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1 Introduction: Gauge/Gravity Correspondence and QCD

e Most challenging problem of strong interaction dynamics: determine the composition of hadrons in

terms of their fundamental QCD quark and gluon degrees of freedom

e Recent developments inspired by the AdS/CFT correspondence [Maldacena (1998)] between gravity
theories in AdS space and conformal field theories in physical space-time have led to analytical insights

into the confining dynamics of QCD
e Description of strongly coupled gauge theory using a dual gravity description!

e Strings describe spin-J extended objects (no quarks). QCD degrees of freedom are pointlike particles

and hadrons have orbital angular momentum: how can they be related?

e Isomorphism of SO(4,2) group of conformal transformations with generators P*, M* K, D,
with the group of isometries of AdSs5, a space of maximal symmetry, negative curvature and a four-dim

boundary: Minkowski space
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e AdSy metric:

2
2 _ R [T B8 ZR B
ds® = 2 <Z7Wdi da:l dz )
Laas LMinkowski

e Adistance L aqg shrinks by a warp factor z /R

as observed in Minkowski space (dz = 0):

Z
LMinkowski ~ E LAdS

e Since the AdS metric is invariant under a dilatation of all coordinates x#* — M\x*, 2 — Az, the

variable z acts like a scaling variable in Minkowski space
e Short distances ;2" — 0 maps to UV conformal AdS5 boundary z — 0

e Large confinement dimensions xﬂx“ ~ 1//\2QCD maps to large IR region of AdS5, 2 ~ 1/AQCD,

thus there is a maximum separation of quarks and a maximum value of z
e Local operators like O and EQCD defined in terms of quark and gluon fields at the AdS5 boundary
e Use the isometries of AdS to map the local interpolating operators at the UV boundary of AdS into the

modes propagating inside AdS
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2 Light-Front Quantization of QCD and AdS/CFT

e Light-front (LF) quantization is the ideal framework to describe hadronic structure in terms of quarks
and gluons: simple vacuum structure allows unambiguous definition of the partonic content of a

hadron, exact formulae for form factors, physics of angular momentum of constituents ...

e Frame-independent LF Hamiltonian equation
P, P |3p(P)) = (P~PT —P1) [(P)) = M?[p(P))
similar structure of AdS EOM

2202 — 320, + 2°M? — (uR)*] ®(2) = 0

e First semiclassical approximation to the bound-state LF Hamiltonian equation in QCD is equivalent to
EOM in AdS and can be systematically improved [GdT and S. J. Brodsky, PRL 102, 081601 (2009)]

[Y(P)) dualto ®(z)
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Light-Front Quantization of QCD
e Different possibilities to parametrize space-time [Dirac (1949)]

e Parametrizations differ by the hypersurface on which the initial conditions are specified. Each evolve

with different “times” and has its own Hamiltonian, but should give the same physical results

e Instant form: hypersurface defined by ¢ = 0, the familiar one

e front form: hypersurface is tangent to the light cone at 7 = ¢ + z/c =0

T =29+ 23 light-front time

r” =2 -z longitudinal space variable

w

kt = kY 4+ k2  longitudinal momentum (kT > 0)
k— =k — k3 light-front energy

k-x=3(kte™ +k 2t)—ky -xy

. . . . _ ki +4m?
On shell relation k> = m? leads to dispersion relation k~ = Lk—+m
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e QCD Lagrangian

1 _ _
Lqcp = —@TI' (GWG/W) + uDDw“w + myy

e LF Momentum Generators P = (P™, P~ P ) in terms of dynamical fields 1), A |

1 —
P~ = §/d$_d2xL¢7+

(iVJ_)2 + m?
107

1) + interactions

Pt = /dx_dQXLﬂnyri@J%b

1 _
P, = i/dadeXway*iVMb

e LF Hamiltonian P~ generates LF time translations

[w(x)ap_} — 2&6—4_ (37)

and the generators P and P | are kinematical
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Light-Front Partonic Representation

pt, P

e Dirac field 1/, expanded in terms of ladder operators on the initial surface ™ = 20 + 23

