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1- Phase space representation  

We consider the example of one dimension quantum mechanics. For a quantum state |�� of a particle we can have the 

coordinate representation, the momentum representation and the phase space representation.  

 

� Coordinate representation  

|�� = �|�� ��|���� = ��	�
|�� ��	 
� Momentum  representation  

|�� = �|�� ��|���� = ��	�
|�� ��	 
   The wavefunctions �	�
 and �	�
 are linked by a Fourier Transforms 

�	�
 = ��|�� = 1√2�ℏ���|����|�� �� = 1√2�ℏ������ℏ �	�
 �� 

� Phase space  representation (coordinate and momentum conjoint representation) 

The phase space representation is a coordinate-momentum conjoint representation taking into account the Heisenberg 

uncertainty relation (and saturate it). In this representation: 

���
��|�� =�Ψ	�,  , !, "
	|�,  , !, "�# =$Ψ	�,  , !,"
	|�,  , !, "�� �!2�ℏ 												
Ψ	�,  , !, "
 = ���,  , !,"|����|�� �� = � %&	'�(√)*
+2&�!√2�*�	�
��-�./0* 1

0��2�ℏ �� *" = ℏ2 
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���
����,  , !,"|3|�,  , !,"� =  																																																																��,  , !, "|4|�,  , !,"� = !																																																																5�,  , !, "6	3 −  
86�,  , !, "9 = 	2� + 1
	*
) = 	2� + 1
;5�,  , !,"6	4 − !
86�,  , !,"9 = 	2� + 1
	"
) = 	2� + 1
ℬ										 *" = ℏ2 ⟺ ;ℬ = 	ℏ2
) 

  , !, 	2� + 1
;, 	2� + 1
ℬ	 are respectively the means values and statistical dispersions (variances) of the coordinate and 

momentum operators 3 and 4 in the state |�,  , !,"�. The standard deviation (uncertainty)   * = √;  and " = √ℬ  relative 

to the state |0,  , !,"� corresponds to a minimalization in the Heisenberg uncertainty relation. The states |�,  , !,"� are the 

eigenstates of the momentum dispersion operator ℶ@ 

 ℶ@ = 12 [	4 − !
8 + 4	ℬℏ
)	3 −  
8] ⇒ ℶ@|�,  , !,"� = 	2� + 1
ℬ|�,  , !,"� 
  

A E −dimensional generalization can be performed. The basis {	6{�G}, { G}, {!G}, {"GI}9} of the space states defining this 

generalization can be defined by the relation  
  

5{�G}6{�G}, { G}, {!G}, {"GI}9 = 1[2���J	ℬGI
]K/M 	N%&O[√2"IG	�I −  I
]+2&O�G!	 
P�K
GQR ��ℬOS	'O�(O
	'S�(S
��2O�Oℏ  

���
�� 5{�G}, { G}, {!G}, {"GI}63T6{�G}, { G}, {!G}, {"GI}9 =  T																																																			5{�G}, { G}, {!G}, {"GI}64T6{�G}, { G}, {!G}, {"GI}9 = !T																																																				5{�G = 0}, { G}, {!G}, {"GI}6	4T − !T
	4U − !U
6{�G = 0}, { G}, {!G}, {"GI}9 = ℬTU	5{�G = 0}, { G}, {!G}, {"GI}6	3T −  T
	3U −  U
6{�G = 0}, { G}, {!G}, {"GI}9 = ;TU

 

 ;GTℬTI = 14VIG	ℏ
) *TG"IT = 12VIGℏ 
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2- Field equation and fermions states in phase space representation  

In framework of quantum field theory, the well-known equation for free fermionic field is the Dirac equation 
 	WXG YY�G −Z
[\\\] = 0 

The expression of the field [\\\] is  
 

[\\\]	�
 = �� �^�_	2�
^`	�_

)

aQK [ba	�_
c\]a	�_
���dO'O + eaf	�_
g]a	�_
��dO'O] h{ba	�_
, baif 	�_′
} = 	2�
^VaaiV	�_ − �_′
{ba	�_
, eaif 	�_′
} = 	2�
^VaaiV	�_ − �_′
 
 k	XG�G −Z
c\]l	�\_
 = 0	XG�G +Z
g]l	�\_
 = 0 

 

This field equation can be seen as a momentum representation decomposition of the field operator. A possible expression for 

a phase space representation is (the ℬGI being the momentum dispersion, i.e statistical variance-covariance, tensor ) 
 

[\\\]	�
 = ���^!\_�^ _	2�
^)
aQK [ba	!\_,  _, ℬGI
ca	!\_,  _, ℬGI
���mO'O + eaf	!\_,  _, ℬGI
ga	!\_,  _, ℬGI
��mO'O]��ℬOS	'O�(O
	'S�(S
 

