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1. INTRODUCTION

The method depicted below has been much in use lately at SLAC for measur-
ing emittances in the linac and the SLC damping ring. To carry out the measurement,
the strength of the lens is varied and the width and height of the beam profile on
the screen is observed. The input beam is kept unaltered in all aspects during the
measurement. When the square of the width or height of the profile is plotted against
the lens strength k, a quadratic (parabolic) curve results. The three coefficients of
the quadratic are sufficient to determine the state of the input beam, including its
emittance.
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The basis of this method is readily derived using one two-by-two matrix to
specify the state of the input beam (o-matrix) and another to describe the lens-drift
transport system (R-matrix). The process can be applied to both of the usual degrees
of freedom, (z,7') and (y,¢), and in each case, three o-matrix elements are deter-
mined. These three elements, in turn, fix the the corresponding emittances, i.e., the
determinant of the corresponding o-matrix.

The formalism can be dealt with quite compactly in a four-by-four matrix
notation in which the o-matrix is



o131 o2 O 0

o1 o092 O 0
o= (1)
0 0 o033 034
0 0 o034 044
It is always symmetric.

This matrix describes what we usually call an “uncoupled” beam—a distri-
bution in which there are no correlations between horizontal and vertical motions.

In general, such correlations may exist and are prescribed by the missing
elements of the matrix above. The general o-matrix—still symmetric—is

o11 012 013 014

012 022 023 024
o= (2)

013 023 033 034

014 024 034 044
In the present note, we shall show that the method described above always
measures the matrix elements 013,019,090 when carried out with the horizontal pro-
file and 033,034,044 When carried out with the vertical profile, and that it does so
independent of the “coupling elements” 13, 623, 014, 024. Having proven the foregoing
assertion, we shall describe a new method for determining the four coupling elements
using a skewed quadrupole and a drift. These four elements, together with the six ele-
ments obtained by the original method comprise all ten of the independent elements
of the o-matrix and therefore suffice to determine the four-dimensional emittance of

the beam despite correlations.

2. THE NORMAL (UPRIGHT) QUADRUPOLE CASE

The evolution of the beam ellipsoid (o-matrix) through the measuring system
can be described by the following matrix equation

o’ = RoR (3)

where o5

is the beam matrix at the screen, R represents the transfer matrix of the
measuring system (quad and drift) and R is the transpose of R. We are using here the

formalism developed for the program TRANSPORT.



The transfer matrix describing the normal quadrupole of strength & in the
thin lens approximation is

10 0 0
k1 0 O
Q=
0 0 1 O
0 0 -k 1
and the drift of length [ is represented by
11 00
0100
L=
0 0 1 !
0 0 01
The transfer matrix R is then just the product
R=LQ (4)

and the two elements of the beam matrix that are measured on the screen are
o) = (1 + k)2 ! 2
11 = o11 + 2l(1 + kl)o12 + I“092

053 = (1 — kl)%033 + 2I(1 — kl)o34 + 2044

For this simple measuring setup, the square of the beam width is in fact a quadratic
function in the variable (1 + kl) and the square of the beam height is quadratic in
(1 — kl). For reference all ten independent elements of the beam matrix at the screen
as a function of the lens strength k are presented in the Appendix A.

For the more general case of the measuring setup, where the transport line
between the quadrupole lens and the screen can be represented by the following Ry
matrix

rp rie 0 0
rop roo O 0
Ry =
0 0 r33 r3y
0 0 ry43 ry
which itself creates no z-y coupling, the answer is

011 = (r11 + kr12)%e11 + 2ria(riy + krigorz + rzo0



033 = (ra3 + kras)?oss + 2raq(ras + kraq)oss + rigou
The horizontal and vertical sizes of the beam on the measuring screen ( o'ls1 and

\/ ags) do not depend on the “coupling elements” of the o-matrix, o33, 623,014, 0904.
This demonstrates the first assertion above.

To this proof, we wish to add the following comment. Let us rewrite the
general coupled four-by-four beam matrix, Eq.(2), in terms of two-by-two submatrices

in the following way:
(U C
o=\ _
C Vv

Measurements with the normal quadrupole completely determine the submatrices U
and V. If we start with the uncoupled beam, i.e., all the elements of the C submatrix
are zero, the product of the determinants of U and V gives us the four-dimensional
transverse emittance of the beam.

detU-detV =deto = eg

In the case of a coupled beam, the product of the determinants does not equal to the
full determinant of the o-matrix and the following inequality is probably true

detU-detV > deto = €3
3. THE SKEWED QUADRUPOLE CASE
Let us see now what happens if we replace the normal quadrupole by a skewed

quadrupole. The transformation matrix for the skewed quadrupole of strength k in
the thin lens approximation is

