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LFWFS give a fundamental description 
of hadron observables

• LFWFS underly structure functions and 
generalized parton distributions.     

•  Parton number not conserved: n=n� & n=n�+2 at 
nonzero skewness

• GPDs are not densities or probability 
distributions

• Nonperturbative QCD: Lattice, DLCQ,        
Bethe�Salpeter, AdS/CFT
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LFWFS give a fundamental description 
of hadron observables

• LFWFS underly structure functions and 
generalized parton distributions.     

•  Parton number not conserved: n=n� & n=n�+2 at 
nonzero skewness in GPDs

• GPDs are not densities or probability 
distributions

• Nonperturbative QCD: Lattice, DLCQ,        
Bethe�Salpeter, AdS/CFT
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Light�Front QCD Phenomenology

• Hidden color, Intrinsic glue, sea, Color Transparency

• Near Conformal Behavior of LFWFs at Short 
Distances; PQCD constraints

• Vanishing anomalous gravitomagnetic moment

• General relation between edm and anomalous magnetic 
moment

• Cluster Decomposition Theorem for relativistic 
systems

• OPE: DGLAP, ERBL evolution; invariant mass scheme



 Stan Brodsky,  SLAC

 Novel QCD Phenomena and 
AdS/CFTU Conn  

3�27�06 125

• Lorentz Boost Invariant �kinematical Lorentz 
transformations of front form�

• Essential check:  Vanishing of                
�anomalous gravitomagnetic moment�:                                 
B�0�= 0

• Exact property of LFWFS,                               
Fock�state by Fock�state

Hwang, Schmidt, sjb

Remarkable Features of LFWFs



Stan Brodsky,  SLACU Conn  
3�27�06

 Novel QCD Phenomena and 
AdS/CFT

126

〈P ′|T μν(0)|P 〉 = ū(P ′)
[
A(q2)γ (μ �P ν) + B(q2)

i

2M
�P (μσν)αqα

+ C(q2)
1

M
(qμqν − gμνq2)

]
u(P ),

where qμ = (P ′ − P)μ, �Pμ = 1
2 (P ′ + P)μ , a(μbν) = 1

2 (aμbν + aνbμ),

The form factors of the energy–momentum tensor for a spin- 1
2 composite

〈
P + q,↑ ∣∣T ++(0)

2(P+)2

∣∣P,↑〉 = A(q2),

〈
P + q,↑ ∣∣T ++(0)

2(P+)2

∣∣P,↓〉 = −(q1 − iq2)
B(q2)

2M
.

〈J i〉 = 1

2
εijk

∫
d3x

〈
T 0kxj − T 0j xk

〉
= A(0)〈Li〉 + [

A(0) + B(0)
]
ū(P )

1

2
σ iu(P ).

The angular momentum projection of a state is given by

〈J z〉 =
〈

1

2
σz

〉[
A(0) + B(0)

]
.
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B�0� = 0 
Fock state by Fock state

Vanishing Anomalous 
Gravitomagnetic Moment

−B(0)

2M
= lim

q1⊥→0

∂

∂q1⊥

〈
P + q,↑ ∣∣T ++(0)

2(P+)2

∣∣P,↓〉

= lim
q1⊥→0

∂

∂q1⊥

〈
Ψ ↑(

P+ = 1, �P⊥ = �q⊥
)∣∣T ++(0)

2(P+)2

∣∣Ψ ↓(
P+ = 1, �P⊥ = �0⊥

)〉

= lim
q1⊥→0

∂

∂q1⊥

∑
a

∫ n−1∏
k=1

d2�k⊥k dxk

16π3

× ψ↑∗
a

(
x1, x2, . . . , xn−1, (1 − x1 − x2 − · · · − xn−1),

�k′⊥1,
�k′⊥2, . . . ,

�k′⊥n−1,
(−�k′⊥1 − �k′⊥2 − · · · − �k′⊥n−1

))
×

[
n−1∑
i=1

xi + (1 − x1 − x2 − · · · − xn−1)

]

× ψ↓
a

(
x1, x2, . . . , xn−1, (1 − x1 − x2 − · · · − xn−1),

�k⊥1, �k⊥2, . . . , �k⊥n−1,
(−�k⊥1 − �k⊥2 − · · · − �k⊥n−1

))
. (

=
∫ n−1∏

k=1

d2�k⊥k dxk

16π3 ψ↑∗
a

(
x1, x2, . . . , xn−1, (1 − x1 − x2 − · · · − xn−1),

�k⊥1, �k⊥2, . . . , �k⊥n−1,
(−�k⊥1 − �k⊥2 − · · · − �k⊥n−1

))

