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ABSTRACT 

A simple and general method is suggested for studying processes in which 

resonances or unstable particles are produced. The method consists of analy- 

zing the experimental data in terms of all the possible angular correlations 

among the decay products of the produced particles. The specific correlations 

that can'be present in a number of experimentally feasible processes are ex- 

plicitly tabulated. The usefulness of this method of analysis is illustrated 

by showing how the correlations provide extensive tests of various dynamical 

models of the production process such as one-particle-exchanges. Independent 

of any models, a great deal can be learned about the production amplitude from 

just the correlations present when neither incident beam nor target are polar- 

.ized, although in general additional correlations must be known to completely 

construct this amplitude. 



INTRODUCTION 

The increasing amount of data on processes involving the production and 

decay of unstable particles allows for the application of a simple and direct 

procedure for cataloguing all possible information obtainable in the analysis 

of production reactions. The method consists of analyzing the processes in 

.terms'of all the angular correlations that can be present. A number of re- 

actions are especially fruitful to study in this manner since the decay of the 

unstable particles involved can reveal considerable information concerning 

their spin, parity, and state of polarization. This information sheds light 

not only on the properties of the unstable particle itself but can be used 

to study the production process. This method of analyzing experiments, while 

being considerably simpler than performing a conventional phase shift analysis, 

is a completely general description. 

We have tabulated the kinds of angular correlations that can be present 

among the final particles in several production-decay processes which are ex- 

perimentally feasible. In a number of instances considerable data already 

exist. 

Correlations of the type considered here have been studied for some time 

in the investigation of nuclear levels and the compound model of the nuc1eus.l 

In this paper we apply these ideas to the study of unstable particle production- 

decay processes. 

Various dynamical models, such as one-particle-exchange approximations, 

can be tested by noting that these models imply that certain angular corre- 

lations either vanish or are related to others in a definite way. The impli- 

cations of a number of current models of some of the reactions are included 
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and tests of their validity are suggested. The usefulness of these model 

tests has already been demonstrated in a preliminary analysis of the process 

K- + p -+A + UJ.~ 

Although the angular correlations which can be present when neither the 

incident beam nor the target are polarized are inadequate in general to allow 

one to construct the complete matrix element for the process, a surprising 

amount can be learned from such experiments. 'In some simple examples we show 

explicitly how to extract information about the production matrix element 

from the angular correlations when the initial particles are unpolarized. The 

additional correlations present in these examples when the target is polarized 

are also given in detail. A great deal more can be learned from these addi- 

tional correlations, but presumably, experiments requiring a polarized target 

are more difficult to perform. 
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ANGULAR CORRELATIONS 

(a) O- + $+ -+$+ + O- 

Let us begin by considering processes of the type O- + +' --+-$-' + O-, 

e.g., x[- + p -+A + K '. (Spin and parity are denoted by J'.) We will assume 

the target proton is unpolarized so that our present considerations will be 

independent of the tinitial state. The independent correlations present in 

this simple case are just the angular distribution of the final particles and 

the polarization of the A normal to the production plane. 

The most general matrix element for the process r( + p -+A + K can be 

expressed between free particle spinors "(P*) and u(p,) in the form3 

?P,) i a + by, 7-N 
!- 

u(p,) 

where P 7 Pn are the momenta of the proton and lambda, respectively, and 
P 

N is a four vector which reduces to a unit three-vector normal to the 

production plane in the laboratory system. The amplitudes a and b are 

invariant functions of the incident energy and lambda production angle. The 

lambda polarization is then proportional to Im(ab*) and would vanish for a 

simple model of production such as K* exchange. This is because the two 

amplitudes a and b are relatively real for such a model even though two 

independent amplitudes are necessary to describe the K*Ap vertex. The 

reason for this is that analyticity does not allow either the electric or mag- 

netic form factor to become complex in the scattering region (even in the pre- 

sence of an anomalous threshold). The fact that the lambda cannot be polarized 

is then a straightforward prediction of a model in which the reaction is domi- 

nated by K* exchange. Analogous statements apply to other processes of this 

type such as x + N --+N + 71, x + N -+C + JI, etc. 
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(b) 0- + ++ -+++ + l- 

A more interesting class of reactions are those of the type O- + +' --+-$++l-, 

e.g., K- + p -+A + u).~ The cross-section to produce A + (u is bilinear in the 

0 polarization vector e and at most linear in the A spin polarization W. 