1 000

01 k£ O
Sy =

0 01 0

k 0 0 1

Now we replace Q in Eq.(4) with S45 so that

R = LS5



For this simple setup of the lens and a drift {

o3y = k%033 + 2kl(logs + 013) + Pog + 2loya + 011
0593 = k2120’11 + 2kl(loys + 013) + Pogy+ 2lo34 + 033
0153 == k2l20'13 + kl(lozg + loyo + 033 + 011) + 120'24 + (o3 + 014) + 013

and for the more general “uncoupled” transport line

S __ 2.2

ofy = k’rigoss + 2kria(r11o13 + r12023) + riion + 2riarigonz + rizoz

033 = kPr34011 + 2kraq(raso1q + r33013) + 134044 + 2ra4raz03s + 133033
S 2 ’

013 = k°raqrioo13 + k[r11r34011 + r12rag(034 + 019) + r12r33033]

+ r11(r34014 + r33013) + r12(r34024 + r33023)

Now the measuring setup mixes the elements of the original beam matrix,
and the width, the height and the tilt of the beam on the screen provide us with some
information about the elements of the C submatrix.

4. THE PROPOSED METHOD

In order to determine all ten independent elements of the general beam matrix
Eq.(2) we propose to use both normal and skewed quadrupoles. In addition to the
width and the height of the beam on the screen, the tilt angle of the beam spot (which
is simply related to the 13 element of the beam matrix) would be measured too, and
a parabola fitted to the squares of the measured quantities.

Using the normal quadrupole we can determine the following beam matrix
elements and combinations

011, 012, 022 See (Al)
033, 034, 044 See (A8)
013, O14—003, [%094+1(023+014)+013 See (A3)

and using the skewed quadrupole we can determine

033, logg+013, P99+ 2loyg +on See (B1)
011, loyg +o0y3, 12044 + 2lozq + 033 See (B8)
o013, lozg +loys + 033+ 04y, 120’24 + (093 + 014) + 013 See (B3)



These eighteen equations overdetermine the ten independent elements of the
o-matrix. Although there is not enough information to determine the full matrix using
either the normal quad or the skewed quad by itself, using both quads, we determine
some of the elements more than once. This provides not only the matrix elements, but
a measure of goodness of fit.

An alternative setup can include one skewed quadrupole and two screens,
separated by a drift. Measurements of the height, the width and the tilt of the beam
on both screens will again provide eighteen equations for the determination of ten
independent elements of the o-matrix.



APPENDIX A. THE NORMAL QUADRUPOLE CASE

Starting with the most general four-by-four symmetric o-matrix in front of
the quadrupole, the ten independent elements of the beam matrix at the screen 05, as
a function of the quadrupole strength are:

o) = (1+ kY2011 + 211 + K)oz + oy (A1)
o5y = k(1 + Koy1 + (1 + 2kl)o12 + lozs (A2)
0'15'3 = —k%%013 + kl2(014 —093) + 120’24 + logg + lo14 + 013 (A3)
6154 = —k¥lo13 + kl(014 — 023) — ko3 + loog + 014 (A4)
0‘2g2 = k2au + 2koy0 + 092 (A5)
o5y = —k2o13 + k(lo14 — logs + 013) + logg + 023 (48)
o3y = —k%o13 + k(014 — 023) + 024 (A7)
05 = (1 — kI)2033 + 21(1 — Kl)o34 + (2044 (48)
05y = k(1 — kl)osz + (1 — 2kl)o34 + logg (A9)
crf4 = k%033 — 2ko3g + 044 (A10)

APPENDIX B. THE SKEWED QUADRUPOLE CASE

The elements of the o° matrix are modified in the following way if we replace
the normal quadrupole with a skewed one

03 = k*12033 + 2Kl(logs + 013) + 1090 + 2lo1a + 011 (B1)
03, = k2losz + k(2logs + 013) + logg + 012 (B2)
0%, = k%013 + kl(loag + loyz + 033 + 011) + 1094 + log + 14 + 013 (B3)
o3y = k?loys + kl(o34 + 012) + logg + 014 (B4)
0‘292 = k2033 + 2koosz + 029 (B5)
035 = k*loys + k(losy + loyg + 033) + logg + 023 (BS)
o5y = k%013 + k(034 + 012) + 024 (B7)
053 = k%201 + 2kl(lo14 + 013) + 2044 + 2034 + 033 (B8)
0§4 = k%oqy + k(2loyg + 013) + logg + 034 (B9)
6454 = k2611 + 2ko14 + 044 (B10)



