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Abstract

We review our results in Refs. [1, 2] for the masses and couplings of heavy-light D̄D(B̄B)-like molecules and
(Qq)(Qq)-like four-quark states from relativistic QCD Laplace sum rules (LSR) where next-to-next-to-leading or-
der (N2LO) PT corrections in the chiral limit, next-to-leading order (NLO) SU3 PT corrections and non-perturbative
contributions up to dimension d = 6−8 are included. The factorization properties of molecule and four-quark currents
have been used for the estimate of the higher order PT corrections. New integrated compact expressions of the spectral
functions at leading order (LO) of perturbative QCD and up to dimensions d ≤ (6−8) non-perturbative condensates are
presented . The results are summarized in Tables 5 to 10, from which we conclude, within the errors, that the observed
XZ states are good candidates for being 1++ and 0++ molecules or/and four-quark states, contrary to the observed Y
states which are too light compared to the predicted 1−± and 0−± states. We find that the SU3 breakings are relatively
small for the masses (≤ 10 (resp. 3) %) for the charm (resp. bottom) channels while they are large (≤ 20 %) for the
couplings which decrease faster (1/m3/2

b ) than 1/m1/2
b of HQET. QCD spectral sum rules (QSSR) approach cannot

clearly separate (within the errors) molecules from four-quark states having the same quantum numbers. Results for
the B̄K(D̄K)-like molecules and (Qq)(us)-like four-quark states from [3] are also reviewed which do not favour the
molecule or/and four-quark interpretation of the X(5568). We suggest to scan the charm (2327 ∼ 2444) MeV and
bottom (5173 ∼ 5226) MeV regions for detecting the (unmixed)(cu)ds and (bu)ds via eventually their radiative or
π+hadrons decays and reconsider more carefully the properties of the eventual D∗s0(2317) candidate. We expect that
future experimental data and lattice results will check our predictions.

Keywords: QCD Spectral Sum Rules, Perturbative and Non-perturbative QCD, Exotic hadrons, Masses and Decay
constants.

ITalk presented at QCD18 (2–6 july 2018, Montpellier–FR) and
HEPMAD18 (6–11 September 2018, Antananarivo–MG)
∗ICTP-Trieste high-energy physics consultant for Madagascar
Email addresses: raphael.albuquerque@uerj.br (R.

Albuquerque), snarison@yahoo.fr (S. Narison ),
achrisrab@gmail.com (A. Rabemananjara),
rd.bidds@gmail.com (D. Rabetiarivony),
artesgaetan@gmail.com (G. Randriamanatrika)

1Ph.D student

ar
X

iv
:1

81
2.

01
00

1v
1 

 [
he

p-
ph

] 
 3

 D
ec

 2
01

8



Albuquerque et al. / Nuclear and Particle Physics Proceedings 00 (2018) 1–10 2

1. Introduction

A large amount of exotic hadrons which differ from
the standard c̄c charmonium and b̄b bottomium radial
excitation states have been recently discovered in B-
factories and have stimulated different theoretical inter-
pretations. Most of them have been assigned as four-
quark and/or molecule states. In this paper, we use rel-
ativistic Laplace sum rules [4–8]2 to improve some pre-
vious LO results for the masses and decay constants of
the XYZ exotic heavy-light mesons obtained in the chi-
ral limit [13–15]. In so doing, we include N2LO PT
corrections to the heavy light correlators. We pursue
our investigation by adding the SU3 NLO PT correc-
tions. With these higher order (HO) PT contributions,
we add the LO contribution of condensates up to di-
mension six. We do not include into the analysis con-
tributions of condensates of higher dimension (d ≥ 8)
but only consider their effects as a source of systematic
errors due to the truncation of the Operator Product Ex-
pansion (OPE). This work is a part of the original papers
in [1–3, 16, 17].

2. Molecules and four-quark two point functions

We shall work with the transverse part Π
(1)
mol of the

two-point spectral functions 3:

Π
µν
mol(q)≡ i

∫
d4x eiq.x〈0|T [Oµmol(x)Oν†mol(0)]|0〉

=−Π
(1)
mol(q

2)
(
gµν −

qµqν

q2

)
+ Π

(0)
mol(q

2)
qµqν

q2 , (1)

for the spin 1 states while for the spin 0 ones, we shall
use the two-point functions ψmol(q2) built directly from
the (pseudo)scalar currents:

ψmol(q2) = i
∫

d4x eiq.x〈0|T [Omol(x)Omol(0)]|0〉, (2)

which is related to Π(0) appearing in Eq. 1 via Ward
identities [9, 10, 18]. Thanks to their analyticity proper-
ties Π

(1,0)
mol and ψmol obey the dispersion relation:

Π
(1,0)
mol (q2);ψmol(q2) =

1
π

∫ ∞

4M2
Q

dt
ImΠ

(1,0)
mol (t); Imψmol(t)
t − q2 − iε

,

(3)

where ImΠ
(1,0)
mol (t) and Imψmol(t) are the spectral func-

tions.

2For reviews, see [9–12]
3Hereafter, similar expressions will be obtained for the four-quark

states by replacing the sub-index mol by 4q.