(We mean by the cu polarization vector e not the direction of its spin but 

rather the directions of the field components as in the usual description of a 

'photon.) Since the u has spin-parity l- its decay into 3~‘s is described 

by a matrix element of the form eon where e is the polarization vector 

of the w and n is a four vector which reduces to the normal to the plane 

containing the three decay pions in their center of mass. Consequently, the 

subsequent 37~ decay of the (0 essentially measures e. Since e is a vector 

and W is a pseudovector, parity conservation in the production process dic- 

tates, in a simple manner, all possible correlations which can be analyzed by 

the decay channels of the A and the cu. In order to express these correla- 

tions in a convenient matrix form we introduce orthogonal coordinate systems 

in both the cu and n rest frames. In the w rest frame the basis vectors 

are chosen to be zu> a unit vector in the direction of the incident meson 

beam, N^, a unit vector normal to the production plane, and ;a = ?a x N^. 
A A 

Similarly in the n rest frame we have the orthogonal system Kh, NA, CA. - 

(Note that CA and cU as well as ?a and t* are not the same vectors 

but are related through the Lorentz transformation connecting the A and w 

rest frames.) 

The twelve possible correlations, consistent with parity conservation and 

Lorentz invariance, are.conveniently denoted in Table I by an "X" in the appro- 

priate box. The strengths of the various correlations are functions of the 

production angle and c.m. energy so that each entry corresponds to given set 

of production conditions. 
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One possible use of such a correlation table is to make a comparison 

with predictions of various dynamical models. For example, one can test the 

hypothesis that the process r+ p -+A + w is dominated by a linear combina- 

tion of K- and Klfexchanges. ' Not all of the twelve correlations will be 

excited if the process is dominated by such poles. In fact only those cor- 

,relations labeled by (K), (K") or (K + K") in Table I will be different from 

zero. The notation (K) indicates a contribution from K-exchange alone, (K") 

from Kzexchange alone, and (K + K*) indicates contributions from the inter- 

ference between K- and Kzexchanges. Moreover, there is one relation among 

the three (K i- K") terms dictated by the model and hence only two of the 

three (K + K*) terms are independent. One of the two independent correlations 

is 

A 

where 
pP 

is along the incident proton momentum in the A rest frame. The 

other independent correlation is 

where E n and p^ h are the A energy and unit vector along the A momentum 

in the cu rest frame, respectively, and ,W, .is the A polarization. The 

combination in the bracket is 2. expressed in the w rest frame. In addi- 

tion the contributions to the correlations.1 and (e^.eU)2 coming from just 

Kzexchange are of equal magnitude but opposite in sign. 

Note that if the process were dominated by a pure spin zero exchange then 
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eleven of the twelve correlations would have to be zero which is a more ex- 

haustive test than the familiar Treiman-Yang test.6 

(c) o- + $+ -+g* (-s+ + 0’) + o- 

Two examples of this reaction are the processes I-C + p -+@(-+p + J-C) + r( 

and SC + p -+Y'(+A f II) + K.7 We consider here only parity conserving decays 

of the spin j/2 particle. If only the angular distribution of the p + fl(A + fi) 

is measured then there are at most four possible correlations since then no 

higher powers than cos' 0 are permitted in a spin 3/2 decay in the N" or 

Y* rest system.s However if the decay proton or A polarization is measured 

along with the decay distribution then cos4 8 terms are permissible in the 

case of j/2-, but only cos2 8 terms in the case of J/2'. The differences in 

correlations due to the different parities are easily seen from the general 

correlation table which can be constructed from the matrix element for the 

process. 

