Analysis of laser acceleration in a semi-infinite space as inverse
transition radiation

T. Plettner

This article calculates the energy gain of a single relativistic electron
interacting with a single gaussian beam that is terminated by a metallic
reflector at normal incidence by two different methods: the electric field
integral along the path of the electron, and the overlap integral of the
transition radiation pattern from the conductive foil with the laser beam. It
is shown that for this instance the two calculation methods yield the same
expression for the expected energy change of the electron.

I. INTRODUCTION

A recent proof-of-principle experiment for laser-driven particle acceleration [1]
employed a single linearly polarized laser beam interacting with a 30 MeV relativistic
electron beam in a semi-infinite vacuum terminated by a thin metallic boundary. The high
reflective surface prevents the laser beam from interacting with the electron beam in the
space downstream of the boundary. Figure 1 illustrates the accelerator setup used in the

proof-of-principle experiment, which is similar to the arrangement originally proposed by
Edinghofer and Pantell [2].
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FIG 1: The laser beam, electron beam and boundary configuration.

E is the electric field of the laser and E'_is the field component parallel to the electron

beam trajectory. For this simple setup the energy gain for the electron beam is most
conveniently calculated by integrating the electric field component of laser beam that is
parallel to the electron beam ( £.) along its trajectory over the interaction length with the

laser. As shown in Figure 1 this corresponds to the semi-infinite space upstream of the



boundary. Assuming that the external field causes no significant change in the particle’s
trajectory the energy gain caused by the external laser field is

b
AU = [qE(F t)dr 1

The energy gain observed in the proof-of-principle experiment was in good agreement
with the energy gain expected by employing equation 1. It was observed to scale linearly
with the amplitude of the laser electric field, showed the expected laser polarization
dependence and occurred only in the presence of the field-terminating boundary.

Many other laser-driven particle acceleration schemes employ equation 1 to calculate the
energy gain. Examples include crossed gaussian laser beams [3], Hermite-gaussian laser
beams [4], and other arbitrary laser beam or light diffraction electric field profiles [5]. In
addition to semi-open free space laser accelerators other schemes like Inverse-Cerenkov
accelerators [6] and guided-wave accelerators [7] (optical or RF) also employ the path
integral method of equation 1 to estimate the electron beam energy gain.

Equation 1 results from integrating the Lorentz force acting on the electron over its path
where it interacts with the external field. However, Poynting’s Theorem offers an
alternative method for calculating the energy change of the electron. Poynting’s
Theorem [8] states that inside a given volume 7

AU =-AW,,, - T §i(Em, x B, ) Adsdt 2

-0 § 0

where AU is the mechanical work on the electric charges in the volume V, AW,,, is the
change of the electromagnetic energy stored in the volume ¥, and the last term is the
energy flux leaving the volume ¥ through its boundary S. E, and B, are the total
electric and magnetic fields at the boundary S.

It has been shown that for the case of an electron interacting with an external
electromagnetic field (like a laser) equation 2 can be rewritten to express the energy
change of the electron as the overlap integral of the wake field of the electron in the
presence of the structure or medium with the laser field [9,10].

AU = —T §£(”,M B, . Msdt 3

=

where AU now represents the energy gain of the charged particle. The quantities
E...and E __are the laser and electron fields in the presence of the structure [10].

Elaser
Figure 2 illustrates a generalized situation of an electron interacting with a structure or
medium in combination with an external laser field.
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FIG 2: schematic of overlap integral of laser and wake field radiation

The overlap integral equation expresses laser acceleration as an inverse-radiation process.
However, several important assumptions are made in equation 3 and are important to
keep in mind when making generalizations:

e The wake field amplitude is much smaller than the external driving amplitude,

thatis [E, |<< ‘E . Thus one can neglect the wake field radiation contribution

laser

wake

from the accelerator structure or medium. This can be Cerenkov, aperture,
transition radiation or even undulator radiation in a wiggler, or any combination
of these depending on the specific structure.

e The orbit of the electron suffers no appreciable change in the presence of the
driving field. For relativistic electrons this is usually a valid approximation.

e There is no change in the stored electromagnetic energy in the volume where the
acceleration is calculated, thus AW,,, =0.

e There is no ohmic loss in the accelerator structure or medium, such that the
energy flux of the laser into the volume is equal to the energy flux of the laser
exiting the volume, and furthermore the only contribution to AU comes from the
energy gain of the electron beam and not from currents in the medium.

e Other possible non-radiative scattering losses are neglected

These assumptions are realistic for most laser-acceleration experiments, such as the laser-
acceleration proof-of-principle LEAP experiment, and hence it is of interest to calculate
the energy change of the electron beam by the inverse-radiation picture described in
equation 3 and compare it to the familiar path-integral energy gain calculation method.