• Interpolating currents

The interpolating currents Omol and O4q respectively for
the D̄D(B̄B)-like molecules and four-quark states are
given in Tables 1 and 2. The ones describing B̄K(D̄K)
(resp. (Qq)(us))-like molecules (resp. four-quark) states
are presented in Table 3.

Table 1: Interpolating currents Omol with a definite C-parity describ-
ing the molecule-like states. M ≡ D(resp. B) and Q ≡ c(resp. b) for
the D̄D (resp. B̄B)-like molecules. q ≡ d(resp. s) for the chiral limit
(resp. SU3 breaking).

States JPC Molecule currents≡ Omol(x)

Scalar 0++

M̄M , M̄s Ms (q̄γ5Q)(Q̄γ5q)
M̄∗M∗ , M̄∗s M∗s (q̄γµQ)(Q̄γµq)
M̄∗0 M∗0 , M̄∗s0 M∗s0 (q̄Q)(Q̄q)
M̄1 M1 , M̄s1 Ms1 (q̄γµγ5Q)(Q̄γµγ5q)
Axial-vector 1++

M̄∗M , M̄∗s Ms
i
√

2

[
(Q̄γµq)(q̄γ5Q) − (q̄γµQ)(Q̄γ5q)

]
M̄∗0 M1 , M̄∗s0 Ms1

i
√

2

[
(q̄Q)(Q̄γµγ5q) + (Q̄q)(q̄γµγ5Q)

]
Pseudoscalar 0−±

M∗0 M,M∗s0 Ms
1
√

2

[(
q̄Q

)(
Q̄γ5q

)
±

(
Q̄q

)(
q̄γ5Q

)]
M∗M1,M∗s Ms1

1
√

2

[(
Q̄γµq

)(
q̄γµγ5Q

)
∓

(
Q̄γµγ5q

)(
q̄γµQ

)]
Vector 1−±

M∗0 M∗,M∗s0 M∗s
1
√

2

[(
q̄Q

)(
Q̄γµq

)
∓

(
Q̄q

)(
q̄γµQ

)]
MM1,Ms Ms1

1
√

2

[(
Q̄γµγ5q

)(
q̄γ5Q

)
±

(
q̄γµγ5Q

)(
Q̄γ5q

)]

Table 2: Interpolating currents describing the four-quark states. Q ≡ c
(resp. b) and q ≡ d(resp. s). k is an arbitrary current mixing where
the optimal value is found to be k = 0 from [14]

States JP Four-quark currents≡ O4q(x)

Scalar 0+ εabcεdec

[
(qT

a Cγ5Qb)(q̄dγ5CQ̄T
e ) + k(qT

a CQb)(q̄dCQ̄T
e )

]
Axial-vector 1+ εabcεdec

[
(qT

a Cγ5Qb)(q̄dγµCQ̄T
e ) + k(qT

a CQb)(q̄dγµγ5CQ̄T
e )

]
Pseudoscalar 0− εabcεdec

[
(qT

a Cγ5Qb)(q̄dCQ̄T
e ) + k(qT

a CQb)(q̄dγ5CQ̄T
e )

]
Vector 1− εabcεdec

[
(qT

a Cγ5Qb)(q̄dγµγ5CQ̄T
e ) + k(qT

a CQb)(q̄dγµCQ̄T
e )

]

Table 3: Interpolating currents describing the X(5568)-like states.
M ≡ D(resp. B) and Q ≡ c(resp. b).

Nature JP Current

Molecule
M̄K 0+ (Q̄ iγ5 u)(d̄ iγ5 s)
M̄sπ 0+ (Q̄ iγ5 s)(d̄ iγ5 u)
M̄∗K 1+ (Q̄ iγµ u)(d̄ iγ5 s)
M̄∗sπ 1+ (Q̄ iγµ s)(d̄iγ5 u)
Four-quark

1− (sT Cγ5 u)(Q̄ γµγ5C d̄T ) + k(sT C u)(Q̄ γµ C d̄T )
1+ (sT Cγ5 u)(Q̄ γµC d̄T ) + k(sT C u)(Q̄ γµγ5C d̄T )
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• Spectral function within MDA
We shall use the Minimal Duality Ansatz (MDA) for
parametrizing the spectral function:

1
π

ImΠmol(t)'f 2
H M8

Hδ(t−M2
H)+“QCD continuum”θ(t− tc),

(4)
where fH is the decay constant defined as:

〈0|Omol|H〉= fH M4
H , 〈0|Oµmol|H〉= fH M5

Hεµ, (5)

respectively for spin 0 and 1 states with εµ the (axial-)
vector polarization. Noting that in the previous defini-
tion in Tables 1–3, the bilinear (pseudo)scalar current
acquires an anomalous dimension due to its normaliza-
tion, thus the decay constants run to order α2

s as 4:

f (s,p)
mol (µ) = f̂ (s,p)

mol (−β1as)4/β1 /r2
m ,

f (1)
mol(µ) = f̂ (1)

mol (−β1as)2/β1 /rm , (6)

where we have introduced the renormalization group in-
variant coupling f̂mol; −β1 = (1/2)(11 − 2n f /3) is the
first coefficient of the QCD β-function for n f flavours
and as ≡ (αs/π). The QCD corrections numerically
read;

rm(n f = 4) = 1 + 1.014as + 1.389a2
s ,

rm(n f = 5) = 1 + 1.176as + 1.501a2
s . (7)

The higher order states contributions are smeared by the
“QCD continuum” coming from the discontinuity of the
QCD diagrams and starting from a constant threshold
√

tc.