_ . dq+ quJ_ U e—iq-x T’U 6iq-a§
o xn =3 | s [l e @ g )]

e LF Generators P = (PT, P~,P ) in terms of constituents with momentum ¢ = (¢*,q,q )

B dgt d? + m? . .
p- — Z/ q QL quJr )b;(q)bA(q)erteractlons

Pt = Z/ dq+d 5 B@)ha)

dqtd?
P, = EA:/ q(%);“ a. b (q)ba(q)
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Light-Front Bound State Hamiltonian Equation

e Construct LF Lorentz invariant Hamiltonian equation for the relativistic bound state system
P,P!|y(P)) = (P~ P" = P1) [¢(P)) = M?|4(P))

e State [¢)(PT,P,.J,)) is expanded in multi-particle Fock states |n) of the free LF Hamiltonian

(

uud)
) = bn|n), n) =< |uudg)
' uudqq)

\

2
7!

where k? = m?, k; = (kj, k., k), for each component ¢

e Fock components 1y, (i, k1, A7) are independent of PT and P, and depend only on relative
partonic coordinates: momentum fraction x; = k;L/PJF, transverse momentum k | ; and spin )\f

ixizl, ikM:O
1=1 =1
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e Compute M? from hadronic matrix element
(W(P)| PPy (P)) = M* (P9 (P))

e Find

2 2
M? = Z/[daﬂ [d2kj_i} Z (ku + mﬁ) P (24, kﬂ-)lz -+ interactions
n 14

Lq

e Phase space normalization of LFWFs

Z/ [dxz} [koLi} Wn(xz',kgﬂz =1

e Interms of n—1 independent transverse impact coordinates b ;, 7 = 1,2,...,n—1,
—Vi +m
M? :Z H /dafdebleb;;(ZEi, bu) E ( bLe ¢ )wn(aﬁi, bu) + interactions
x
n j=1 /¢ q

e Normalization

n—1
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3 Semiclassical Approximation to QCD I
(1-2)

e Consider a two-parton hadronic bound state in transverse impact space in the limit m, — 0

= 58

e Functional dependence of Fock state |n> given by invariant mass

n 2 k2 i m2 k2
_ k“) _ la a L
(az::l “ Z T - z(l —x)

a

1 /d2wa (z,by)(— VbL) Y(z, b, ) + interactions
—x

the off-energy shell of the bound state M? — M2
e In impact space the relevant variable is (* = z(1 — z)b?

e To first approximation LF dynamics depend only on the invariant variable M., or (, and hadronic

properties are encoded in the hadronic mode ¢(() from

T :eiM(p T ¢(C)

factoring out angular ¢, longitudinal X () and transverse mode ¢(()
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e Find (L = |M]|)

M= [aco OV (~ - 2+ 5 ) S+ a0 U0 900

where the confining forces from the interaction terms is summed up in the effective potential U ()

e Ultra relativistic limit m, — 0 longitudinal modes X (x) decouple and

e LF eigenvalue equation P, P*|¢) = M?|¢) is a LF wave equation for ¢

d>  1-—4L? 5
<_d—C2_T +  U(Q) )¢(C)—M ¢(¢)
™ ~~ d con finement
kinetic energy of partons

e Effective light-front Schrodinger equation: relativistic, frame-independent and analytically tractable

e Eigenmodes gb(C) determine the hadronic mass spectrum and represent the probability amplitude to

find n-massless partons at transverse impact separation ¢ within the hadron at equal light-front time

e Semiclassical approximation to light-front QCD does not account for particle creation and absorption

but can be implemented in the LF Hamiltonian EOM or by applying the L-S formalism
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Hard-Wall Model

e Consider the potential (hard wall)

0 if ¢< -2
ORI
oo if (> YeYers

e If L? > 0 the Hamiltonian is positive definite (¢ | P, P*| ¢) > 0 and thus M? > 0
e If L? < 0 the Hamiltonian is not bounded from below ( “Fall-to-the-center” problem in Q.M.)
e Critical value of the potential corresponds to L = 0, the lowest possible stable state

e Solutions:

¢1.(¢) = Cp\/CIL (CM)

e Mode spectrum from boundary conditions

¢(¢ =1/Aqcp) =0

Thus
M? = BrrAqcep
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e Excitation spectrum hard-wall model: M, 1, ~ L + 2n

11-2009
8694A21 L L

Light-meson orbital spectrum Agcp = 0.32 GeV
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Light-Front Holographic Mapping
e LF Holographic mapping found originally by matching expressions of EM and gravitational form factors
of hadrons in AdS and LF QCD [Brodsky and GdT (2006, 2008)]

e Substitute  P(¢) ~ (3/2¢(¢), ¢ — z in the conformal LFWE

( T1- 4L2) 6(C) = M2(C)

d(2 42

e Find:

2202 — 320, + 2°M? — (uR)*] ®(2) = 0

with (uR)? = —4 + L?, the wave equation of string mode in AdS !

e AdS Breitenlohner-Freedman bound (;1R)? > —4 equivalent to LF QM stability condition L? > 0

e Scaling dimension 7 of AdS mode ® given in terms of 5-dim mass by (uR)?> = 7(7 — 4). Thus

T = 2 4+ L in agreement with the twist scaling dimension of a two parton object in QCD
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e Obtain spin-J mode ¥, ...,,, with all indices along 3+1 coordinates from ® by shifting dimensions

() o0

e Substituting in the AdS scalar wave equation for ®

(2202 — (3—2J)2 0, + 2°M*— (uR)*|®; =0

with (uR)? = (1 — J)(t — 4+ J)

e Upon substitution z— ( and

67(O)~ ¢T3 5(¢)

we recover the QCD LF wave equation

1 —4L2

d2
<_dc2

4(2

) Guyopy = M2,

with (uR)* = —(2 — J)? + L?
e J-decoupling in the HW model
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Soft-Wall Model

e Soft-wall model [Karch, Katz, Son and Stephanov (2006)] retain conformal AdS metrics but introduce

smooth cutoff which depends on a dilaton background field ¢(2) = + K222
S = / d*zdz \/ge* )L,

e Equation of motion for scalar field £ = %(gﬁmagcbamcb — ,LLQCIDQ)
[z283 i CE= 2&2,22) 20, + 2 M? — (,uR)2] d(2)

e Modified metric gives the gravitational potential

V(2) = me*\/go0 = mc*R ei“2z2/2/z

Plus dilaton ¢ = +k22? confines any object to distances (z)
e Lowest possible state (uR)? = —4 (BF bound (uR)? > —4)

M2 =0, ®(z)~ 22eHE

=0

A chiral symmetric bound state of two massless quarks with scaling dimension 2: the pion
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e Obtain spin-J mode CIDM...NJ with all indices along 3+1 coordinates from ® by shifting dimensions

—J
()= (%) @)
e Substituting in the AdS scalar wave equation for ®
[zQaf — (3—2J — 2&222) 20, + 2P M?— (,uR)2]<I>J =0

e Upon substitution z—
65()~ (P2 B(()

we find the LF wave equation

d>  1—4L2
(_ dc2 4¢2 + K287 (L+ S — D) Puropy = MQ%r--m

with (uR)? = —(2 — J)? + L?
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e Eigenfunctions

2n/!

i § e

OnlL (C) — KH_L

e Eigenvalues

S
M?’L,L,S = 4/“62 (n —+ L + 5)

452 for An = 1
452 for AL = 1
2K° for AS = 1 6 ' ' ' ' ' '

4 -
D(2)

2 ]

0 | | 0 4 8
2-2007 0 4 8 2-2007
8721A20 Y4 8721A21 z

Orbital and radial states: (() increase with L and n
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2 .
M of
[ n=3 n=>2 n=1 n=0
5|
[ % (2300)
al
[ a4(2040)
31 p(1700 f4(2050)
[ w(1650) 03(1690)
o[ w3 (1670)
[ p(1450)
w(1420) a,(1320)
br £(1270)
p(770)
0F w(782)
0 1 2 3 4