×
[

n−1∑
i=1

(
−1 +

n−1∑
j=1

xj + (1 − x1 − x2 − · · · − xn−1)

)
xi

∂

∂k1⊥i

]

×ψ↓
a

(
x1, x2, . . . , xn−1, (1 − x1 − x2 − · · · − xn−1),

�k⊥1, �k⊥2, . . . , �k⊥n−1,
(−�k⊥1 − �k⊥2 − · · · − �k⊥n−1

))
= 0. (60)

B�q2� not zero : 
QED: 2 photon cut

Equivalence Theorem

Kobsarev, Okun
Taryaev

Hwang, Ma, Schmidt, sjb
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ↑
+ 1

2
+1

(x,�k⊥) = −√2 (−k1+ik2)

x(1−x)
ϕ ,

ψ↑
+ 1

2
−1

(x,�k⊥) = −√2 (+k1+ik2)

1−x
ϕ ,

ψ↑− 1
2

+1
(x,�k⊥) = −√2(M − m

x
) ϕ ,

ψ↑− 1
2
−1

(x,�k⊥) = 0 ,

where

ϕ = ϕ(x,�k⊥) =
e/
√

1− x

M2 − (�k2
⊥ + m2)/x− (�k2

⊥ + λ2)/(1− x)
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ↓
+ 1

2
+1

(x,�k⊥) = 0 ,

ψ↓
+ 1

2
−1

(x,�k⊥) = −√2(M − m
x
) ϕ ,

ψ↓− 1
2

+1
(x,�k⊥) = −√2 (−k1+ik2)

1−x
ϕ ,

ψ↓− 1
2
−1

(x,�k⊥) = −√2 (+k1+ik2)

x(1−x)
ϕ .

LFWFs of Electron �n=2�

Hwang, Schmidt, sjb

Spin�1/2   
λ2

  mass m
Spin�1  mass

M   m + λ2

Gives Schwinger 
Anomalous 

Moment

Drell, sjb

Lz = 0

Lz = −1

Lz = 1

Jz = +
1

2
α

2π
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α

2π

α

3π

− α

3π
√√√√Q2

m2
e

Fig. 1. Helicity-flip electromagnetic and gravitational form factors for spacelike q2 = −Q2 < 0 from
the quantum fluctuations of a fermion at one-loop order in units of α/π for QED and g2/4π2 for
the Yukawa theory. The fermion constituent mass is taken as mf = M . The boson constituent is
massless.

Hwang, Ma, Schmidt, sjb
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q(x, Λ2)spin−1 diquark

=
∫

d2�k⊥dx

16π3
θ(Λ2 −M2) 2

[ �k2
⊥

x2(1− x)2
+

�k2
⊥

(1− x)2
+ (M − m

x
)2

]
|ϕ|2

Δq(x, Λ2)spin−1 diquark

=
∫

d2�k⊥dx

16π3
θ(Λ2 −M2) 2

[ �k2
⊥

x2(1− x)2
+

�k2
⊥

(1− x)2
− (M − m

x
)2

]
|ϕ|2

δq(x, Λ2)spin−1 diquark

=
∫

d2�k⊥dx

16π3
θ(Λ2 −M2) 4

[ �k2
⊥

x(1− x)2

]
|ϕ|2 .

electron LFWFs provide quark + 
spin�one diquark model of 

nucleon

Electron Transversity

ϕ = ϕ(x,�k⊥) =
e/
√

1− x

M2 − (�k2
⊥ + m2)/x− (�k2

⊥ + λ2)/(1− x)

So�er bounds automatically satis	ed 
in LF formalism



Transversity in Drell-Yan Processes

p p
Q

L

Q

l+

l-
Q2=

M2

Q

T

Polarized Antiproton Beam � Polarized Proton Target 
(both transversely polarized)

M invariant Mass

of lepton pair

F. Rathsman

Key 
experiment 
at GSI
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LFWFS give a fundamental description 
of hadron observables

• LFWFS underly structure functions and 
generalized parton distributions.     