This matrix element, 

expressed between spinors 

form 

in the rest system of the spin 3/2 particle, can be 

of the initial and final spin l/2 particles in the 

11 (+) P> 
- $j (_Y*zf)(&[*K)_; iA1- + iA I - 7-K; 

. 
r i 

+ Pf',E 
c 

- 5 Y r (+) (r*zf)(z*_L_> j i A3 u(p ) i 

where p, 1 and pf are the momenta of the initial and final spin l/2 particles, 

K is the initial mesonmomentum, and 2 is a linear combination of 2'1 and 

K which is orthogonal to ,K in the spin j/2 particle's rest system. The upper 

(lower) signs refer to y/2+(3/2-). The coefficients Ai*) - AL') are complex 
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invariant functions depending only on the production process, i.e., they 

depend on the initial energy and the angle at which the spin 3/2 particle is 

produced but not on the decay angle of the final spin l/2 particle. The 

general angular distribution of the decay can be determined by squaring the 

above matrix element and averaging over initial target spins in which case 

the correlation matrix will take the form shown in Table II. Correlations 

possible for the j/2' case are labeled by + and for the j/2- case by - . 

The rows of this correlation matrix refer to the polarization directions of 

the decay spin l/2 particle in the rest frame of the spin j/2 resonance while 

the columns refer to the angular distribution of the decay spin l/2 particle 

in the rest frame of the spin j/2 resonance. 

In the case of reactions such as 51 + p +Y* + K and K + p -+N* + K, 

etc., single pion or kaon exchange is not possible because of parity conser- 

vation. However, single vector meson exchange is a possible single model of 

such reactions. The e-exchange model predicts that the lambda in the re- 

action Jr+P -+Y"(+A + n) + K would not be polarized for the same reasons 

as discussed in Section (a)- Similarly, the proton in the reaction 

K+p+N+p++t~r could not be polarized if the exchange of a single p 

- dominated the process. The only possible correlations would then be the four 

terms in Table II for unpolarized decay spin l/2 particle (i.e., the lambda or 

proton). All four of these correlations can be excited in the case of the 

most general interaction at the vertex between spin l/2, spin 1 and spin y/2. 

Sakurai and Stodolskyg have suggested a special form of this latter 

interaction based on the "p-photon analogy" which leads to a reduction in the 

Possible number of correlations. They show that for a "magnetic dipole p" the 

decay distribution in the N* rest system for the reaction K + p --+I? + K 
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would be of the form 

1 + 3(;f.m)2 

A 

where *f and 8 are unit vectors along the decay proton and normal to the 

production plane respectively in the p rest system. Thus their model pre- 

.dicts'only one independent correlation to be present out of a possible four. 

The required vanishing of the remaining three correlations provides a test 

of the model. 

(d) o- f ++ + -3/2’(-++ + o-) + 1- 

Some examples of processes of this type are K + p -tN" + fl, ?? + p -+Y* -F w, 

etc. We consider only parity conserving decays of the spin j/2 particle. The 

analysis of the angular correlation combines the ideas of Sections (b) and (c) 

allowing the correlation table to be written down directly from Tables I and II. 

The conditions of parity conservation, linearity in the decay spin 3 polari- 

zation W and bilinearity in the polarization vector e of the produced spin 

l- particle lead to the correlations summarized in Table III. In this table 

angular correlations possible for spin y/2' are indicated by '%rl. The polari- 

zation components J*K^, _W*t and _W*N^ of the spin.1/2 particle and the direc- _ 

tion cosines of its momentum G-2, 6.2, and $*N^ refer to the rest frame of 

the spin j/2 particle. Similarly, the components of the polarization vector 

e^.K^ e^.z 
ccr' co' and e^*N^ cu of the spin l- particle refer to its rest system. The 

vector e^ is the normal to the plane of the 311’s in (u decay or is along one 

of the decay mesons in either p decay or K" decay. 

In reactions like K + p -+N* + K' and IT + p +N* + p where single 

pion exchange could be the dominating mechanism the correlation table will 
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contain only a few terms. In fact for such a mechanism there can be no po- 

larization of the decay spin $Y particle and the decay angular distribution 

will be of the form 

* 
where q and p^ are unit vectors along the directions of the initial and 

final spin 3 particles, respectively, in the rest system of the spin 3/2 par- 

ticle. Hence the pure single pion exchange model predicts 116 (68) of the 

possible 120 (72) correlations to be zero for spin 3/2'(3/2-). 