  

this expression stands if the field equation is (the Dirac equation is recovered in the limit   ℬGI → 0) 

  [W	XG YY�G + 2ℬGI�I
 − Z][\\\] = 0 

and we have  

 oG = !G + 2WℬGI I ⇒ k	XGoG −Z
c\]l	!\_,  \_, ℬpq
 = 0	XGoG∗ +Z
g]l	!\_,  \_, ℬpq
 = 0 	⇒ 	XGoG
	XIoI∗
 = Z) ⇔ ktGI	!G!I + 4ℬGTℬIU T U
 = Z)	!GℬIT T − !IℬGT T
 = 0													 
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3- Linear canonical transformations and properties of elementary fermions of the Standard Model   

 The phase space representation provide a framework for the study of linear canonical transformation (LCT). And we have 

shown that the study on the spinorial representation of this transformations permits to deduce some of the properties of the 

elementary fermions of the Standard Model of Particle Physics. 
 

A linear canonical transformation can be defined as linear transformations mixing the momentum and coordinate operators 

and leaving invariant the canonical commutation relations. With the reduced centered operators, 

 

h 4u = √2vGI	4w − !I
3u = √2"GI	3w −  I
 ⇔ h4u = √2"GI4w + !G3u = √2*GI3w +  G 			*GT"TI = 12VGI ⇒ [4G , 3w]� = [4G , 3w]� = WtGI 

 

 corresponding to a pseudo-Euclidian space with signature 	E@, E�
, the definition is    

 

x4Gy = ΠGI4w + Θ|}3w																		3Gy = ΞG}4w + ΛGI3w																		�4Gy , 3Iy �� = �4G , 3I�� = WtGI ⟺ -Π ΞΘ Λ1� � 0 t−t 0� -Π ΞΘ Λ1 = � 0 t−t 0� ⟺ -Π ΞΘ Λ1 ∈ ��	2E@, 2E�
 
An LCT corresponds to an element of the pseudosymplectic group ��	2E@, 2E�
. A geometric parameterization is  

-Π ΞΘ Λ1 = ��U@G �@���� U�G� ⟺
���
�� �� = t�t	�� = t�t	p� = tpt				�� = −t�t	 ⟺ �� + p � + �� − � � − p� ∈ ��	2E@, 2E�
 = �W�	[��	2E@, 2E�
] 
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The LCTs corresponding to the case p = � = 0 may be seen as generalization of pseudo-orthogonal transformations (like 

Lorentz transformation) and Fractional Fourier transformations (rotations in coordinate –momentum planes). It can be 

established that they have a spinorial representation according to the following relations 
 � = �	�-U ��� U 1
 ⟺ h 	4y 3y
 = 	4 3
�-U ��� U 1					�G4uy + �G4uy = �	�G4u + �G3u
��K																																			 

� = �[��	�O�US�@�S�UO�
	�O�S@�O�S
@	�0	�O��S��O�S]			 
 

The operator � defining this spinorial representation is an element of the spin group ��W�	2E@, 2E�
. And the operators  �G 

and  �G  are the generators of the Clifford algebra ℭ	2E@, 2E�
 i.e. they verify the following anticommutation relations 
 

��G�I + �I�G = 2tGI�G�I + �I�G = 2tGI�G�I + �I�G = 0							 
 

For the case of 	E@, E�
 = 	1,4
  (pentadimensional theory), we may choose the following matrices representation 
 

���
���
���
�� �R = lK⊗lR⊗lR⊗lR⊗lR			�K = Wl^⊗lK⊗lR⊗lR⊗lR		�) = Wl^⊗l^⊗lK⊗lR⊗lR		�^ = Wl^⊗l^⊗l^⊗lK⊗lR		�M = Wl^⊗l^⊗l^⊗l^⊗lK		�R = l)⊗lR⊗lR⊗lR⊗lR			�K = −Wl^⊗l)⊗lR⊗lR⊗lR�) = −Wl^⊗l^⊗l)⊗lR⊗lR�^ = −Wl^⊗l^⊗l^⊗l)⊗lR�M = −Wl^⊗l^⊗l^⊗l^⊗l)

lK = -0 11 01 l) = -0 −WW 0 1 l^ = -1 00 −11 
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  If we then define the operators 

 

���
���
���
���R = W4 [�R, �R] = 12 W�R�R = −12l^⊗lR⊗lR⊗lR⊗lR
�K = W6 [�K, �K] = 13 W�K�K = −13lR⊗l^⊗lR⊗lR⊗lR
�) = W6 [�), �)] = 13 W�)�) = −13lR⊗lR⊗l^⊗lR⊗lR
�^ = W6 [�^, �^] = 13 W�^�^ = −13lR⊗lR⊗lR⊗l^⊗lR
�M = W6 [�M, �M] = 12 W�M�M = −12lR⊗lR⊗lR⊗lR⊗l^