Il. THE PATH INTEGRAL ENERGY GAIN METHOD

A linearly polarized TEMqo gaussian laser beam is assumed to interact with a relativistic
electron beam in free space over a finite distance. The expression for the gaussian beam
electric field magnitude is derived by the assumption that the laser beam profile variation
in the transverse dimension is much smaller than the variation due to the optical phase in
the longitudinal dimension. With these assumptions, and derived as a scalar, the
amplitude of the transverse electric field component is [11]

xr2+yr2

Pt E - w(z')? 1 ’ kx'2
Etmnsverse(x W VaZ ’t):TOZ/ZZe (=) COS(@t—kZ —77(2 )_T(Z’)_qu 4
0

The coordinates (x',)’,z') are aligned to the laser beam, where (x',)") are the transverse
coordinates while z'is the direction of propagation of the laser beam. E, is the peak
electric field amplitude of the laser beam, ¢ is a phase offset angle and @ is the
frequency of the laser. z, is the Raleigh range given by z, = 7w, /4 w(z'), where w, is
the beam waist and A is the wavelength. w(z')=w, (1+(/12')2/(7zw0 )2) is the beam size
located at z', R(z’):z(1+ zoz/z’z) is the radius of curvature at z', and

n(z')=tan(z/z,) is the Guoy phase shift for a TEMgo gaussian laser beam at z'. The

focus of the beam in equation 1 occurs at z'=0. As shown in Figure 3 the
coordinates(x', y',z’) are rotated by an angle o about the y-axis with respect to a

coordinate system (x, ,z) aligned with the electron beam.
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FIG 3: Schematic diagram of the laser beam and the
electron beam incident on a thin boundary



Figure 3 illustrates a linearly polarized laser beam oriented at an angle « with respect to
the electron beam and at a polarization angle p. The electron travels along the

coordinates (0,0,z(¢)) where z(¢)=c/ft. To calculate the energy gain of the particle the
field component E£.(0,0,z(¢),¢) has to be evaluated and integrated along the z-axis.

Since E,,....is a scalar quantity the orientation of this field in the (x,y,z)coordinates

has to be added by hand. Allowing for the polarization angle o the orientation vector for
the transverse electric field is

COSx COS p
ﬁlaser = SIn p 5
sina cos p

Thus the expression for the TEMgo gaussian laser beam in the (x, y,z) coordinates is

. COSa COS p
E(x,y,2,0) =2 coslot —ke' (=)~ - sinp 6
sina cos p

The coordinates (x',',z') are evaluated as functions of (x,y,z). Note that E(7,7) is a
real quantity. Expressed as the real part of a phasor.

E —ip _M i(a)t—kz’—q(z')f k' J Coso Cosp
e 2 .
: e sin p 7

——
12 2
V1+2°%/z, sina cos p

E(x,y,z,t): RE

With this expression for the laser electric field one can perform the path integral energy
estimate in the spirit as shown in equation 1. The electric field component parallel to the
direction of propagation of the electron beam and along the electron beam axis is

12

B ZR(Z') 4

- cos(a)t —kz'+n(2')+
0

E.(0,0,z,7)
1+z /Z 2

jsin a COS p 8

where the (x',y’) coordinates correspond to

x' =zsina

7' =zCcoSa



Equation 8 simplifies to

. [ Zsina/o,
E - E, SAm 05(2:03,02 ( 22 Jcosl//,
(1+ ZCos a)u 10
= @t — kzCOS ot + (zCOSa)+m—
Vi 7 2R(zcosa)

