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Yang-Mills gauge field theories form the basis of the new class of renormalizable theories 
2of weak and electromagnetic interactions. f The renormalizability of these theories depends 

crucially upon the high degree of symmetry implied by the exact local gauge invariance of the 

initial lagrangian. Unfortunately, the divergences encountered in the Feynman amplitudes of per

turbation theory may prevent the implementation of these symmetries in higher order. Indeed. 
1

the well-known Adler, Bell. and Jackiw Ward-identity anomalies of the free spinor loop provide 

an €!xample where the full gauge symmetry of the initial lagrangian cannot be maintained. 

The known spinor-Ioop anomalies already place dynamical restrictions on "realistic" models 

of weak interactions. We must now ask whether it is possible to avoid new anomalies either in 

higher order or in the Yang-Mills structure which would destroy the renormalizability of these 

theories. Using the work of the past year, we will show that this question can be given a positive 

answer. We conclude that if the theory is chosen ss to avoid the anomalies of the free spinor loop 

then no further anomalies are present in the theory. 

Our procedure will be to devise a regularization scheme for the Feynman amplitudes which 

preserves the local gauge symmetry at every stage. Ignoring for a moment the problem of 

inclUding spinor particles, we examine two methods proposed for regularizing meson amplitudes. 
4

An approach discussed by B. W. Lee and J. Zinn-Justin involves the addition of higher 

dimension, butgauge~invarlant,terms in the lagrangian to both the kinetic energy and interaction 

terms. An analysis of the Feynman amplitudes shows that all of the more complicated amplitudes 

are regularized by this mechanism and the gauge invariance of the unregularized amplitudes can 

be directly established. 
S

A simpler, more intuitive approach has recently been proposed by It Hooft and Veltman

and others. 6 They show that Feynman amplitudes can be defined in noninteger or even complex 

dimensions of space-time. To any finite order in perturbation theory, the amplitudes are mero

morphic functions of the dimension variable with a simple pole structure on the positive real axis. 

For scalar particles, this regularization corresponds to a modification of the phase-space integrals. 

For the gauge theories of mesons considered here, the gauge symmetry implies algebraic rela

tions between different amplitudes. As these algebraic manipUlations are not sensitive to the 

dimension of space-time, the gauge relations are easily established for amplitudes regularized by 

this method. A simple algorithm for constructing amplitudes in n dimensions will be discussed 

at the end of this talk. 

"'A preliminary version of this talk was presented at the Colloquium on Yang-Mills Theories held 
at C. N. R. S., Marseilles, June i972. 
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We now wish to discuss the problem of regularizing theories involving spinor particles and 

particularly the anomaly problem. We remark that the n-dimensional technique can be simply 

extended to theories such as electrodynamics as discussed by 't Hooft and Veltman. 5 However, 

weak-interaction theories usually involve the axial vector current. and no successful extension of 

'is' or more precisely the pseudotensor, to complex dimensions is pOSSible in general. 

We may avoid this problem by observing that the regUlarization of only the meson part of any 

graph i8 almost sufficient to regularize the whole graph. Consider the graph in Fig. 1 Where an 

arbitrary meson blob M connects the spinOI' line AB with spinor loops C and D. If we have sufficiently 

regularized the meson integrations, we observe that there are no further divergences associated 

with the spinoI' line. Aleo since the spinoI' loops are connected by meson lines, there are no 

B 

Fig. t. A general Feynman graph with spinor line AB, spinor loops C and D, and a meson blob M. 

overlapping divergences. Hence, we may study independently the divergences of each spinor-loop 

subgraph. There is only a. polynomina.l ambiguity in each spinor-Ioop tlubgraph, and it is simple 

in principle to give a prescription for renormalizing these eubgraphs. There are no further 

divergences. 

We turn to the gauge relations between graphs such as in Fig. 1. As described previously 

there are at least two methods of giving a gauge-invariant regularization of the meson part of the 

graph. As we have not modified the structure of the spinOI' line, gauge relations involving mani

pulations along the spinor line are preserved as the regularized meson integrations are not diver

gent. Gauge relations also involve manipulation of the spinor loops. If the spinoI' loops can be 

given a gauge-invariant definition, then the whole graph can be given a definition consistent with 

the gauge relations. Hence only the lowest-order spirlor-loop anomalies need be cancelled to obtain 

a gauge-invariant regUlarization procedure for the whole graph. 
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We can give a simple rule for regularization within the n-dimensional procedure. The cal

culation is to be done in n-dimensions. but the '{-matrices must be kept four dimensional (they 

have only the first four components of an n-vector). Hence, even if a spinoI' propagator carries 

an n-dimensional momentum. it only depends upon the first four components of that n-vector. The 

spinor-Ioop integration is therefore reduced to a four-dimensional integration. The sma.ll spinor 

loops must be computed consistent with all relevant gauge relations (the cancellation of the free 

spinor-loop anomalies is the only dynamical constraint on the theory). The gauge relations never 

involve momenta coming out of spinor line or loop and hence the fact that y -matrices are four 

dimensional docs not destroy any of the gauge relations. 

We now briefly remark upon the actual construction of n-dimensional amplitudes. It is 

obvious that the operationjdnp has no immediate meaning if n " -iDa + 37L 't Hooft and Veltman 

give a definition by integrating explicitly the first k integer components of momentum and doing 

the remaining n-k components via a volume integral which is defined through integrations by parts. 

An equivalent method has been suggested by Lautrup7 which exploits the use of differential regu

larizer acting on the integrand. Hence, the n-dimensional integral may be defined in terms of a 

normal four-dimensional integral. The n-dimensional amplitude for a single-loop graph is defined 

by 

(t) 

n
i 2-

where R " (; &1 2 ) l n 

The integrand, fl. is to be computed as if you were in n dimensions; in practice, it means only 

that gfL
V
g " n instead of 4 in doing the algebra.

fLV 

'This procedure can be generalized to the many-loop caSe. We have 

Again, the integrand is computed with glL It should be noted that the differential operator 
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acts only on the meson part of the graph. With these definitions it is ea.sy to show that all n-

dimensional rules for shifting momenta. symmetric integration, a.nd relabelling loop momenta are 

allowed. 

For simple graphs this procedure is similar to that employed by Speer. 8 The important 

difference. however, for Yang-Mills theories is that the n-dimensional technique regularizes the 

whole meson blob at once. 

-297



We have established that a gauge-invariant regularization of Yang-Mills theories can be 

made. The only dynamical constraint on the theory comes from cancellation of the anomalies of 

the free spinal' loops. The n-dimensional regularization scheme is intuitively pretty and simple 

to use in practical. calculations. 9 
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