We remark that correlation tables for producing a spin two particle, 

decaying into 2 spin zero bodies, rather than spin one can be easily written 

down in analogy to Tables II and III. The only difference here is that the 

entries referring to the spin two particle should be quadrilinear in the de- 

cay momentum rather than bilinear as in the spin l- case. 

(e) .$+ + ++ 4-$+(4++ + 0’) + ++( 4*+ + O-)1o 

Here we have in mind processes like p + 5 -+A + h, C + c, etc. The 

correlation table for this case, Table IV, can be easily written down in a 

similar manner to Table II. The condition of parity conservation in the pro- _ 

duction process leads to the eight possible correlations which are marked in 

Table IV. By charge conjugation symmetry only six of the possible eight are 

independent. 

Possible mechanisms for processes like p + p -+A + ?i might be a com- 

bination of K and I(". exchanges similar to the model in the case of the 

reaction K- + p -+A + (I). In this case six of the possible eight correlations 

are excited and are indicated with the same notation as in Table II. One 

sees that there is a simple test for such a model involving only the components 
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of the A polarization perpendicular to the production plane which should 

be zero if the process is dominated by K and K* exchanges. 

(f) p + p -+3/2’(-+$+ + 0’) + 3/2’(-+++ + o-) 

Examples of such reactions are p + 5 -+N' + %* or p + i -+Y* + ;J". 

As before, parity conservation in the production and decay as well as at most 

'quadrilinearity in the decay spin 4 momentum and linearity in the decay spin -$ 

polarization dictates the allowable correlations (indicated by X in Table V). 

Because of the possibility of measuring the polarization of the decay spin 3 

particle this table is very large and is essentially the product of Table II 

with itself. One has then 800 allowable correlations out of a possible 1600. 

A process such as p + 5 --+fl + $ dominated by single pion exchange 

would lead to only unpolarized final spin 3 particles and an angular distri- 

bution of decay products of ?N* of the form 

[l + 3(+j.$d x -1 + 3(9.@1 
c -1 1 -J 

where a is a unit vector along the decay antiproton momentum, i is-a unit 

vector along the incident 5 both in the T;j" rest frame; G is a unit vec- 

tor along the decay proton and 2 is a unit vector along the incident proton in the 

NX rest system. Thus the OPE model would show only 8 out of a possible 800 

correlations. 
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PRODUCTION AMPLITUDES 

(a) O- + l/2+ +-l/2+ + O- l1 

Let us consider the process r[- + p +A + K" for definiteness. The 

matrix element for a process of this type, can be written in the form 

u(p,)[a + br,r l Nlubp) where a and b are complex invariant functions 

of energy and angle, N is a four vector which reduces to a unit three-vector 

N^ normal to the production plane in the laboratory system, and p 
P and PA 

are the proton and lambda four-momenta respectively. Since the overall 

phase is arbitrary, only the relative phase of a and b is of importance. 

The transition probability between proton and lambda polarization states de- 

scribed by the four-vector W and W 
P A is obtained simply by squaring the 

matrix element. This result isL2 

+ (Ial’ - Ib12)(,Wp*~A) + 2Re(a*b)MpMh(MpM*-PhPpp)-1(~.~p xJA) 

where W -A and W A. P 
are the lambda and proton polarizations in their respec- 

tive rest frames. 

It is clear from the above equation that there are a total of four in- 

dependent correlations which we can take to be 

(i) the angular distribution, which gives the term Ial" + lb12 

(ii) the lambda polarization perpendicular to the production plane, 

which gives Im(a*b). 

(iii) the.lambda polarization along the initial proton polarization 

which gives Ia}' - ]bi2 . 
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(iv) the lambda polarization along the normal to the plane containing 

the incident proton polarization and the normal to the production 

plane, which gives Re(a*b). 

It is clear that I& bl, and the relative phase of a and b can be ob- 

tained easily from these and that all four correlations are necessary for a 

unique solution. 