L

Parent and daughter Regge trajectories for the I = 1 p-meson family (red)

and the I = 0 w-meson family (black) for £ = 0.54 GeV
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4 Fermionic Modes
Hard-Wall Model

e Action for massive fermionic modes on AdSs: From Nick Evans
SV, U] = /d4a: dz /g ¥ (x,2) (?:FEDg — ,u) U(zx,2)
e Equation of motion: (’L'FeDg - ,u) U(x,z) =0
{73 (znemFﬁm + QFZ) + ,LLR} U(zt) =0
e Solution (uR=v+1/2, v=L+1)
U(z) = C22 [T, (eM)ug + Jpp1 (zM)u_]

e Hadronic mass spectrum determined from IR boundary conditions ¢+ (¢ = 1/Aqcp) =0

MT =B, Aqep, MT = Bui16Aqep

with scale independent mass ratio

e Obtain spin-J mode ® J > % with all indices along 3+1 from W by shifting dimensions

H1Hj—1/2°
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SU6) S L Baryon State
1 1+
56 1 0 N3 (939)
3 A37T(1232)
70 21 N1 (1535) N2 (1520)
31 N3 (1650) N2 (1700) N2 (1675)
1o A% (1620) A (1700)
56 1 2 N37(1720) N57(1680)
3 2 ALlT(1910) A37(1920) A3T(1905) AIT(1950)
(O N3 NI
3 3 N2~ N3 NZ(2190) N5 (2250)
13 A27(1930) AL
56 1 4 NIT N2 (2220)
3 5+ 7+ 9+ 11+
70 L1 5 N~ NLT
3 7 9 11— 13—
3 5 NI N2~ N7 (2600) N1
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e Excitation spectrum for baryons in the hard-wall model: M ~ L + 2n [GdT and Brodsky (2005)]

| | I T
: lesof),-
(a) // (b)
7 + A (2420)
7
— N (2250)
S N (2190) ~ — A (1950) ,
> 2, P
(o) N (1700) ’ A (1920) -
S N (1675) A«’ A (1910) p
N (1650) ’ A (1905) y
S 4 ( < N (2220 = P
= N (1535) 7 ( ) o
N N (1520)
” s
.- A(1232) | -7 A (1930)
¢ ~
2 - N (1720) — 56
N (1680) A (1700) —— 70
A (1620)
N (939)
O ] 1 ] | | |
0 2 6 0 2 4
1-2006
8694A14 L L

Light baryon orbital spectrum for AQC p = 0.25 GeV in the HW model. The 56 trajectory corresponds to L even

P = + states, and the 70 to L odd P = — states: (a) [l = 1/2and (b) [ = 3/2
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Soft-Wall Model

e Equivalent to Dirac equation in presence of a holographic linear confining potential
[z’ (znemFgﬁm + QFZ) + uR + /4:22} U(zh) = 0.
e Solution (uR=v+1/2, v=L+1)
U, (z) ~ zg+’/e_"222/2LZ(f$2z2)
U_(2) ~ Z%+ue—5222/2LTI/z—|—1(R2Z2)
e Eigenvalues (how to fix the overall energy scale, see arXiv:1001.5193)
M?* =4k*(n+ L +1)

e Obtain spin-J mode ¥, J > % with all indices along 3+1 from W by shifting dimensions

1"Hj—1/27
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4rk2 for An = 1

4k? for AL =1
M? 2k for AS =1
6 7
n=3 n=2 n=1 n=0 n=>3 n=2 n=1 n=0

A(2420) |

N(1710) N(1680)

N N(1720) 5[ A(1950)
N(1440) A(1905)
A(1920)
1 ,[ A(1600) A(1910)
n
N(940)
A(1232)
O 1 1 1 1 N l " 1 M M M M 1 " " " " 1 " " " " 1 M M M M 1
0 1 2 3 4 0 1 2 3 4

Parent and daughter 56 Regge trajectories for the N and A baryon families for k = 0.5 GeV

e A\ spectrum identical to Forkel and Klempt, Phys. Lett. B 679, 77 (2009)
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5 Holographic Mapping of Current Matrix Elements

e EM transition matrix element in QCD: local coupling to pointlike constituents
WP (P)), Q=P —P, J'=eqqr"q

e EM hadronic matrix element in AdS: non-local coupling with extended mode ®(x, z)

/d4:1: dz /g AY(x, 2)®% (x, Z)?g@p(ﬂf, 2)

e Are the transition amplitudes related ?

