity of 792/2 ~<% tp 4 and thus.these inequalities are easily

satisfied. |

See the discussion concerning Eg. (1-4) of Ref. 9.

See D. R. Yennie, S. C. Frantschi, H. Suura: Annals of Phyéics ;2; 379 (1961),
Appendix C.

See Section 4 for numerical exampies, (- a/n f=Y).

If we believe in Schwinger's conjecture that the radiative corrections to all-
order can probably be written as e6 =1+ &+ gi + ..., then for - & <0.2,
the next order correction will be expected to be less than 2%.

Brown and Feymnman's results (Ref. 6) show that after renormélization and
infrared cancellation, only the matrix element represented by J in Fig. 5
contains logarithmic terms when inequalities (3-3a,b) are satisfied. Thus

our observation can be stated simply that the bulk of the contribution

from the matrix element J to the radiative corrections can be obtained from

the Schwinger vertex correction by a substition —tv—és.
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