• NLO and N2LO PT corrections using factorization
Assuming a factorization of the four-quark interpo-

lating current as a natural consequence of the molecule
definition of the state, we can write the corresponding
spectral function as a convolution of the ones associated
to quark bilinear current. In this way, we obtain [19] for
the D̄D∗ and D̄∗0D∗-like spin 1 states:

1
π

ImΠ
(1)
mol(t) = θ(t − 4M2

Q)
(

1
4π

)2

t2
∫ (

√
t−MQ)2

M2
Q

dt1

∫ (
√

t−
√

t1)2

M2
Q

dt2

×λ3/2 1
π

ImΠ(1)(t1)
1
π

Imψ(s,p)(t2) . (8)

For the D̄D spin 0 state, one has:

1
π

Imψ(s)
mol(t)=θ(t − 4M2

Q)
(

1
4π

)2

t2
∫ (

√
t−MQ)2

M2
Q

dt1

∫ (
√

t−
√

t1)2

M2
Q

dt2

×λ1/2
( t1

t
+

t2
t
− 1

)2 1
π

Imψ(p)(t1)
1
π

Imψ(p)(t2), (9)

4The coupling of the (pseudo)scalar molecule built from two
(axial)-vector currents has no anomalous dimension and does not run.

and for the D̄∗D∗ spin 0 state:

1
π

Imψ(s)
mol(t)=θ(t − 4M2

Q)
(

1
4π

)2

t2
∫ (

√
t−MQ)2

M2
Q

dt1

∫ (
√

t−
√

t1)2

M2
Q

dt2

×λ1/2 ×

[( t1
t

+
t2
t
− 1

)2
+

8t1t2
t2

]
×

1
π

ImΠ(1)(t1)
1
π

ImΠ(1)(t2), (10)

where:

λ =

1 −
(√

t1 −
√

t2
)2

t


1 −

(√
t1 +
√

t2
)2

t

 , (11)

is the phase space factor and MQ is the on-shell heavy
quark mass. ImΠ(1)(t) is the spectral function associated
to the bilinear c̄γµ(γ5)q (axial-)vector current, while
Imψ(s,p)(t) is associated to the c̄i(γ5)q (pseudo)scalar
current5. We shall assume that a such factorization also
holds for four-quark states.

• The inverse Laplace transform sum rule (LSR)

The LSR and its ratio read:

Lmol(τ, tc, µ) =
1
π

∫ tc

4M2
Q

dt e−tτIm{Πmol;ψmol}(t, µ), (12)

Rmol(τ, tc, µ)=

∫ tc
4M2

Q
dt t e−tτIm{Πmol;ψmol}(t, µ)∫ tc

4M2
Q
dt e−tτIm{Πmol;ψmol}(t, µ)

'M2
R,

(13)
where µ is the subtraction point which appears in the
approximate QCD series when radiative corrections are
included and τ is the sum rule variable replacing q2.

• Double ratios of inverse Laplace transform sum rule

Double Ratios of Sum Rules (DRSR) [9, 10, 20–29]
are also useful for extracting the SU3 breaking effects
on couplings and mass ratios. They read:

f sd
mol ≡

Ls
mol(τ, tc, µ)

Ld
mol(τ, tc, µ)

, rsd
mol ≡

Rs
mol(τ, tc, µ)

Rd
mol(τ, tc, µ)

, (14)

where the upper indices s, d indicates the s and d quark
channels. These DRSR can be used when each sum rule
optimizes at the same values of the parameters (τ, tc, µ).

5In the chiral limit mq = 0, the PT expressions of the vector (resp.
scalar) and axial-vector (resp. pseudoscalar) spectral functions are the
same.
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• Stability criteria and some phenomenological tests

The variables τ, µ and tc are, in principle, free exter-
nal parameters. We shall use stability criteria (if any)
with respect to these free 3 parameters, for extracting
the optimal results. In the standard MDA given in Eq. 4
for parametrizing the spectral function, the “QCD con-
tinuum” threshold

√
tc is constant and is independent

on the subtraction point µ. One should notice that this
standard MDA with constant

√
tc describes quite well

the properties of the lowest ground state as explicitly
demonstrate in [30] and in various examples [9, 10] af-
ter confronting the integrated spectral function within
this simple parametrization with the full data measure-
ments. It has been also successfully tested in the large
Nc limit of QCD in [31]. Though it is difficult to esti-
mate with a good precision the systematic error related
to this simple model for reproducing accurately the data,
we expect that the same feature is reproduced for the
case of the XYZ discussed here where complete data
are still lacking.