The energy change of the electron is most easily obtained by numerical integration of the
electric field in equation 10. For the experimental parameters in the LEAP experiment

the laser beam waist size w, >> 4 and hence the beam divergence |¢9d| <<1. Furthermore
the laser crossing angle is small (a <<1). Figure 4 shows the longitudinal electric field

for a laser beam not terminated at the boundary. Notice that the region of interest where
the laser field has a significant contribution is much smaller than the Rayleigh range

|z| << z,. Furthermore notice that the amplitude of oscillation of the electric field has a

gaussian-like envelope, which is mostly due to the finite transverse extent of the gaussian
beam.
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FIG 4: The longitudinal electric field for a single gaussian laser beam at a
shallow angle to the electron beam

One can proceed and numerically integrate £_(z) to obtain the energy gain, however for

the purpose of deriving an analytical expression assume that adjacent electric field
oscillations nearly cancel except for the very last field oscillation in front or the
terminating boundary.

To simplify equation 10 assume « <<1. Thus



v, ~a)t—kz(1—a2)+77(z)+ )—(p 11

Introducing the definitions of @, , z,, w,,7(z) and R(z)

L~ kPza?
v, ~ot—kz+a’kz+tan™ z + A
21+z
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since we assume that |2| <<1 the inverse-tangent can be approximated by

tan™x ~ —— 13
1+x
thus the optical phase term becomes
2 o) 2
v, ~at—kz+ s+ 2 S 14

) "1+ 97+ )

the time variable can be eliminated by assuming the electron travels at a constant
velocity, z=vt,or t=z/v=z/cf. Thus

a)t—kz{ﬁ—ka=(3—1sz=(1—1sz0£=(3— JZ—””WOZQ
cp B B z, B )4 4
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With this in mind the optical phase term in equation 14 becomes

A 1 0{2 2 2
~f =+ 19+ E |- 16
l//t (yzedz 9{/2( d l+22jJ ¢
With the previously stated assumptions that w, >> 4 and thus |6,|<<1 the phase angle

slips by 7 in a distance much smaller that the Rayleigh range z,. In this region where
|2| <<1 the phase term can be approximated by
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Notice that the optical phase term for crossed laser beams derived by Sprangle, Esarey

and Krall contains 26,” instead of 6,. This difference is due to the inclusion of the

intrinsic longitudinal electric field of a gaussian beam in their derivation that is neglected
in this discussion, which is valid for the present situation where w, >> 1.

Since we are analyzing the limit where the gaussian beam is a near-plane wave
0> <<a®. Hence this difference of 6, has no significance. The electric field in
equation 10 becomes

%y

E, ~ Eyx-cos p-e_[ ] Cosy/, 18

With the assumption that the laser is a near-plane wave and that all except for the very
last half electric field oscillation cancel the integral expression of equation 1 becomes

2+Z ippage | 2

AU = [qE(F e)dr 19

z

The slippage distance is given by the condition where the optical phase advances by .

Z .
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Since we are assuming that the amplitude factor has no appreciable change over Z, .,

that is exp(a2§z/6?d2)zl in the region of interest, the energy gain is approximately

+Z slippage / 2

AU ~gEe " cosp-a I cos[;r 72 — (pjdz
0 slippage



E, cos paZ ., 72 o2
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Thus the energy change for an electron estimated by the path integral method is

From equation 22 we can see that the energy change depends on the optical phase ¢, that
it scales linearly with the electric field amplitude of the laser £,, that it follows a cosine
dependence with the polarization angle p, and that it scales linearly with the laser
wavelength 4. Furthermore it shows a dependence with the laser crossing angle that
scales as f(a)o a/(l/y +a?) that has an optimum angle of «,,, =1/y . Figure 5 shows

that for the LEAP experiment laser and electron beam parameters the analytical
approximation of equation 22 is in good agreement with the numerical path integral of

E
AU ~ m—cos,o-cosgo
T 2
Sta

/4

the longitudinal electric field of the laser beam.
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FIG 5: comparison between analytical approximation and numerical
integral of the longitudinal electric field



I11. THE INVERSE TRANSITION RADIATION PICTURE

We proceed to calculate the electric retarded field of an electron approaching an infinite
conductive boundary at normal incidence, and model it as a superposition of a charge and
an image charge approaching each other at uniform velocity and stopping abruptly at the
boundary. Figure 6 illustrates the situation, where the electric field at the observation

point O with coordinates (R,8,¢) is to be calculated.
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FIG 6: transition radiation calculation by the method of images

