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An expression is obtained for the number of electron-hole pairs generated in a semiconduc-
tor by a uniform electric field. The derivation is made for an arbitrary crystal. The result
differs from the usually-eémployed formula in that it contains an explicit angular dependence
and a slightly different dependence on the field. A particularly essential fact is that in the
absence of electron-phonon collisions and collisions between electrons themselves the mag-
pitude of the effective potential barrier is determined not by the width of the forbidden band,
but by the lower edge of optical absorption (the internal photoeffect ), which, as a rule, is
considerably greater. This circumstance should lead to an essential increase in the critical

fields,

presence of a strong electrical field (E ~ 105 v/ cm), as is known, produces in semiconductors
tional carriers, the number of which increases sharply with increasing field. The most probable
hanisms causing this fact are, first, shock ionization and second, direct knocking out of valence elec~-
ons by the field in the conduction band. This latter mechanism, analogous in a certain sense to cold
ectron emission from a metal surface, was first considered by Zener! in the quasi-classical approxi-
ion, which is natural for such a problem. The best expressions obtainable by this method for the

ber of electrons n passing into the conduction band per unit volume per unit time, is given appar-
tly in the work by McAfee et al .2 and has the form

o eEd ™ 5% ’/z
n= Nggexp{— z2p V Imak), (1)

here N is the number of valence electrons per unit volume, d the crystal lattice period, m* the ef-
ctive mass of the electron, A the width of the forbidden zone, and e the electron charge.

This formula is somewhat indefinite, since the values of the effective mass of the electron in the va-
nee band and in the conduction band are in general different and it is not clear exactly which value is
ntained in the exponent. In addition, expression (1) was obtained by solving the unidimensional prob-
m. As will be shown below, the correct allowance for the three-dimensionality leads to certain quite
bstantial qualitative changes. Finally, a particularly important point, no account is taken in the deri-
tion of Eq. (1) of the scattering of electrons by thermal lattice vibrations, which, as will be shown
below, is of decisive significance for this problem. '

- We shall calculate in this work the probability of the pas sage of a valence electron into the conduction
band by a method already used for this purpose by Houston® and representing essentially a method com-
only used in perturbation theory to calculate the ‘transition probability per unit time. The entire anal-
ysis will be carried out in the so-called single-electron approximation, i.e., the interaction between elec~
trons will be disregarded, with the exception of that portion of the interaction included in the general
1f-consistent field of the crystal.

The Hamiltonian of the system has in this case the following form:

A = Hoe+ Hoo + Hew + ¢Er; (2)
A i1 /&
Hoe-——g—;n(—; ) + W (r); Houoj (0 1) =25 (p) bos (P, T)s (3)
Ho= 5 3 hox(bibe+ bibi); (4)
Tk <Ky,
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Ho=i})/ 2 S w(k) (e — bye™y, (5)

1K) <Ry

In these formulas r is the electron radius vector, W (r) is the periodic potential of the crystal, p
and k are the electron quasi-momentum and the phonon wave vector, wk and €j (p) are functions that
determine the dependence of the phonon frequency on the wave vector and of the electron energy on the
quasi-momentum in the band with index j, b and by are the creation and annihilation operators of g
phonon with wave vector k, V is the normalizing volume, v the number of valence bands, and finally
Voj (P, T) the electron wave function in the following Bloch form

bo; (P, 1) = exp (ipr/ ) u; (p, 1), (8)
where yj (p, r) is the periodic solution of the equation
%2 it 2
— g V4 (0 1) — = pVu, (p, 1) + {W )+ - —¢ (p>} 4i(p, r)= 0. (7)

The interaction Hamiltonian ( 5) should generally speaking also contain functions of the Bloch type in-
stead of the plane waves. However, in the calculation of the matrix elements for transitions between
states (6) allowance for this circumstance gives only a corrective factor on the order of unity, which is
insignificant, since we do not specify the form of W (r) anyhow, nor do we consequently specify Yoj(p, 1),

No assumptions whatever are made concerning the form of the function « (k), with the exception of
the obvious property « (k) ~ k2 for small k.