3. QCD input parameters

The QCD parameters which shall appear in the fol-
lowing analysis will be the charm and bottom quark
masses mc,b, the strange quark mass ms (we shall ne-
glect the light quark masses mu,d), the light quark
condensate 〈q̄q〉 (q ≡ u, d), the gluon condensates
〈αsG2〉 ≡ 〈αsGa

µνG
µν
a 〉 and 〈g3G3〉 ≡ 〈g3 fabcGa

µνG
b
νρG

c
ρµ〉,

the mixed condensate 〈q̄Gq〉 ≡ 〈q̄gσµν(λa/2)Ga
µνq〉 =

M2
0〈q̄q〉 and the four-quark condensate ραs〈q̄q〉2, where

ρ ' 3 − 4 indicates the deviation from the four-quark
vacuum saturation. Their values are given in Table 4
and more recently in [32]. The original errors on κ ≡
〈s̄s〉/〈d̄d〉 have been enlarged to take into account the
lattice result [33] which needs to be checked by some
other groups. We shall work with the running light
quark condensates, which read to leading order in αs:

〈q̄q〉(τ) = −µ̂3
q (−β1as)2/β1 ,

〈q̄Gq〉(τ) = −M2
0 µ̂

3
q (−β1as)1/3β1 , (15)

and the running quark mass to NLO (for the number of
flavours n f = 3)

ms(τ) = m̂s(−β1as)−2/β1 (1 + 0.8951as), (16)

where µ̂q and m̂s is the spontaneous RGI light quark
condensate [34] and strange quark mass.

Table 4: QCD input parameters:the original errors for 〈αsG2〉, 〈g3G3〉

and ρ〈q̄q〉2 have been multiplied by about a factor 3 for a conservative
estimate of the errors (see also the text).

Parameters Values Ref.

αs(Mτ) 0.325(8) [35–38]
m̂s (0.114 ± 0.006) GeV [9, 20, 22, 35, 39–41]
mc(mc) 1261(12) MeV average [42–48]
mb(mb) 4177(11) MeV average [42–46]
µ̂q (253 ± 6) MeV [9, 20, 22, 39–41]
κ ≡ 〈s̄s〉/〈d̄d〉 (0.74+0.34

−0.12) [9, 27, 28]
M2

0 (0.8 ± 0.2) GeV2 [21, 49–53]
〈αsG2〉 (7 ± 3) × 10−2 GeV4 [23, 35, 43–45, 54–58]
〈g3G3〉 (8.2 ± 2.0) GeV2 × 〈αsG2〉 [43–45]
ραs〈q̄q〉2 (5.8 ± 1.8) × 10−4 GeV6 [35, 49–51, 54]

4. QCD expressions of the spectral functions

In our works [1–3], we provide new compact inte-
grated expressions of QCD spectral functions at LO of
PT QCD and including non-perturbative (NP) conden-
sates having dimensions d ≤ 6−8. NLO and N2LO cor-
rections are introduced using the convolution integrals
in Eq. 8. The expressions of the QCD spectral func-
tions of heavy-light bilinear currents are known to or-
der αs (NLO) from [59] and to order α2

s (N2LO) in the
chiral limit mq = 0 from [60, 61] which are available
as a Mathematica program named Rvs. We shall use
the SU3 breaking PT corrections at NLO [62] from the
two-point function formed by bilinear currents. N3LO
corrections are estimated from a geometric growth of
the QCD PT series [63] as a source of PT errors, which
we expect to give a good approximation of the uncalcu-
lated higher order terms dual to the 1/q2 contribution of
a tachyonic gluon mass [64, 65].

In our analysis, we replace the on-shell (pole) mass
appearing in the spectral functions with the running
mass using the relation, to order α2

s [9–11]:

MQ = mQ(µ)
[
1 +

4
3

as + (16.2163 − 1.0414nl)a2
s

+Log
(
µ

MQ

)2 (
as + (8.8472 − 0.3611nl)a2

s

)
+Log2

(
µ

MQ

)2

(1.7917 − 0.0833nl) a2
s ...

]
,(17)

for nl light flavours where µ is the arbitrary subtraction
point.

5. Tests of the Factorization Assumption

• Factorization test for PT⊕NP contributions at LO
From our previous work [2, 16], we have noticed that

assuming a factorization of the PT at LO and including



Albuquerque et al. / Nuclear and Particle Physics Proceedings 00 (2018) 1–10 5

Figure 1: (a) Factorized contribution to the four-quark correlator at lowest
order of PT; (b) Non-factorized contribution at lowest order of PT (the figure
comes from [19]).

NP contributions induces an effect about 2.2% for the
decay constant and 0.5% for the mass, which is quite
tiny. However, we shall work in the following with the
full non-factorized PT⊕NP of the LO expressions.

• Test at NLO of PT from the B̄0B0 four-quark correlator

Figure 2: (a,b) Factorized contribution to the four-quark correlator at NLO of
PT; (c to f) Non-factorized contribution at NLO of PT (the figure comes from
[19]).