Starting from the retarded scalar and vector potentials for a point charge

- _ Mg TV —t+R/c)

A, (x,¢ dt’
() 4z R(x4t) ’3
0, (7)1 | SRy,
4re, R(x,t;t )
and using the electric and magnetic field expressions
B=VxA4
R ~ 24
E=-Vd-44
The retarded electric field of an accelerating charge can be found to be
P 4% d ix(ix j) ’
47KR dt' K

10



In the frequency spectrum this corresponds to

E(%,0)=4% [ ix %[—” Ixf Je"”“”?/c)dz' 26

t'+R/c)

Assume the collision time is infinitely short, hence the term ! Is ~constant over the

integration time where £ changes value.

Z, ¢ d(nxp Z ix Al
— ~ X A~
E(_i:,a))-«uj'nx_ n ﬁ dt"“'q Onxn 27
4zR Y dt'\ K 4r K |,
the total field caused by the charge plus the image charge is
" Z, - [axp] axpl
E (% 0)~ 22 7% - 28
47R K| K|,

which simplifies to

E, (% o)~ q_ZOM 29

27R 1 — (fz . B)Z
note that the field is radially polarized

cosécos ¢
ﬁx(ﬁxﬁ): cos@sin ¢ 30
—-sin@

hence in polar coordinates the transition radiation field is

) cos@cos¢
E,,(R,e,qﬁ,w):gzlgl ﬂi'soizg cosgsin g 31
" p —-sinéd

The compact expression of the electric field in radial coordinates implies that the overlap
integral calculation between the laser field E,. and the transition radiation field

aser

E,(6,4,@') is most conveniently carried out in the (R — «0,8,4,®) coordinate system.

Thus E,, needs to be expressed as a superposition of plane waves in (6,¢,®) space.
Written in phasor notation the scalar part of the laser field is

11



Eoe—i(p efx’ +y2 i[wot—kz'—n(z')‘zl;ex(,z’)] — A(F)eiwot 32
N / Z

Using the Fourier transformation pair that has the form

E(F,t)=

B(.0)= [ Bl ar

B 33

E(r,t)=2 I (r,0)”"do
Thus the spectrum of the (monochromatic) laser electric field is

E(F,0)=275(w — w,)A(F) 34
Defining the plane wave spectrum as

- _ 1 T lkxu —ikyv

Alu,v) =~ J;j J;)A x,7,0)e” dxdy 35
at z=0 the amplitude factor of the electric field is

-~ —X'ZJF,y: —i| p+kz'+n(z')+ kx,zy

A(x,y,0)=E,e W) g [ 2R(z )] 36

z=0

Assuming that the crossing angle « is small at the boundary z=0 the radius of
curvature and Guoy phase shift terms can be neglected. Furthermore the laser spot size is

w(z')~ w,. With these assumptions for 4(x,y,0) the plane wave spectrum A(u,v)
becomes (See appendix)

A(u,v) :% J. J.Eoe T"ze_ikx”e_ikyve_"("+kzr)dxdy 37

—00 —00

using the coordinate transformations in the small angle approximation

x'=xcosa ~ x
Z'=—xsina ~ —x«a 38

y'=y

12
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Evaluating the integral in equation 39

(fwgv)® ((howg (u-a)
Z(u,v):lﬂEowo2 e (’”; J e ("W ? ] e’ 40

The factor kw, can be replaced by the laser beam divergence angle 6, = 1/zw,

7 5 _(u—af+?
~ T W, 0,2
Alu,v)=""2 ¢ %

e 41

where (uv) are the far-field paraxial angles. Note that the exponential dies quickly
(assuming 6, <<1). Assuming that the transition radiation field distribution has a

negligible change over this the angular range the gaussian factor in equation 41 can be
approximated by a delta function

(u—a)? +v?

e U ~ 6,°6(u—a,v) 42

This is the equivalent assumption made in the path-integral calculation that the laser
beam is a near-plane wave. Thus

(u-a ) +v? (u—a)*+v?