•  Parton number not conserved: n=n� & n=n�+2 at 
nonzero skewness

• GPDs are not densities or probability 
distributions

• Nonperturbative QCD: Lattice, DLCQ,        
Bethe�Salpeter, AdS/CFT
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�(x,k⊥)

HQCD
LF |�>=M2|�>

Dirac’s Front Form: Fixed �= t+ z/c

Light-Front Wavefunctions

Invariant under boosts.   Independent of Pμ

xi =
k+
i

P+

n
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|uudcc̄> Fluctuation in Proton

QCD: Probability
∼�2

QCD

M2
Q

|e+e−�+�− > Fluctuation in Positr
QED: Probability ∼(me�)4

M4
�

Distribution peaks at equal rapidity (velocity)
Therefore heavy particles carry the largest mo-

mentum fractions

cc̄ in Color Octet

High x charm

OPE derivation - M.Polyakov et al.

134



Stan Brodsky,  SLACU Conn  
3�27�06

 Novel QCD Phenomena and 
AdS/CFT

135

c

Hoyer, Peterson, SJB

Measure c�x� in Deep Inelastic 
Lepton�Proton Scattering
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J. J. Aubert et al. [European Muon Collaboration], “P
duction Of Charmed Particles In 250-Gev Mu+ - Iron
teractions,” Nucl. Phys. B 213, 31 (1983).

Evidence 
for Intrinsic

Charm

Measurement 
of Charm 
Structure  
Function 

DGLAP / Photon�Gluon Fusion Factor of 30 too small



137

V. D. Barger, F. Halzen and W. Y. Keung,
“The Central And Diffractive Components Of Charm Pro-

duction,”
Phys. Rev. D 25, 112 (1982).

Predictions for Inclusive Charm ProductionDistributions
at the ISR. Assumes active and spectator charm distribution
in proton patterned on IC, plus coalescence of valence and
charm quarks.
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• EMC data: c(x, Q2) > 30 × DGLAP

Q2 = 75 GeV2, x = 0.42

• High xF pp → J/ψX

• High xF pp → J/ψJ/ψX

• High xF pp → ΛcX

• High xF pp → ΛbX

• High xF pp → Ξ(ccd)X (SELEX)
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p p→ p�cX
Diffractive Dissociation of Intrinsic Charm
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NA3 Data

�A→ J/�J/�X
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Coalescence of 
Color�Singlet Pair 

into Charmonium State

Scattering on 
Nucleon via one 

Gluon

Production 
of Color � 

Octet
 IC Fock 

State
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Shadowing of pA→ J/�X

Elastic scattering of IC Fock state:
|[uud]8C[cc̄]8C > + N1 → |[uud]8C[cc̄]8C > + N1

followed by:
|[uud]8C[cc̄]8C > +N2 → J/� + X
Depleted flux on downstream nucleons

J/� Production on Front Surface
No Absorption of Propagating J/�
�(p+ A→ J/� + X) � A2/3�(p+ A→ J/� + X) � A2/3
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���������	
���

�������
������

�

PRL 84, 3256 (2000); PRL 72, 2542 (1994)

���������������
	���

������	��������

�������

Remarkably Strong Nuclear 
Dependence for Fast 

Charmonium

M. Leitch
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Nuclear effects in Quarkonium  production

p + A at s1/2 = 38.8 GeV

E772 data
�(p+A) = A	 �(p+N)

Strong xF - dependence

Nuclear effects scale with xF, not x2 !!! M.Leitch
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NA3 data for dσ
dxF

(p(π)A → J/ψX): hard A1 and “diffractive” A2/3 components

Diffractive contribution extends to large xF

Aα(xF ) not Aα(x2) : PQCD Factorization Violated!

Nuclear Dependence of 
Quarkonium Production
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Hard Component dσ
dxF

(p(π)A → J/ψX)

The fit: gg fusion (dashed)

qq̄ fusion (dashed-dot)

total (solid)
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• IC Explains Anomalous α(xF ) not α(x2)

dependence of pA → J/ψX

(Mueller, Gunion, Tang, SJB)

• Color Octet IC Explains A2/3 behavior at

high xF (NA3, Fermilab)

(Kopeliovitch, Schmidt, Soffer, SJB)

• IC Explains J/ψ → ρπ puzzle

(Karliner, SJB)

• IC leads to new effects in B decay

(Gardner, SJB)



Stan Brodsky,  SLACU Conn  
3�27�06

 Novel QCD Phenomena and 
AdS/CFT

149

Production of a Double�Charm 
Baryon
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Intrinsic Charm Mechanism for 
Exclusive Diffraction Production

xJ/� = xc+ xc̄

Intrinsic cc̄ pair formed in color octet 8C in pro-
ton wavefunction

Collision produces color-singlet J/� through
color exchange

Kopeliovitch, Schmidt, So�er, sjb

RHIC Experiment

Large Color Dipole

p p → J/� p p

Exclusive Di�ractive 
High�XF Higgs Production
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�(x,k⊥)
HQCD
LF |�>=M2|�>