For extracting the PT αn
s corrections to the corre-

lator and due to the technical complexity of the cal-
culations, we shall assume that these radiative correc-
tions are dominated by the ones from factorized dia-
grams while we neglect the ones from non-factorized di-
agrams. This fact has been proven explicitly by [66, 67]
in the case of B̄0B0 systems (very similar correlator as
the ones discussed in the following) where the non-
factorized αs corrections do not exceed 10% of the total
αs contributions

• Conclusions of the factorization tests
We expect from the previous LO examples that the

masses of the molecules are known with a good ac-
curacy while, for the coupling, we shall have in mind
the systematics induced by the radiative corrections es-
timated by keeping only the factorized diagrams where
their contributions will be extracted from the convolu-
tion integrals given in Eq. 5. Here, the suppression of

the NLO corrections will be more pronounced for the
extraction of the meson masses from the ratio of sum
rules compared to the case of the B̄0B0 systems.

6. Molecules and four-quark states

We shall study the charm channels and their beauty
analogue in chiral limit (resp. SU3 breaking). As the
analysis will be performed using the same techniques,
we shall illustrate it in the case of D̄D (resp. D̄sDs).
The results are given in Tables 5 to 7 (resp. Tables 8 to
10) for the chiral limit (resp. SU3 breaking) case.

• D̄D state in chiral limit

We study the behavior of the coupling6 and mass in
term of LSR variable τ for different values of tc at N2LO
as shown in Fig. 3. We consider as final and conserva-

0.1 0.2 0.3 0.4 0.5 0.6

160

180

200

220

240

260

280

300

Τ @GeV-2D

f D
D
@k
e
V
D

32

23

tc@GeV
2D Μ = 4.5 GeV

0.1 0.2 0.3 0.4 0.5
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5.0
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M
D
D
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e
V
D

32
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tc@GeV
2D Μ = 4.5 GeV

a) b)

Figure 3: a) The coupling fDD at N2LO as function of τ for different values
of tc, for µ = 4.5 GeV and for the QCD parameters in Table 4; b) The same as
a) but for the mass MDD.

tive results the one corresponding to the beginning of
the τ stability for tc = 23 GeV2 and τ ' 0.25 GeV−2 un-
til the one where tc stability is reached for tc ' 32 GeV2

and τ ' 0.35 GeV−2.

– Convergence of the PT series
Using the previous value of tc ' 32 GeV2, we study in
Fig. 4 the convergence of the PT series for a given value
of µ = 4.5 GeV. We observe that from NLO to N2LO,
the mass decreases by ∼ 0.1%. This result indicates a
good convergence of the PT series.

– µ-stability
We improve our previous results by using different val-
ues of µ (Fig. 5). Using the fact that the final results
must be independent of the arbitrary parameter µ, we
consider as optimal results the one at the inflexion point
for µ ' (4.0 − 4.5) GeV.

6Here and in the following: decay constant is the same as coupling
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Table 5: D̄D-like molecules masses, invariant and running couplings from LSR within stability criteria at LO to N2LO of PT. The invariant coupling
f̂X is defined in Eq. 6.

Nature f̂X [keV] fX (4.5) [keV] Mass [MeV] Threshold Exp.
LO NLO N2LO LO NLO N2LO LO NLO N2LO

JPC = 0++ –
D̄D 56 60 62(6) 155 164 170(15) 3901 3901 3898(36) 3739
D̄∗D∗ – – – 269 288 302(47) 3901 3903 3903(179) 4020
D∗0D∗0 – – – – 97 114(18) – 4003 3954(223) 4636
D̄1D1 – – – – 236 274(37) – 3838 3784(56) –

JPC = 1+± Xc,Zc
D̄∗D 87 93 97(10) 146 154 161(17) 3901 3901 3903(62) 3880
D̄∗0D1 – – – – 96 112(17) – 3849 3854(182) 4739

JPC = 0−± –
D̄∗0D 68 88 94(7) 190 240 257(19) 5956 5800 5690(140) 4188
D̄∗D1 – – – 382 490 564( 38) 6039 5898 5797(141) 4432

JPC = 1−− Yc
D̄∗0D∗ 112 143 157(10) 186 238 261(17) 6020 5861 5748(101) 4328
D̄D1 98 126 139(13) 164 209 231(21) 5769 5639 5544(162) 4291
JPC = 1−+ Yc
D̄∗0D∗ 105 135 150(13) 174 224 249(22) 6047 5920 5828(132) 4328
D̄D1 97 128 145(15) 162 213 241(25) 5973 5840 5748 (179)) –
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• D̄D-SU3 breaking (D̄sDs)
The analysis of the µ subtraction point is very similar

to the previous one and will not be repeated here. Using
the optimal choice µ = 4.5 GeV obtained previously, we
study the behaviour of the coupling and mass in term of
LSR variable τ for different values of tc at NLO (see
Fig. 6).

– SU3 ratios of masses and couplings
We study the behaviour of the SU3 ratios of cou-

plings ( f sd
DD) and masses (rsd

DD) in terms of LSR vari-
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able τ for different values of tc at NLO as shown in
Fig. 7. We consider as an optimal estimate the mean
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value of the coupling, mass and their SU3 ratios ob-
tained at the minimum or inflexion point for the com-
mon range of tc-values (

√
tc ' 4.8 + 2ms GeV for

τ ' (0.28 ± 0.02) GeV−2) corresponding to the start-
ing of the τ-stability and the one where (almost) tc-
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Table 6: B̄B-like molecules masses, invariant and running couplings from LSR within stability criteria from LO to N2LO of PT. The invariant
coupling f̂X is defined in Eq. 6.