W(P)) dualto ®(z)

e How to recover hard pointlike scattering out of soft collision of extended objects?

[Polchinski and Strassler (2002)]
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e Electromagnetic probe polarized along Minkowski coordinates, (Q2 = —q2 > 0)
Az, 2), = eue_iQ'xJ(Q, z), A, =0
e Propagation of external current inside AdS space described by the AdS wave equation
2202 — 20, — 2°Q*] J(Q,2) =0
e Solution
e Substitute hadronic modes ®(x, z) in the AdS EM matrix element

Op(x,2) =e 2D(2), B(2)— 2", 2—0

e Find form factor in AdS as overlap of normalizable modes dual to the in and out hadrons ® p and P pr,
with the non-normalizable mode .J (@), z) dual to external source [Polchinski and Strassler (2002)].
A—l
QCD dz

F@) =R [ 7S e0)1@Q.200)

0
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e Since K, (r) ~ — e~ 7, the external source is suppressed inside AdS for large (). Important
2x

contribution to the integral is from z ~ 1/() where & ~ 27

e For large Q?

=[]

and the power-law ultraviolet point-like scaling is recovered [Polchinski and Susskind (2001)]

1.2 T T T T

N 08

0.4

J(Q,z), @

0

5.2006 0 1
8721A16 z

Fig: Suppression of external modes for large () inside AdS. Red curves: J(Q, z) black: <I>(z)
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Light-Front Holographic Mapping

e Drell-Yan-West electromagnetic FF in impact space [Soper (1977)]

Z H /dxdebJ_gzelep(ZQL Zxkbj_k) ‘ ZBJ,bLJ)

n j=1

| 2

e Consider a two-quark " Fock state |ud) with e, = % and e5 = =
F.

1
'+ (¢%) =/ dx /deLeiql'bl(l_@
0

with normalization F. (¢=0) = 1

| 2

&ua/ﬂ-(xa bJ_)

e Integrating over angle

F7r+<q2) = 27/01%/01@]0(@\/ ! —az) ‘wud/ﬂ'm C)‘

where ¢? = z(1 — z)b?%
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e Compare with the electromagnetic FF in AdS space [Brodsky and GdT (2006)]
dz
F@) =R [ 5 7(@.2) 00 ()

where F(Q*=0) = 1 and J(Q?, 2) = 2QK;1(2Q)

e Use the integral representation

J(Q?,2) = /Oldx Jo (gQ - x)

X

e Find

F(Q?) R3/ da:/—Jo 2Q 1_x)|<1>7r+(z)|2

X

e Compare with the expression for the electromagnetic FF in LF QCD for arbitrary values of ()

2 R? o, (0)|7
|=—:c(1—:v)‘<#

27
e Identify transverse LF variable {, 0 < ¢ < Aqcp, with holographic variable z

‘?Lua/w(xa ¢)
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Form Factors in the Soft-Wall Model

e Form factor for a string mode with twist scaling dimension 7, ®.- in the SW model
2

r (1 + f?)
2

r (T—I— f?)

e Forr=N, I'(N+2)=(N—-142)(N—-2+2)...(1+2)I'(1+ 2)

F(Q?) =T(r)

e Form factor expressed as /N — 1 product of poles

FQ*) = 1+1422’ N =2
_ 2 _
QY = (1+%>(2+%)’ NS
_ (v - 1)
F(Q*) = (1+&)(2+&) - (V-1+Z)
e For large (0
N-—-1
F(@?) — (N — 1) [AfQ—]( |