Dirac’s Front Form: Fixed �= t+ z/c

Light�Front Wavefunctions

xi =
k+
i

P+

Remarkable new insights from AdS/CFT, the duality between    
conformal 	eld theory and  Anti�de Sitter Space 
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• Non�Perturbative Derivation of Dimensional 
Counting Rules �Strassler and Polchinski�

• Light�Front Wavefunctions: Con	nement at Long
Distances and Conformal Behavior at short 
distances �de Teramond and Sjb�

• Power�law fall�o�  at large transverse momentum,

• Hadron Spectra, Regge Trajectories

AdS/CFT and QCD

x → 1
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5-Dimensional
Anti-de Sitter

Spacetime

4-Dimensional
Flat Spacetime

(hologram)

Black Hole

z0 = 1/ΛQCD

z
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• Polchinski & Strassler: AdS/CFT  builds in 
conformal symmetry at short distances, counting, 
rules for form factors and hard exclusive 
processes; non�perturbative derivation

• Goal: Use AdS/CFT to provide models of hadron 
structure: con	nement at large distances, near 
conformal behavior at short distances

• Holographic Model: Initial �classical� 
approximation to QCD: Remarkable agreement 
with light hadron spectroscopy

• Use AdS/CFT wavefunctions as expansion basis 
for diagonalizing HLFQCD ; variational methods
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Strongly Coupled Conformal QCD and Holography

• Conformal Theories are invariant under the Poincaré and conformal transformations with

Mμν , P μ, D, Kμ, the generators of SO(4, 2).

• QCD appears as a nearly-conformal theory in the energy regimes accessible to experiment.

Invariance of conformal QCD is broken by quark masses and quantum loops (running cou-

pling). For β = dαs(Q2)/dlnQ2 = 0 (fixed point theory), PQCD is a conformal theory:

Parisi, Phys. Lett. B 39, 643 (1972).

• Phenomenological success of dimensional scaling laws for exclusive processes dσ/dt ∼
1/sn−2 (n total number of constituents), implies QCD is a strongly coupled conformal theory

at moderate but not asymptotic energies (PQCD predicts powers of αs and logs).

• Theoretical and empirical evidence that αs(Q2) has an IR fixed point (constant in the IR):

Alkofer, Fischer and Llanes-Estrada, hep-th/0412330; Brodsky, Menke, Merino and Rathsman, hep-

ph/0212078; Deur, this conference.
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Scale Transformations

• Isomorphism of SO(4, 2) of conformal QCD with the group of isometries of AdS space

SO(1, 5)

ds2 =
R2

z2
(ημ,νdxμdxν − dz2),

xμ → λxμ, z → λz, maps scale transformations into the holographic coordinate z.

• AdS mode in z is the extension of the hadron wf into the fifth dimension.

• Different values of z correspond to different scales at which the hadron is examined.

x2 → λ2x2, z → λz.

x2 = xμxμ: invariant separation between quarks

• The AdS boundary at z → 0 correspond to the Q → ∞, UV zero separation limit.
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AdS/CFT
• Use mapping of SO�4,2� to AdS5

• Scale Transformations represented by wavefunction 
�(r) in 5th dimension

• Holographic model: Con	nement at large distances 
and conformal symmetry at short distances

• Match solutions at large r to conformal dimension of 
hadron wavefunction at short distances

• Truncated space simulates �bag� boundary conditions

x2
μ → λ2x2

μ ≡ r → r
λ ≡ z → λz

ψ(z0) = ψ(r0) = 0

ψ(r) → r−Δ at large r, small z

r = R2

z

0 < z < z0 = 1
ΛQCD

, r > r0 = ΛQCDR2

z= R2/rGuy de Teramond
SJB 

157
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Meson Spectrum

• Vector meson interpolating operator with twist-dimension minus spin-two, and conformal di-

mension Δ = 3 + L

Oμ
3+L = ψγμD{	1 . . . D	m}ψ,

• AdS wave equation with effective 5-dim mass μ. Solution is a vector field Φμ with polarization

along Poincaré coordinates:[
z2 ∂2

z − (d − 1)z ∂z + z2 M2 − (μR)2 + d − 1
]
fμ(z) = 0,

with Φμ(x, z) = e−iP ·x fμ(z) and PμPμ = M2 (Φz = 0 gauge).