 

 

and 

 

��
�
�� 	 ̂ = 12�R − 12�M																																¡¢ = �R +�K +�) +�^ +�M							£ = �R + 12�K + 12�) + 12�^										¤ = �K +�) + �^																												

£ =  ̂ + 12¡¢ = �R + 12¤ 

 

It can be observed (table in the next page) that the eigenvalues of the operators  ̂ , ¡¢	 and £ corresponds to the values of 

weak isospin, weak hypercharge and electric charge of a single fermion generation of the Standard Model.  The operator ¤  

has also some interesting properties related to the nature of the particles.
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N° ¥¦ ¥§ ¥8 ¥¨ ¥© ª¨ «¬  ® Particle 

1 −1/2 −1/3 −1/3 −1/3 −1/2 0 −2 −1 −1 ¯° 

2 −1/2 −1/3 −1/3 −1/3 1/2 −1/2 −1 −1 −1 ¯±  

3 −1/2 −1/3 −1/3 1/3 −1/2 0 −4/3 −2/3 −1/3 ²³µ́¶·¸ 

4 −1/2 −1/3 −1/3 1/3 1/2 −1/2 −1/3 −2/3 −1/3 ²³¹µ¶·¸ 

5 −1/2 −1/3 1/3 −1/3 −1/2 0 −4/3 −2/3 −1/3 ²³º́»¸¸& 

6 −1/2 −1/3 1/3 −1/3 1/2 −1/2 −1/3 −2/3 −1/3 ²³¹º»¸¸& 

7 −1/2 −1/3 1/3 1/3 −1/2 0 −2/3 −1/3 1/3 ¼»́¸½ 

8 −1/2 −1/3 1/3 1/3 1/2 −1/2 1/3 −1/3 1/3 ¼¹»¸½ 

9 −1/2 1/3 −1/3 −1/3 −1/2 0 −4/3 −2/3 −1/3 ²³»́¸½ 

10 −1/2 1/3 −1/3 −1/3 1/2 −1/2 −1/3 −2/3 −1/3 ²³¹»¸½ 

11 −1/2 1/3 −1/3 1/3 −1/2 0 −2/3 −1/3 1/3 ¼º́»¸¸& 

12 −1/2 1/3 −1/3 1/3 1/2 −1/2 1/3 −1/3 1/3 ¼¹º»¸¸& 

13 −1/2 1/3 1/3 −1/3 −1/2 0 −2/3 −1/3 1/3 ¼µ́¶·¸ 

14 −1/2 1/3 1/3 −1/3 1/2 −1/2 1/3 −1/3 1/3 ¼¹µ¶·¸ 

15 −1/2 1/3 1/3 1/3 −1/2 0 0 0 1 w¾° 

16 −1/2 1/3 1/3 1/3 1/2 −1/2 1 0 1 w¾± 
17 1/2 −1/3 −1/3 −1/3 −1/2 1/2 −1 0 −1 w± 
18 1/2 −1/3 −1/3 −1/3 1/2 0 0 0 −1 w° 

19 1/2 −1/3 −1/3 1/3 −1/2 1/2 −1/3 1/3 −1/3 ¼³±¿À²¯ 
20 1/2 −1/3 −1/3 1/3 1/2 0 2/3 1/3 −1/3 ¼³°¿À²¯ 
21 1/2 −1/3 1/3 −1/3 −1/2 1/2 −1/3 1/3 −1/3 ¼³±ÁÂ¯¯# 

22 1/2 −1/3 1/3 −1/3 1/2 0 2/3 1/3 −1/3 ¼³°ÁÂ¯¯# 

23 1/2 −1/3 1/3 1/3 −1/2 1/2 1/3 2/3 1/3 ²¹»¸½ 

24 1/2 −1/3 1/3 1/3 1/2 0 4/3 2/3 1/3 ²»́¸½ 

25 1/2 1/3 −1/3 −1/3 −1/2 1/2 1/3 1/3 −1/3 ¼³±Â¯¼ 

26 1/2 1/3 −1/3 −1/3 1/2 0 2/3 1/3 −1/3 ¼³°Â¯¼ 

27 1/2 1/3 −1/3 1/3 −1/2 1/2 1/3 2/3 1/3 ²¹º»¸¸& 

28 1/2 1/3 −1/3 1/3 1/2 0 4/3 2/3 1/3 ²º́»¸¸& 

29 1/2 1/3 1/3 −1/3 −1/2 1/2 1/3 2/3 1/3 ²¹µ¶·¸ 

30 1/2 1/3 1/3 −1/3 1/2 0 4/3 2/3 1/3 ²µ́¶·¸ 

31 1/2 1/3 1/3 1/3 −1/2 1/2 1 1 1 ¯±¾¾¾ 
32 1/2 1/3 1/3 1/3 1/2 0 2 1 1 ¯°¾¾¾ 

 