Nature f̂X [keV] fX (5.5) [keV] Mass [MeV] Threshold Exp.
LO NLO N2LO LO NLO N2LO LO NLO N2LO

JPC = 0++ –
B̄B 4.0 4.4 5(1) 14.4 15.6 17(4) 10605 10598 10595(58) 10559
B̄∗B∗ – – – 27 30 32(5) 10626 10646 10647(184) 10650
B∗0B∗0 2.1 3.2 4(1) 7.7 11.3 14(4) 10653 10649 10648(113) –
B̄1B1 – – – – 20 28.6(4) – 10514 10514(149) –

JPC = 1+± Xb,Zb
B̄∗B 7 8 9(3) 14 16 17(5) 10680 10673 10646(150) 10605
B̄∗0B1 4 6 7(1) 8 11 14(2) 10670 10679 10692(132) –

JPC = 0−± –
B̄∗0B 11 16 20(3) 39 55 67(10) 12930 12737 12562(260) –
B̄∗B1 – – – 71 105 136(19) 12967 12794 12627(225) 11046

JPC = 1−− Yb
B̄∗0B∗ 21 29 35(6) 39 54 66(11) 12936 12756 12592(266) –
B̄B1 21 29 35(7) 39 54 65(12) 12913 12734 12573(257) 11000
JPC = 1−+ Yb
B̄∗0B∗ 20 29 34(4) 38 54 64(8) 12942 12774 12617(220) –
B̄B1 20 29 35(5) 37 53 65(9) 12974 12790 12630(236) 11000

Table 7: Four-quark masses, invariant and running couplings from LSR within stability criteria from LO to N2LO of PT. The decay constant is
evaluated at 4.5 (resp. 5.5) GeV for the c (resp. b) channel. The invariant coupling f̂X is defined in Eq. 6.

Nature f̂X [keV] fX [keV] Mass [MeV] Exp.
LO NLO N2LO LO NLO N2LO LO NLO N2LO

c-quark
S c(0+) 62 67 70(7) 173 184 191(20) 3902 3901 3898(54) –
Ac(1+) 100 106 112(18) 166 176 184(30) 3903 3890 3888(130) Xc,Zc
πc(0−) 84 106 113(5) 233 292 310(13) 6048 5872 5750(127) –
Vc(1−) 123 162 178(11) 205 268 296(19) 6062 5904 5793(122) Yc

b-quark
S b(0+) 4.6 5.0 5.3(1.1) 16 17 19(4) 10652 10653 10654(109) –
Ab(1+) 8.7 9.5 10(2) 16 18 19(3) 10730 10701 10680(172) Zb
πb(0−) 18 23 27(3) 62 83 94(11) 13186 12920 12695(254) –
Vb(1−) 24 33 40(5) 45 62 75(9) 12951 12770 12610(242) Yb

stability (
√

tc ' 6.7 + 2ms GeV) is reached for τ '
(0.38 ± 0.02) GeV−2.

7. Confrontation with some LO results and data

• Comparison with some previous LO QSSR results

The comparison is only informative as it is known that
the LO results suffer from the ill-defined definition of
the heavy quark mass used in the analysis at this order.
Most of the authors (see e.g [68–72]) use the running
mass value which is not justified when one implicitly
uses the QCD expression obtained within the on-shell
scheme. The difference between some results is also due
to the way for extracting the optimal information from
the analysis. Here we use well-defined stability crite-
ria verified from the example of the harmonic oscillator
in quantum mechanics and from different well-known
hadronic channels [9, 10].

• Confrontation with experiments

We conclude from the previous analysis that:
– For the chiral limit case, one can notice that the masses
of the JP = 0+, 1+ states are most of them below the cor-
responding DD, BB-like thresholds and are compatible
with some of the observed XZ masses, suggesting that
these states can be interpreted as almost pure molecules
or/and four-quark states.
– The masses predictions of D̄D, and D̄∗D∗ molecules
are compatible with the 0++ Zc(3900) experimental can-
didate .
– The interpretation of the 0++ candidates as pure four-
quark ground states is not favoured by our result.
– The 0++ X(4700) experimental candidate might be
identified with a D̄∗s0D∗s0 molecule ground state.
– The 1++ X(4147) and X(4273) are compatible within
the error with the one of the D̄∗sDs molecule state and
with the one of the axial-vector Ac four-quark state.
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Table 8: D̄D-like molecules couplings, masses and their corresponding SU3 ratios from LSR within stability criteria at NLO to N2LO of PT.