• Normalizable AdS vector mode:

Φμ(x, z) = Ce−iP ·xz
d
2 JΔ− d

2
(zM) εμ.

with Δ = d − 1 + L and (μR)2 = L(L + d − 2).
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• Pseudoscalar mesons: O3+L = ψγ5D{	1 . . . D	m}ψ (Φμ = 0 gauge).

• 4-d mass spectrum from boundary conditions on the normalizable string modes at z = z0,

Φ(x, zo) = 0, given by the zeros of Bessel functions βα,k: Mα,k = βα,kΛQCD

• Normalizable AdS modes Φ(z)

10 2 3 4

1

2

0

3

4

5

z

Φ(z)

2-2006
8721A7

10 2 3 4

-2

-4

0

2

4

z

Φ(z)

2-2006
8721A8

Fig: Meson orbital and radial AdS modes for ΛQCD = 0.32 GeV.

Match fall�o� at small z to Conformal Dimension 
of State at short distances
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0

2

4

(G
eV

2 )

(a) (b)

0 2 40 2 4
1-2006
8694A12

ω (782)
ρ (770) π (140)

b1 (1235)

π2 (1670)
a0 (1450)
a2 (1320)
f1 (1285)

f2 (1270)
a1 (1260)

ρ (1700)
ρ
3
 (1690)

ω
3
 (1670)

ω (1650)

f4 (2050)
a4 (2040)

Fig: Light meson orbital spectrum ΛQCD = 0.32 GeV
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• Three-quark baryon described by wave equation (d = 4, κ = 0)[
z2 ∂2

z − 3z ∂z + z2M2 − L2
± + 4

]
f±(z) = 0,

with L+ = L + 1, L− = L + 2, and solution

Ψ(x, z) = Ce−iP ·xz2
[
J1+L(zM) u+(P ) + J2+L(zM) u−(P )

]
.

• 4-d mass spectrum Ψ(x, zo)± = 0 =⇒ parallel Regge trajectories for baryons !

M+
α,k = βα,kΛQCD, M−

α,k = βα+1,kΛQCD

• Ratio of eigenvalues determined by the ratio of zeros of Bessel functions !
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• SU(6) multiplet structure for N and Δ orbital states, including internal spin S and L.

SU(6) S L Baryon State

56 1
2 0 N 1

2
+

(939)

3
2 0 Δ 3

2
+

(1232)

70 1
2 1 N 1

2
−

(1535) N 3
2
−

(1520)

3
2 1 N 1

2
−

(1650) N 3
2
−

(1700) N 5
2
−

(1675)

1
2 1 Δ 1

2
−

(1620) Δ 3
2
−

(1700)

56 1
2 2 N 3

2
+

(1720) N 5
2
+

(1680)

3
2 2 Δ 1

2
+

(1910) Δ 3
2
+

(1920) Δ 5
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Fig: Predictions for the light baryon orbital spectrum for ΛQCD = 0.25 GeV. The 56 trajectory corre-

sponds to L even P = + states, and the 70 to L odd P = − states.

Predictions 
of  AdS/CFT

Only one 
parameter! 

Entire light quark 
baryon spectrum

Guy de Teramond
SJB 
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z2 ∂2

z − (d− 1)z ∂z + z2 M2 − (μR)2
]
f(z) = 0,

164

AdS/CFT and Light�Front 
Wavefunctions

• Light�Front Wavefunctions can be determined by 
matching functional dependence in 	fth 
dimension to scaling in impact space.

• High transverse momentum behavior matches 
PQCD LFWF with orbital:  Belitsky,  Ji, Yuan 

z → ζ = b
√

x(1− x)
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• The form factor in AdS/QCD is the overlap of the normalizable modes dual to the incoming

and outgoing hadron ΦI and ΦF and the non-normalizable mode J , dual to the external

source:

F (Q2)I→F = R3

∫ ∞
0

dz

z3
e3A(z)ΦF (z) J(Q, z) ΦI(z)

� R3

∫ zo

0

dz

z3
ΦF (z) J(Q, z) ΦI(z).

• At large enough Q, the interaction occurs in the small-z conformal region. Important contri-

bution to the FF integral from the boundary near z ∼ 1/Q.

J(Q, z), Φ(z)

1 2 3 4 5

0.2

0.4

0.6

0.8

1

z

Fig: Suppression of external perturbations for large Q inside AdS
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• At small z, Φ scales as Φ ∼ zΔ. Thus:

F (Q2) →
[

1
Q2

]Δ−1

,

Hard scattering behavior for spinless constituents (n = Δ) !

• For partons with spin σ there is an additional kinematical factor pσ from the boost of the W.F.