It is well known that the presence of a homogeneous electric field E leads to a uniform increase in the
quasi-momentum of the electron with time in accordance with the law p = Py — eEt. In other words, if at
the instant t = 0 the electron is described by a wave function ll/oj (P, T) then in subsequent instants its
wave function will have in the zeroth approximation the form

: ot
b1 o> 1 £) = exp{— 3 [/ (po — eBx) dc] 4oy (py — eE, 1), (8)

By virtue the periodic dependence (with the period of the reciprocal lattice ) of €j(p) and Yoj(p, r) on |
the quasi-momentum p, a uniform increase in the latter means that the electron vibrates within the con-
fines of a single band, if the field is directed along one of the principal crystallographic axes (with a per- .
iod 27ti/eEd for the case of a simple cubic lattice). If the field is not aligned with any of the reciprocal-
lattice vectors, the motion can have a complex aperiodic character, but is still confined to the same band.
The exact wave function should, naturally, contain also terms connected with the transitions into other
bands, but these terms will obviously be small. It is therefore natural to seek a solution of the Schr&dinger
equation

ih oY /Ot = W (9)

in the form of a superposition of products of functions of the form (8) (which already include the funda-
mental effect of the field — uniform acceleration) and of the phonon wave functions

t
=3 ¢;(INul, po, t)exp {eE STj (Po — €Ex) dx} $; (0o, 1, 1) [] (63F )M, (10)
(v ’ -
The symbol [Nk ] denotes the set of occupation numbers Ny corresponding to all possible values of k;
®y is the wave function of the lowest energy state of the lattice; summation over Py is carried out over
all physically-different states, i.e., over the volume of the first Brillouin zone

j
|
|

v @) = o 1) gradyuy o, 1) e, (11) |
0o i

!

The integral in (11) is taken over the volume of the elementary cell, The quantity (11) is pure imaginary, .
since by virtue of the condition ¢
q

S u; (p, r) u;(p, r)dr = lwe have Rey; (p) = 0.
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visability of separating out the exponential fact
his expansion into (9), we obtain in the usual m
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or in (10) will be seen from the following, Substitut-
anner a system of equations for the coefficients:

crystal, . 0c ([Ng], p,, t) EJ.. (p, — eEt) A
dons that b =it 2 R (b, — 20 € ([Vids Do, £) QPe(py, t) + i 77 3
a Iy AL . T TS ki
3Y on the
ators of NS — ’ ’
d ﬁnau; X {Mjj:(po— eEt, 1k .) Ve ¢ (N — 1iG, p+ ak’, 1) Qi (po K, 1)
— My (po— eEt, — k') YV Ny + Yop (IN) + iy po--- 5K’ £) Q35 (por K, H}, (12)

re

My 0, 1) = a (k) |

Q,

40 D)ty 0k, £)ds, I (0) = 92 g o, 1) v
Q,

P, r) - u; (P: r) Vuf’ (p’ r)} dT,

t

Qi (py k, #) = exp {-% S[s, (P— €Ex) — &) (p— eEx =4 1k) 4 hoo] dx
0

t

B VI (0~ eBx) — vy (p—cBe £ w1}, Q8 (5, = 02, 0 f).

. 0

ption of In the derivation of (12) use is made of the identity

’ase in T @) /e e (0) — e @)} = { ] (b, 1) gradyuy (p, r)a-.
rds, if

o)
The diagonal term in the first sum over j
n the expansion (10), The Symbols [Ny ]
k' is replaced by Ny’ + 1, and all the re

drops out virtue of the presence of an exponential factor
+ 1g’ denote that in the set of numbers [Nk ] the quantity
maining quantities remain the same,
) we must discard from the system of equations (12) those

- Taking it into account'that at ¢ = 0

=py — eEt, and
solving this vector into a4 component py parallel to the field and a vector P: Pperpendicular to the
Py —eLl Py ,
— Ely, (p) . € ’ ny 4Py
¢ (po, 1) = 8 e —<y () OXP {l S fec (P) — =v ()] 51

Py oy

2y
. , , dp
Y @) a0} L 0 =10 — 1, ),
Py
€re n is a unit vector in the direction of the field,

For simplicity and clarity let us first calculate the
dir

(13)

integral (13) for the simplest case, when the field
ected along one of the principal crystalline axes of a simple cubic lattice with a period d, and then

eneralize the results to include the case of a lattice of any symmetry and an arbitrarily oriented field,
In this particular case, as indicated above, the motion of the electron in the band is periodic with a

£ ks Period 27fi/eEd. A natural characteristic of the infiltration is therefore the probability of passing through
wer | the conduction band during one period

~Hjd I 2y
nly, (p) . & (P)—ey (0) : “og 2
D)= | g e | T+ | rye (0) dp' pp, [ (14)
(11) ~nkld Py 201 ‘
At a fixed value of P; the functions €c(p) and ¢

v(p) are different branches of the same infinitely-
» 8ince they represent different roots of the same
o each other on the resl axis, there should be lo-
ane a branch point Pl = d, in which

Valued analytic function e (p
tigenvalue problem. Since t
Cated somewhere near the r

) of complex variable Py
hese functions are close t
eal axis in the complex pl

e (9) = v (q).