Channels f sd
M ≡ fMs / fM fMs (4.5) [keV] rsd

M ≡ MMs /MM MMs [MeV]
NLO N2LO NLO N2LO NLO N2LO NLO N2LO

Scalar(0++)
D̄sDs 0.95(3) 0.98(4) 156(17) 167(18) 1.069(4) 1.070(4) 4169(48) 4169(48)
D̄∗s D∗s 0.93(3) 0.95(3) 265(31) 284(34) 1.069(3) 1.075(3) 4192(200) 4196(200)
D̄∗s0D∗s0 0.88(6) 0.89(6) 85(12) 102(14) 1.069(69) 1.058(68) 4277(134) 4225(132)
D̄s1Ds1 0.906(33) 0.930(34) 209(28) 229(31) 1.097(7) 1.090(7) 4187(62) 4124(61)

Axial(1+±)
D̄∗s Ds 0.93(3) 0.97(3) 143(16) 156(17) 1.070(4) 1.073(4) 4174(67) 4188(67)
D̄∗s0Ds1 0.90(1) 0.82(1) 87(14) 110(18) 1.119(24) 1.100(24) 4269(205) 4275(206)
Pseudo(0−±)
D̄∗s0Ds 0.94(5) 0.90(4) 225(24) 232(25) 0.970(50) 0.946(40) 5604(223) 5385(214)
D̄∗s Ds1 0.93(4) 0.90(4) 455(34) 508(38) 0.970(50) 0.972(34) 5724(195) 5632(192)
Vector(1−−)
D̄∗s0D∗s 0.87(4) 0.86(4) 208(11) 216(11) 0.980(33) 0.956(32) 5708(184) 5571(180)
D̄sDs1 0.97(3) 0.93(3) 202(12) 213(13) 0.970(33) 0.951(31) 5459(122) 5272(120)
Vector(1−+)
D̄∗s0D∗s 0.98(5) 0.92(5) 219(17) 231(18) 0.963(32) 0.948(32) 5699(184) 5528(179)
D̄sDs1 0.92(3) 0.88(3) 195(13) 212(14) 0.959(34) 0.955(34) 5599(155) 5487(152)

Table 9: B̄B-like molecules couplings, masses and their corresponding SU3 ratios from LSR within stability criteria at NLO to N2LO of PT. The *
indicates that the value does not come from a direct determination.

Channels f sd
M ≡ fMs / fM fMs (5.5) [keV] rsd

M ≡ MMs /MM MMs [MeV]
NLO N2LO NLO N2LO NLO N2LO NLO N2LO

Scalar(0++)
B̄sBs 1.04(4) 1.15(4) 17(2) 20(2) 1.027(4) 1.029(4) 10884(74) 10906(74)
B̄∗s B∗s 1.00(3) 1.12(3) 31(5) 36(6) 1.028(5) 1.029(5) 10944(134) 10956(134)
B̄∗s0B∗s0 1.11(5) 1.07(5) 13(3) 17(4) 1.050(11) 1.034(11) 11182(227) 11014(224)
B̄s1Bs1 1.197(73) 1.214(74) 24(5) 29(6) 1.040(2) 1.035(2) 10935(170) 10882(169)

Axial(1+±)
B̄∗s Bs 1.01(3) 1.18(4) 16.7(2) 20(2) 1.028(4) 1.030(4) 10972(195) 10972(195)
B̄∗s0Bs1 0.80(4) 0.79(4) 9.1(2.2) 10.7(2.6) 1.052(14) 1.031(14) 11234(208) 11021(204)
Pseudo(0−±)
B̄∗s0Bs 1.06(3) 1.02(3) 58(3) 68(4) 1.00(3)* 1.00(3)* 12725(217) 12509(213)
B̄∗s Bs1 0.96(4) 0.95(4) 100(11) 118(13) 1.00(3)* 1.00(3)* 12726(295) 12573(292)
Vector(1−−)
B̄∗s0B∗s 0.95(3) 0.90(3) 51(4) 59(5) 1.00(3)* 0.99(3)* 12715(267) 12512(263)
B̄sBs1 0.83(4) 0.77(3) 45(3) 50(3) 0.99(3)* 0.99(3)* 12615(236) 12426(233)
Vector(1−+)
B̄∗s0B∗s 0.94(3) 0.92(3) 51(5) 59(6) 1.00(3)* 0.99(3)* 12734(262) 12479(257)
B̄sBs1 0.89(4) 0.85(3) 48(5) 55(6) 0.99(3)* 0.98(3)* 12602(247) 12350(242)

– Our predictions suggest the presence of 0++ D̄sDs and
D̄∗sD∗s molecule states in the range (4121 ∼ 4396) MeV
and a D̄∗s0Ds1 state around 4841 MeV.
– The predictions for the JP = 0−, 1− non-strange states
are about 1.5 GeV higher than the observed Yc mesons
masses and (1.7 ∼ 2.6) GeV higher than the observed
Yb ones. Our reults do not favor their interpretation as
pure molecule or/and four-quark states.
– We also present new predictions for the 0−±, 1−± and
for different beauty states which can be tested in future
experiments.