• Spin carrying constituents (Δ → τ):

F (Q2) →
[

1
Q2

]τ−1

,

where τ = Δn − σn, σn =
∑n

i=1 σi.

• The twist is equal to the number of partons, τ = n.
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Space-like pion form factor in holographic model (ΛQCD = 0.2 GeV)
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Q4F p
1 (Q2) [GeV4]
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Q2 [GeV2]

Dirac Proton Form Factor F p
1

A. F. Sill et al., Phys. Rev. D 48 (1993) 29.

Prediction for Q4F p
1 (Q2) for ΛQCD = 0.21 GeV in the infinite wall approximation.

P. N. Kirk et al., Phys. Rev. D 8 (1973) 63.
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Q4Fn
1 (Q2) [GeV4]
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Prediction for Q4Fn
1 (Q2) for ΛQCD = 0.21 GeV in the infinite wall approximation.
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Prediction of AdS/CFT Holographic Model

logGM(q2)

q2(GeV 2)

q2(GeV 2)

Guy F. de Téramond and sjb
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Holographic Model for QCD Light-Front Wavefunctions
SJB and GdT in preparation

• Drell-Yan-West form factor in the light-cone (two-parton state)

F (q2) =
∑

q

eq

∫ 1

0
dx

∫
d2�k⊥
16π3

ψ∗P ′(x,�k⊥ − x�q⊥) ψP (x,�k⊥).

• Fourrier transform to impact parameter space�b⊥

ψ(x,�k⊥) =
√

4π

∫
d2�b⊥ ei
b⊥·
k⊥ψ̃(x,�b⊥)

• Find (b = |�b⊥|) :

F (q2) =
∫ 1

0
dx

∫
d2�b⊥ eix
b⊥·
q⊥∣∣ψ̃(x, b)

∣∣2
= 2π

∫ 1

0
dx

∫ ∞
0

b db J0 (bqx)
∣∣ψ̃(x, b)

∣∣2,
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• Change the integration variable ζ = |�b⊥|
√

x(1 − x)

F (Q2) = 2π

∫ 1

0

dx

x(1 − x)

∫ ζmax=Λ−1
QCD

0
ζ dζ J0

(
ζQx√

x(1 − x)

)∣∣ψ̃(x, ζ)
∣∣2,

• Compare with AdS form factor for arbitrary Q. Find:

J(Q, ζ) =
∫ 1

0
dxJ0

(
ζQx√

x(1 − x)

)
= ζQK1(ζQ),

the solution for the electromagnetic potential in AdS space, and

ψ̃(x,�b⊥) =
ΛQCD√
πJ1(β0,1)

√
x(1 − x)J0

(√
x(1 − x)|�b⊥|β0,1ΛQCD

)
θ

(
�b 2
⊥ ≤ Λ−2

QCD

x(1 − x)

)

the holographic LFWF for the valence Fock state of the pion ψqq/π .

• The variable ζ , 0 ≤ ζ ≤ Λ−1
QCD, represents the scale of the invariant separation between quarks

and is also the holographic coordinate ζ = z !
z =

√
x

1 − x

∣∣ n−1∑
j=1

xj
�b⊥j

∣∣
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ζ(GeV–1) ζ(GeV–1) ζ(GeV–1)

ψ(x,ζ)

2-2006
8721A9

x x x
(a) (b) (c)

00.5
1

1
2

3
4

5

0

2

4

0

00.5
1

1
2

3
4

5

1

2

0

00.5
1

1
2

3
4

5

0

2

4

–2

Two-quark holographic LFWF in impact space ψ(x, ζ): (a) � = 0, k = 1; (b) � = 1, k = 1;

(c) � = 0, k = 2. The variable ζ is the holographic variable z = ζ = |b⊥|
√

x(1 − x).
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AdS/CFT
prediction for 
meson LFWF

Guy de Teramond
SJB 

Holographic Model

ψL(x,�k⊥) =
C

4π

∫ Λ−1
QCD

0

dζJ0

(
ζ|�k⊥|√
x(1 − x)

)
J1+L (ζM) .

ψ(x,�k⊥) →
[

|�k⊥|√
x(1 − x)

]L [
x(1 − x)

�k2
⊥

]1+L

,

p ( )
At large k⊥ the LFWF has the scaling behavior

Agrees with PQCD Ji, Yuan
Lepage, sjb
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Exact Holographic Mapping for Light-Front n-Parton State

• Define transverse position coordinates

xi�r⊥i = xi
�R⊥ +�b⊥i,

so that
n∑

i=1

b⊥i = 0,
n∑

i=1

xi�r⊥i = �R⊥.