SLAC Theory Seminar, February 17, 2010
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Space-Like Dirac Proton Form Factor

e Scaling behavior for large Q%:  Q*FF(Q?) — constant | Proton 7 =3

—
N
|

|

o
o)

Q*F? (@) (GeV?)
o
LN

0O 10 20 30

9-2007
8757A2 Q? (GeV2)

SW model predictions for k = 0.424 GeV. Data analysis from: M. Diehl et al. Eur. Phys. J. C 39, 1 (2005)
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6 Non-Perturbative QCD Coupling From Light-Front Holography
With A. Deur and S. J. Brodsky

e Consider five-dim gauge fields propagating in AdS5 space in dilaton background gp(z) = K272

1 1
S=—- /d4a: dz \/§e‘p(z) G?
4 g5

e |dentify
g5 2(2) = e?Plgg?
as the effective coupling of the theory at scale z
e YM coupling as(¢) = g%,,(¢) /4 is the five dim coupling up to a factor: g5(2) — gy ar(¢)

e Coupling measured at momentum scale ()

a5 / CdCTo(CQ) a5 (¢)

e Solution
e Y 2
a{ Q%) = o (0) e @/

AdS

e Effective charge o, ™ incorporates the non-conformal dynamics of confinement
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Effective Couplings

e Nonperturbative coupling normalized to the g1 scheme (Bjorken sum rule)

a(Q)/m =T

a(Q)/mt

0.8

0.6
[ Modified AdS

— AdS

04 | 04y/T1 (PQCD)

- O aglln world data
------- GDH limit ¥ agy/m
02 ¢ o mOPAL

| A cxglanLab CLAS X
W ag/mHal A/CLAS { M
o @ Lattice QCD (2004) (2007) -
L L L L L L L L ‘ L L L L L ‘
107! 1 10
Q (GeV)

Effective coupling from LF holography for kK = 0.54 GeV
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Holographic 3-Function

e [-function 2
ﬁ ﬁAdS(QQ) . d AdS(QQ) L WQ —Q2/4/£2
= 2 s = 1.2 €
dlog () 4k
@ 0 I T 1 —
g T
-0.25 :* ;{Tﬁ
-05 f / ( i
-0.75 f 1
-1.25 — o
Lattice QCD (2007)
15 % Froma,, B Fromag,
175 - Hall A/ICLAS
% [ @ Latice QCD (2004) A Fromay CLAS
2 p——AdSs | e From GDH sum
- rule constraint on o ol
225 e Modified AdS From a, (pQCD)
L L L L1 ‘ L L L L L L Ll ‘ L L L L L L L1 ‘
10" 1 10
Q (GeV)

(B-function from LF holography for k = 0.54 GeV
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Full 5-function of QCD ?

B(Q — 0) = B(Q — o0) =0, (1)
B(Q) <0, for Q > 0, (2)
a8
G lo=g, = 3)
95 <0, for Q@ < Qo, 35 >0, for Q > Qo. (4)

dQ

1. QCD is conformal in the far UV and deep IR
2. Anti-screening behavior of QCD which leads to asymptotic freedom
3. Hadronic-partonic transition: the minimum is an absolute minimum

4. Since there is only one transition (4) follows from the above
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Static QQ Potential

e For heavy quarks LF holographic equations reduce to NR Schrodinger equation in configuration space

_day(r)

Vir) = 3

=+ ‘/;onf (”I“)

where chonf = %mredWQTQ, Myred = QOa/(mQ + m@) and w = "{’2/(mQ + m@)

(€]
T

N
6]
I

static Q-Q potential (fm'l)
o o
T ‘ T T 1T ‘ T T

'
[¢)]
T

75
-10 i
125 [ 70 -~ Comell Potential
R . ™ JLab (V scheme)
BT FE Cornell Potential e
5 3] Jab (V scheme) 0 — Anzietd. = M. Peter (BLM)
K/ -4 3r -100 4,605 0.01 0,015 0.02 0.025 6.03 0.035
-17.5 [EI-:\. AR S T T S S A S S SO R SR NSO SIS SN R B
0.2 0.4 0.6 08 1 12 14 16

r (fm)
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