~ 7[2E0W029d2 B 0.2 —i 9,% —i
A(u,v):Te © e 5(u-a,v)= Ejde % eS(u-ar,v) 43

Note that the far-field paraxial angles (uv) form a rectangular coordinate system that
expressed in the radial angle coordinates is

u =Sin@dcos¢
. . 44
v=sin@sin ¢
thus the laser plane wave spectrum of equation 35 becomes
N EA 7(u—a)22+v2
Auy)==L-e¢ % 56-a,4) 45

13



the factor 1/sin@ is a result of the coordinate system transformation. Without it the

integral of the delta function would give the extra sind term. Adding the laser
polarization vector for each of the two plane waves in equation 45

A (umaf 42 cosécos p
Ey (0.9) = ke e % o500, 9)0(0-w,)  sinp 46
4 Sin
—sinécos p

This is the expression of the laser field traveling away from the focus in the far field and
in the absence of a reflective screen. There is another term in (6,¢)coordinates for the
incoming laser beam traveling into the focus. This incident field is located at the
coordinates (6 = 7 —a,¢ = x). Note that the vectors are written in Cartesian coordinates.
Since the orientation of the vector of the incident laser beam is the same as the exiting
beam the expression the x-component picks up a negative sign when the radial
coordinates undergo the transformation (§=a > 0=7-a,4=0—>p=r)

9 AF A (u—a)f e’ —cosé@cos p
Elaser (9’ ¢X = ;:Toee o e—iqog(@_a’ ¢)5(0) — Sin 1% 47
—singcos p

In the presence of the boundary there are two more terms, one transmission term that is
equal to —E,ase,(e,(zﬁ)(o and that makes the total field behind the boundary zero, and a
t

reflection term at coordinates (0 = 7 — a,¢ =0).

o) _luma)+v? —cosécos p
E,.(0.9) = —S’:T‘)He o o5 pS(@—am)  sinp 48
sin@cos p

Thus the total laser field in the presence of the boundary is

Elaser (9’ ¢)L = Elaser (61 (4 + Elaser (‘9' ¢XV 49
Thus
- 27E.e "2
Elaser(9’¢xs :%5(6‘)_0)0)' 50
{060~ (7-a)z-¢)-1,600-(7-a)g)
where

14



—coségcos p —cosécos p
sinp A, = sinp 51
—sinédcos p sindcos p

>
Il

A diagram of the field components is shown in Figure 7

boundary

FIG 7: The laser field in the presence of the reflective boundary

Note that E,ase,.(e,ﬂland E,aser(e,¢)( are equal in magnitude. Based on the physical

assumption that the incident beam is entering the volume of interaction while the
reflected beam is exiting the same volume the far-field overlap integral of the laser field
with itself is zero for a high reflector boundary.

§ B (0.9) Ei(0.9.) 42 = §E,,,.(0.6.0) ‘E,.(0.4) d> 52

Q

This will satisfy the condition that for a lossless boundary

s

§E0(0.8) B (0,6) =0 53

Assuming no electromagnetic energy is stored in the volume of interaction and no ohmic
losses Poyntings’ Theorem predicts an energy change for the electron

15



- ‘hg(w’f)'ﬁdadf = —Zi I§E(9,¢J)‘E(9,¢,t)dadt 54

where it is assumed that £(9,¢,¢) L 7. This expression can be expanded to

T 1 _ _ R R
AU == J-Z_ § (Elaser (t) + Etr (t )) ’ (Elaser (t) + Etr (t )) ’ ﬁdet 55
-70
== ]:Ziqgvlaser lase) dQ + § ( dQ + 2§EI(LS€I tr (t)dQ)dt
70

I have established that for the laser field, assuming a lossless boundary

§Elaser Elaser( )d = O 56

Furthermore following the assumption that the laser field magnitude is much larger than
the transition radiation field magnitude we can neglect the transition radiation energy loss

termE, (¢)- E, () and are left with

j § By (0)- E, (£)d 2t 57
This is valid for real fields. For fields written as phasors equation 57 becomes [12]
-~ 2 [fRelf. ) Relf. (0wt
=—— Hl RE(E, ., (0E"(0)+ E,, (0)E, (0 a2t 58

=-—MRE< O el 07

The second term in 58 has terms with positive frequencies only and therefore averages to
zero for long integration times. Therefore