8. B̄K and (Qq)(us)-like states and the X(5568)

In [3], we have also studied the X hadron formed
by 3 light quarks uds and one heavy quark Q ≡ c, b

using the same approach as above by assuming that it
is a molecule or four-quark state. We have included
NLO and N2LO PT corrections and the contributions
of condensates of dimension d ≤ 7. Our results are
summarized in Table 11. Contrary to previous claims
in the sum rule literature, our results do not favour a
BK, B∗K or Bsπ molecule or four-quark (bu)(ds) state
having a mass around 5568 MeV observed by D0 [73]
but not confirmed by LHCb [74]. We also predict the
corresponding state in the c-quark channel where the
D∗s0(2317) seen by BABAR [75] in the Dsπ invariant
mass, expected to be an isoscalar-scalar state with a
width less than 3.8 MeV [46] could be a good candidate
for one of such states. From our analysis, one may sug-
gest an experimental scan of the regions (2327 ∼ 2444)
MeV and (5173 ∼ 5226) MeV for detecting these un-
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Table 10: Four-quark couplings, masses and their corresponding SU3 ratios from LSR within stability criteria at NLO and N2LO of PT. The *
indicates that the value does not come from a direct determination. The decay constant is evaluated at 4.5 (resp. 5.5) GeV for the c (resp. b)
channel.

Channels f sd
M ≡ fMs / fM fMs [keV] rsd

M ≡ MMs /MM MMs [MeV]
NLO N2LO NLO N2LO NLO N2LO NLO N2LO

c-quark
S sc(0+) 0.91(4) 0.98(4) 161(17) 187(19) 1.085(11) 1.086(11) 4233(61) 4233(61)
Asc(1+) 0.80(4) 0.87(4) 141(15) 160(17) 1.081(4) 1.082(4) 4205(112) 4209(112)
πsc(0−) 0.88(7) 0.86(7) 256(29) 267(30) 0.97(3)* 0.96(3)* 5671(181) 5524(176)
Vsc(1−) 0.91(10) 0.87(10) 245(31) 258(33) 0.96(4)* 0.96(4)* 5654(239) 5539(234)

b-quark
S sb(0+) 0.78(3) 0.83(3) 22(5) 26(6) 1.044(4) 1.048(4) 11122(149) 11133((149)
Asb(1+) 0.92(3) 0.98(3) 22(4) 26(5) 1.042(6) 1.046(6) 11150(172) 11172(172)
πsb(0−) 0.80(7) 0.76(4) 66(12) 71(13) 0.985(2)* 0.975(2)* 12730(215) 12374(209)
Vsb(1−) 0.97(6) 0.90(6) 64(8) 68(9) 0.996(3)* 0.984(30)* 12716(272) 12411(266)

Table 11: B̄K− and (cu)(ds))-like masses and couplings from LSR at N2LO. The running coupling fX is evaluated at 2-2.5 (resp. 4.5) GeV for the
c (resp. b) channel. The invariant coupling f̂X is defined in Eq. 6.

Nature JP Mass [MeV] f̂X [keV] fX (4.5) [keV]
b-quark channel
Molecule
B̄∗K 1+ 5186 ± 13 4.48 ± 0.92 8.02 ± 1.64
B̄K 0+ 5195 ± 15 2.58 ± 0.55 8.26 ± 1.76
B̄∗sπ 1+ 5198 ± 17 5.32 ± 0.87 9.51 ± 1.55
B̄sπ 0+ 5202 ± 24 3.04 ± 0.54 9.74 ± 1.74
Four-quark (bu)(ds)
Ab 1+ 5186 ± 16 5.05 ± 1.03 9.04 ± 1.84
S b 0+ 5196 ± 17 2.98 ± 0.57 9.99 ± 1.90

c-quark channel
Molecule
D̄∗K 1+ 2395 ± 44 155 ± 29 226 ± 42
D̄K 0+ 2402 ± 42 139 ± 24 254 ± 48
D̄∗sπ 1+ 2401 ± 48 206 ± 31 277 ± 41
D̄sπ 0+ ±36 ±24 ±46
Four-quark (cu)(ds)
Ac 1+ 2400 ± 46 192 ± 37 260 ± 50
S c 0+ 2395 ± 67 122 ± 21 221 ± 39

mixed (cu)ds and (bu)ds exotic hadrons (if any) via
eventually their radiative or π+ hadrons decays.

9. Conclusion

We have presented improved predictions of QSSR
for the masses and couplings of molecules and four-
quarks states at N2LO of PT series and including non-
perturbative contributions of condensates up to dimen-
sion d 6 6. We can see a good convergence of the
PT series after including higher order corrections which
confirms the veracity of our results. For the charm
(resp. bottom) channels, our predictions for molecules
and four-quark vector non-strange states are too high
compared with the observed Yc(4140) to Yc(4660) (resp.
Yb(9898, 10260, 10870)). We can also notice that the
SU3 breakings are tiny for the masses (6 10 (resp. 3)%)
for the charm (resp. bottom) channels but can be large
for the couplings (6 20%). This can be understood as

in the ratios of sum rules, the corrections tend to can-
cel out. Our analysis has been done within stability
criteria with respect to the LSR variable τ, the QCD
continuum threshold

√
tc and the subtraction constant

µ which have provided successful predictions in dif-
ferent hadronic channels [9, 10]. The optimal values
of the masses and couplings have been extracted at the
same value of these parameters where the stability ap-
pears as an extremum and/or inflection points. We do
not include higher dimension condensates contributions
(which are not under good control) in our estimate but
only consider them as a source of errors. This work is
an improvement of all existing previous LO results in
the literature from QCD spectral sum rules on XYZ like
masses and couplings. We expect that future experimen-
tal data and/or lattice results will check our predictions.
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