• DYW result for the form factor takes the convenient form:

F (q2) =
∑

n

n−1∏
j=1

∫
dxj d2�b⊥j |ψn(xj ,�b⊥)|2ei
q⊥·

Pn−1
j=1 xj


b⊥j ,

corresponding to a change of transverse momentum xj�q⊥ for each of the n − 1 spectators.

• Struck constituent with momentum fraction x and n − 1 spectators with total longitudinal momentum

1 − x.
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• Define effective single particle transverse density by (Soper, Phys. Rev. D 15, 1141 (1977))

F (q2) =
∫ 1

0
dx

∫
d2�η⊥ei
η⊥·
q⊥ ρ̃(x, �η⊥)

• From DYW expression for the FF in transverse position space:

ρ̃(x, �η⊥) =
∑
n

n−1∏
j=1

∫
dxj d2�b⊥j δ(1 − x −

n−1∑
j=1

xj) δ(2)(
n−1∑
j=1

xj
�b⊥j − �η⊥)|ψn(xj ,�b⊥j)|2

• Compare with the the form factor in AdS space for arbitrary Q:

F (Q2) = R3

∫ ∞
0

dz

z3
e3A(z)ΦP ′(z) J(Q, z) ΦP (z)

• Holographic variable z is expressed in terms of the average transverse separation distance of the

spectator constituents �η =
∑n−1

j=1 xj
�b⊥j

z =
√

x

1 − x

∣∣ n−1∑
j=1

xj
�b⊥j

∣∣
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• Our final result: hadronic QCD transverse density ρ̃ is determined by the modes Φ in AdS space!

ρ̃(x, ζ) =
R3

2π

x

1 − x
e3A(ζ) |Φ(ζ)|2

ζ4

• The variable ζ , 0 ≤ ζ ≤ Λ−1
QCD, is related to the average transverse separation between spectator

constituents, and it is also the holographic variable z, ζ = z.

• For the two-particle case

ρ̃(x, ζ) =
1

(1 − x)2
|ψ (x, ζ)|2 ,

and we recover our previous results

|ψ(x, ζ)|2 � R3

2π
x(1 − x)

|Φ(ζ)|2
ζ4

θ
(
ζ2 ≤ Λ−2

QCD

)
.
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V (ζ) = −1 − 4L2

4ζ2
.

E�ective conformal 
potential:

Map AdS/CFT  to  3+1 LF Theory

ψ̃L,k(x,�b⊥) = BL,k

√
x(1 − x)

JL

(√
x(1 − x)|�b⊥|βL,kΛQCD

)
θ
(
�b 2
⊥ ≤ Λ−2

QCD

x(1 − x)

)
,

ζ2 = x(1− x)b2⊥.

E�ective radial equation:

General solution:
G. de Teramond and sjb 

[
− d2

dζ2 + V (ζ)
]
φ(ζ) =M2φ(ζ)
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• Ratio of proton to Delta trajectories= ratio of 
zeroes of Bessel functions.

• Scale �QCD determines hadron spectrum �slightly 

di�erent for mesons and baryons�

• Covariant version of bag model: con	nement plus 
conformal symmetry 

• Pion decay constant 

Features of Holographic Model
de Teramond sjb



Stan Brodsky,  SLACU Conn  
3�27�06

 Novel QCD Phenomena and 
AdS/CFT

180

Evaluation of QCD Matrix Elements: Example fπ

• Pion decay constant defined by the matrix element of EW current J+
W :〈

0
∣∣ψuγ+(1 − γ5)ψd

∣∣π−〉
= i

√
2P+fπ,

with ∣∣π−〉
= |du〉 =

1√
NC

1√
2

NC∑
c=1

(
b†c d↓d

†
c u↑ − b†c d↑d

†
c u↓

) ∣∣0〉.
• Use light-cone expression:

fπ = 2
√

NC

∫ 1

0
dx

∫
d2�k⊥
16π3

ψqq/π(x, k⊥).

Lepage and Brodsky, Phys. Rev. D 22, 2157 (1980)

• Find:

fπ =
√

3ΛQCD

8J1(β0,1)
= 83.4 Mev,

for ΛQCD = 0.2 GeV.