Without a polarized target only correlations(i) and (ii) are present 

and the maximum information obtainable is lal2 + Id2 and Im(a*b). 

(b) 0- + l/2+ -+1/2+ + l- 

Let us consider the process K- + p --+A + u) for definiteness. The most 

general form of the matrix element for a process of this type can be put in 

the form 

+ a3e*Ly5 + ase*N](l + iysy*N) 

+ [a2e*Ky5 + a4e*Ly5 + aee*N](l - 

where a - a 1 6 
are invariant functi.ons of energy and angle and p , PA, K, 

P 

and q are the four-momenta of the proton, lambda,, kaon, and omega, respec- 

tively. In the w rest frame the space-like components of K, L, and N 

reduce to an orthogonal coordinate system such that ii is a unit vector nor- 

mal to the production plane, ? is a unit vector along the beam direction 

and L^ = 8 x K^. The vector e describes the u) field and satisfies q-e = 0 

and e2=1. 

Taking the matrix element between proton and lambda polarization states 

described by four vectors W and W 
P 

ti respectively, and squaring gives 
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the following transition rate:12 

IAl = klal12 + la212)(e-K)2 + (Ia,I' + la,/2)(e*L)2 

+ 2Re(ala: + a2$)(e*K)(e.L) (-mpmA - pap') e (1a512 + \a612)(e*N)2(mpmA - p-p') 1 
+ 2Re(a3az + a,ag)mp(W*p')(e*L)(e*N) - 2Re(alaz + a2a",)mA(W'*p)(e*K)(e.N) 

+ 2Re(alaz + a2az)mp(W.p')(e*K)(e*N) - 2Re(a3az + a,az)mA(W'ap)(e*L)(e*N) 

+ ( la2i2 - fa,f2)(e-K)‘(mhmp + p-p') [(W - W')*Nj 

+ (Ia412 - ja,12)(e-L)2(mAmp + pap') 

+ 2Re(a2ai - ala~)(e.K)(e*L)(mAmp +p.p') EW - W').N] 

+ ( la612 - ]a5i2)(e*N)2(mAmp + p-p') [W + W+N] 

+ 2iIm(a2aI - a,a~)(eoK)(e.N)E(pp'NW') 

+ 2iIm(a4aE - a,a:)(e.L)(e*N)E(PP’NW’) 

+ 2iIm(a a* 
25 

- ala~)(e*K)(e*N)E~p'NW) 

f 2iIm(a a+ 
45 

- a,a~)(eaL)(e.N)E(pp'NFI) 

+ 2Reala~(e*K)"(W~W')(mAmp f pop') + 2Rea3az(e*L)2(W*W')(mAmp + p.p') 

+ 2Re(a1az + a2~a~)(e.K)(enL)(W*Wf)(mAmp + p-p') 

+ 2Rea5a~(e*N)'(W0Wf)(m,mp - p-p') 

- 2Re(ala~)(e.K)2(k*p')(W'*p) - 2Rea3az(e*L)2(W.p')(W1*p) 
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- 2Re(alaz + a,az)(e*K)(e*L)(W.p')(W'*p) + 2Re(a5az)(e.N)2(W*p*)(W'np) 

+ (al- l 
a2)(e*K) + (a - 

3 
a4)(e.L)12(W*N)(W'*N)(mpmA + pep') 

f a 1 5 - a6r(e*N)2(W*N)(W'*N)(mpmA - pp') 

+ 2Re(a2az - a,az)(e*K)(e*N)(W*N)(W'*p)mA 

+ 2Re(a4az - a3ag)(e*L)(e*N)(W*N)(W'*p)mn 

+ 2Re(a a* 
25 

- ala~)(e~K)(e~N)(W'~N)(W*p')mp 

+ 2Re(a4az - a3a~)(e*L)(e*N)(W'*N)(W.p')mp 

- 2iIm(alaz + a,az)(e*K)(e*N)E(pp'WW') 

- 2iIm(a3az + a4az)(e*L)(e*N)E(pp'WW') 