AU~——j§RE( o (OE " (1) 2t 59

Now we need to convert this time dependent expression into a frequency dependent
expression. The integrated pointing vector magnitude is proportional to

16



[EQE =] | T(ijzg(w)g*(wr)ewefw'fdwda)uz
LJZT T T E(@)E"(0)e" " dwdo'dt

S
[

ijzzzE( )E( )(w i “”dtjda)da) 58

_ Zi j [ B@)E ()50 - o dade

T —o0
- 5 [F)E ()0
Thus
a--5L RE(B; o (0) B (a))dea)J 59

Inserting the expression for E, and E,

aser

——RE(M( E,. (0.9) + B, (0.9) ) 2o LS00 dszdco]

217 27 1— fp%cos’ 6 K 5
0
47[ {J- §( laser 6’ ¢X +Elase1 ('9 ¢X ) % t,dQ.da))

Inserting the expression of E

laser

in equation 60

AU ~ - qu[J.Zfzé‘ 0] +a))da)]

e (- ~ £sing .
RE(ﬁme{”ﬁ“’-(”-a>ﬂ—¢>—n25<9—<n—a)ﬁ)}m”ﬂ"@

which can be rewritten

Ay - _9Eo AJRE(e —"ﬂ)iign1 ,0(0= (7w —a) 7= §)=ii, 7,000 (x=a)9) )
27 2 1- B*cos® 0

Integrating the delta function expressions

17



_qEB cospsin(r —a)
27 1- f?cos’(z —a

AU ~ ){ﬁl-ﬁ”(ﬂ—a,ﬁ)—ﬁz -, (7 —a,0)} 61

The vector dot products in equation 61 are

—Cc0sdcosp |\ cosdcosg

non(r—a,7)=| sinp cosd-sing ( )
. . T—o,T
—sinécos p —-siné
= (cos? & +sin” & )cos p
=COS
P 62
—cosécos p | cosdcosg
n,-n(r—a0)=| sinp cos@-sing ( 0)
: : -a,
sin@dcos p —-sind "
= —(cos? & +sin®a)cos p
=—C0Sp
Thus
AU ~ _ EACOS PP 5|2n(7z2—a) {008 p (= c0s o)}
2r 1-p*cos’(z —a)
A ~ _ 9EACOSQ ,Bzm(fzz—a) cos p
7 1-p%cos’ (7 —a) 63
_qE,Acosg ,Biln az cos p
r  1-p*cos’a
Assuming |a| <<1
AU ~ 24EoC059 fa 5 C0S p 64
V4 1-°+ fa
Assuming g ~1
AU ~ A4E,C0Sp oS p 65
r 1., 5
~+a
Y

Comparing to equation 22, one can conclude that for a laser beam terminated by a
conductive boundary at normal incidence to the electron beam the energy gain expected

18



from the path integral (equation 22) is the same as the energy gain calculated by the
inverse-radiation overlap integral method.
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APPENDIX

Define the plane wave decomposition of a field distribution f(x,y) as

Y(u,v)=C I I £, y)e ™ e dxdy Al

—00 —00

where (uv) are angular coordinates and Cis an arbitrary constant to be determined by
conservation of total energy flux. The total energy flux of f(x,y) has the form

o0 00

) :PI jf(x,y)f*(x,y)dxdy A2

—00 —00

The constant C is chosen such that

O=P T T‘P(u V¥ (u, v )dudy A4

—00 —00

Thus from equation Al

CD:PT TCT T £(x,y)e ™ e ™ dxdyC” j j £y e ™ e ™ dx'dy' dudy
=PCC” T T T T T T Fle,y)f (e ™ e ™ e ™ e ™" g’ dy'dxdydudy
:PCC*T T T T Fley)f (), y')T Te’“x”“efk(yy’”dudvdx'dy'dxdy
=PCC*T T T T Fley)f (), y')jf Te‘fk(x-x'>"e-"kU-y')Vdudvdx'dy'dxdy ~
=pCC [ [ [ [run)r (ol Fote ol v ica'inay
=PCCZ | [ (e} (s yhis

Thus |C|=1/4 . Hence the plane wave decomposition is
P (e, v —%T T £, y)e ™ e dxdy A6
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