Experiment: fπ = 92.4 Mev.
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• AdS/CFT:  Duality between string theory in  Anti�de Sitter Space 
and  Conformal Field Theory

• New Way to Implement Conformal Symmetry

• Holographic Model: Conformal Symmetry at Short Distances, 
Con	nement at large distances

• Remarkable predictions for hadronic spectra, wavefunctions, 
interactions: gluonium �gg� , meson �q q�, and baryon �qqq�

• Quark�interchange dominates scattering amplitudes

• AdS/CFT predicts Light�front wavefunctions:  Fundamental 
description of hadrons at amplitude level

New Perspectives on QCD 
Phenomena from AdS/CFT
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Outlook

• Only one scale ΛQCD determines hadronic spectrum (slightly different for mesons and baryons)

• Light-cone frame is the natural frame to establish the AdS/QCD holographic duality.

• Ratio of Nucleon to Delta trajectories determined by zeroes of Bessel functions.

• AdS modes dual to hadrons extrapolate to valence constituents at zero separation in the AdS

boundary.

• Non-zero orbital angular momentum and higher Fock-states require introduction of quantum

fluctuations.

• Initial good approximation for description of the structure of hadronic form factors and other

observables.

• Use of holographic light-front wave functions to compute hadronic matrix elements.

• Dominance of quark-interchange in hard exclusive processes emerges naturally from the

classical duality of the holographic model, modified by gluonic quantum fluctuations.

• Covariant version of the bag model with confinement and conformal symmetry.

• Precise mapping of string modes to partonic states. Modes inside AdS represent the proba-

bility amplitude for the distribution of quarks at a given scale.

• Exact holographic mapping for n-parton state determines effective QCD transverse charge

density in terms of modes in AdS space.

• Holographic mapping allows deconstruction: express the eigenvalue problem in terms of 3+1

QCD degrees of freedom.



 Stan Brodsky,  SLAC

 Novel QCD Phenomena and 
AdS/CFTU Conn  

3�27�06 183

• LFWFS are the universal hadronic amplitudes that underlie  
structure functions, GPDs, exclusive processes.

• Relation of transversity and other distributions to  physics of the 
hadron itself.

• Connections between observables

• GPDs are not densities or probability distributions

• Parton number not conserved: n=n� & n=n�+2 at nonzero skewness

• orbital angular momentum

• Role of FSI and ISIs��Sivers e�ect

Hadron Dynamics at the 
Amplitude Level
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Physics of Rescattering

• Di�ractive DIS: New Insight into Final State 
Interactions in QCD

• Origin of Hard Pomeron

• Structure Functions not Probability Distributions

• T�odd SSAs, Shadowing, Antishadowing

• Di�ractive dijets/ trijets, doubly di�ractive Higgs

• Novel E�ects: Color Transparency, Color 
Opaqueness, Intrinsic Charm, Odderon
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Anomalous QCD Effects

• Hidden Color of Nuclear Wavefunction

• Odderon Trajectory: Charm jet asymmetry

• Anomalous Regge Behavior:  J=0 Fixed Pole

• Proton�Proton Scattering:                                                       
Color Transparency Breakdown and ANN  

• Non�Universality of  Antishadowing

• Intrinsic Heavy Quarks at large x

• Anomalous scaling of single�particle inclusive at high pT
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• Very di
cult using Euclidean lattice

• Discretized light�cone quantization: Diagonalize 
light�cone Hamiltonian 

• Bethe�Salpeter Dyson�Schwinger Eqns

• Transverse lattice

• AdS/CFT guidance: Initial Approximation

Compute LFWFs from First 
Principles



Stan Brodsky,  SLACU Conn  
3�27�06

 Novel QCD Phenomena and 
AdS/CFT

187

• Discretized Light�Cone Quantization �DLCQ�

• Many 1+1 model 	eld theories completely solved using 
DLCQ Hornbostel, Pauli, sjb;  Klebanov

• UV Regularization: 3+ 1 Pauli Villars          Hiller, McCartor, sjb

• Transverse Lattice        Bardeen, Peterson,Rabinovici, Burkardt, Dalley

• Bethe�Salpeter/Dyson�Schwinger at 	xed LF time

• Angular Structure of Solutions known    Karmanov, Hwang, sjb 

• Use AdS/CFT model solutions as starting point! Vary, sjb

Solving the LF Heisenberg Equation

Minkowski space !

Pauli, 
sjb
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Essential to test QCD

• GSI antiprotons

• 12 GeV Jlab

• J�Parc

• BaBar/Belle: ISR, two�gamma, timelike DVCS

• RHIC/LHC Nuclear Collisions; LHCb

• photon�photon collider at the ILC �Zerwas�

• electron�proton, electron�nucleus collisions

188