+ 2iIm(a5az)(e*N)2 + mpE(p'NW'W) 
I 

- 2iIm(a1az)(e*K)2 
! 
mhE(pNWW') + m,E(p'NW'W,) 1 

- 2iIm(a3a++)(e*L)2 
[ 
mA4pNWW' j + mp4p'Nw1WJ 

i 

+ 2iIm(a2az - alaz)(e.K)(e.L) 
F I -. 
mA~(pNWW') f mpe(p'NW'W) 

+ iIm 
I 

(al - a,)(" - a,") 
I 

(e*K)(e*N) 
[ 

f 
(W*N)E(NW'~'~) + (W'*N)E(NWP~')~ 

1 

- a4)(az - a:) (e*L)(e*N) 
I 

+ (W'.N)E(NW~~') 1 
As can be seen from this expression there are a total of 48 correlations 

present when the target is polarized. However, only 32 are independent. 

The maximum information one can obtain with an unpolarized target, as 
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can be seen by putting W = P 
0 in the above equation is given by the fol- 

lowing 12 correlations: 

0) 

(ii) Iall - Ia, I2 

'(iii) la312 + la412 

b-v) la312 - )a4 1’ 

(4 1a512 + 1a612 

hi> Ia5 I’ - Ia6 I” 

(vii) Re(aia2 + a,az) 

(viii) Re(aiaz - a,az) 

(ix) Re(alaz + a,az) 

(x) Im(ai* - a2az) 

(xi) Re(a3$ + a4az) 

(xii) fm(a3az - a,az) 

The first six correlations determine the magnitudes of each amplitude. -- 

Since the overall phase is arbitrary, there remain five independent phases 

which unfortunately are not uniquely determined by the last six correlations. 

The degree of ambiguity will depend on the actual values of the correlations. 

For example, should it happen that only a1 and a3 or only a2 and a 
4 

were substantially different from zero in some region of energy, the sign of 

their relative phase would be the only ambiguity occurrirg in the construction 

of the amplitude. 
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In general, the solutions for the phases can be obtained in the fol- 

lowing manner. Let an = lanlexp(iOn) and choose e6 = 0 by adjusting the 

arbitrary overall phase. From correlations (vii) and (viii) one can deter- 

mine cos(ei - e3) and cos(8, - e4). For each choice of the signs of 

Q1 - e3 and e2 - Q4 one can solve the remaining relations for 8,, 8 
4’ 1 

8, - e5, and .el - e5. In general one can go no further. 

We see the correlations that are present when the target is unpolarized 

do not determine the production amplitudes uniquely 'but in general lead to 

several sets of amplitudes, the extent of the indeterminancy depending on 

the actual values of the correlations. Although it is clearly necessary to 

measure some correlations that can be present only when the target is polar- 

ized to completely remove these ambiguities, more than one might anticipate 

can be learned even with an unpolarized target. 

In certain cases discussed above involving the production and decay of 

spin 3/Z particles the possible number of correlations far exceeds the number 

of independent amplitudes even for an unpolarized target. It is an inter- 

esting question whether it is possible, in these cases, to learn the entire 

matrix element without the use of a polarized target. 
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Table I 

Angular correlations present in the process K- + p -th + CD are indicated by 'lx'. 
Correlations excited by K-exchange, K" exchange, and their interference are indicated 
by (K), (K*), and (K+K*), respectively. 



I 

1 

TABLE II 

Angular correlation that can be present in the process O- + l/P+ --+3/2' (*l/2+ + O-) + O-, 

e.g., sI + p -+y"- (-+A + TC-) -I- K+, are indicated by It+", The unit vector sf is along the 

momentum of the decay spin l/2 particle in the rest frame of the spin j/2 particle. The 

polarization vector is ,W. The vectors 2, 2, and $ form a right handed, orthonormal 

basis in the rest frame of the spin j/2 particle, ^K being along the direction of the 

incident meson beam and $ being normal to the production plane. 
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Table IV 

Possible angular correlations present in the process 

pp -+a are indicated by X. Those correlations 

excited by K-exchange, @-exchange and their inter- 

ference are indicated by (K), (p) and (K+J?), 

respectively. 
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