���
��
�� 	ª¨ = §8¥¦ − §8¥©																																«¬ = ¥¦ +¥§ +¥8 +¥¨ +¥©							 = ¥¦ + §8¥§ + §8¥8 + §8¥¨										® = ¥§ +¥8 +¥¨																												

 = ª¨ + §8«¬ = ¥¦ +§8® 

¥§, ¥8, ¥¨ describes colors. The eigenvalues of  ® are integer for leptons and 

fractional for quarks. Existence of right handed (sterile) neutrinos is suggested.
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The previous results show that all of these particles can be described with a unique spinor field  [\\\]  [\\\] = [ÃÄ_Å = [\\\]¯ +[\\\]² +[\\\]w ++[\\\]¼ = 	Æ¯ +Æ² +Æw +Æ¼
[\\\]	 
the index v	 run from 1 to 32. The elements Ä_Å of the considered basis in the 32 dimension spinor spaces are eigenspinors of 

the operators   �R, �K, �), �^, �M,  ̂ , ¡¢, £	and ¤ . Æ¯, Æ², Æw, Æ¼  are respectively the operators corresponding to the 

projections in the spinor subspaces of electron type field, quark up type field, neutrino type field and quark down type field.  

� Electron-type field 	 [\\\]¯ = Æ¯[\\\] = [§Ä_K +[8Ä_) +[¨§Ä_̂ K +[¨8Ä_̂ ) 

 Æ¯ =	 	1 − 2�R	
	1 − 3�K
	1 − 3�)
	1 − 3�^
16 + 	1 + 2�R	
	1 + 3�K
	1 + 3�)
	1 + 3�^
16  

 

� Up Quark-type field 	 
 [\\\]² = Æ²[\\\] = [¨Ä_̂ + [©Ä_M +[ÇÄ_È +[ÉÄ_Ê +[ËÄ_Ì +[§¦Ä_KR +[8¨Ä_)^, [8©Ä_)M +[8ÍÄ_)Î +[8ÏÄ_)Ð +[8ËÄ_)Ì +[¨¦Ä_̂ R 

 Æ² = 	1 − 2�R	
	1 − 3�K
	1 − 3�)
	1 + 3�^
16 + 	1 − 2�R	
	1 − 3�K
	1 + 3�)
	1 − 3�^
16  

										+ 	1 − 2�R	
	1 + 3�K
	1 − 3�)
	1 − 3�^
16 + 	1 + 2�R	
	1 − 3�K
	1 + 3�)
	1 + 3�^
16  

										+ 	1 + 2�R	
	1 + 3�K
	1 − 3�)
	1 + 3�^
16 + 	1 + 2�R	
	1 + 3�K
	1 + 3�)
	1 − 3�^
16  
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� Neutrino-type field 
 [\\\]w = Æw[\\\] = [§ÇÄ_KÈ +[§ÉÄ_KÊ +[§ÍÄ_KÎ +[§ÏÄ_KÐ 

 

Æw = 	1 − 2�R	
	1 + 3�K
	1 + 3�)
	1 + 3�^
16 + 	1 + 2�R	
	1 − 3�K
	1 − 3�)
	1 − 3�^
16  

 

 

� Down quark-type field 
 
 [\\\]¼ = Æ¼[\\\] = [ÍÄ_Î +[ÏÄ_Ð +[§§Ä_KK +[§8Ä_K) +[§¨Ä_K^ +[§©Ä_KM +[§ËÄ_KÌ, [8¦Ä_)R +[8§Ä_)K +[88Ä_)) +[8ÇÄ_)È +[8ÉÄ_)Ê 	 Æ¼ = 	1 − 2�R	
	1 − 3�K
	1 + 3�)
	1 + 3�^
16 +		1 − 2�R	
	1 + 3�K
	1 − 3�)
	1 + 3�^
16  

											+ 	1 − 2�R	
	1 + 3�K
	1 + 3�)
	1 − 3�^
16 + 	1 + 2�R	
	1 − 3�K
	1 − 3�)
	1 + 3�^
16  

											+ 	1 + 2�R	
	1 − 3�K
	1 + 3�)
	1 − 3�^
16 + 	1 + 2�R	
	1 + 3�K
	1 − 3�)
	1 − 3�^
16  
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The above results suggest that we may consider a phase space representation of the spinor field [\\\] in the form 

 [\\\]	�
 =���^!\_�^ _	2�
^Ñ [b	!\_,  _, ℬGI , Ò
c\]	!\_,  _, ℬGI , Ò
���mO'O + ef	!\_,  _, ℬGI , Ò
g]	!\_,  _, ℬGI , Ò
��mO'O]��ℬOS	'O�(O
	'S�(S
 
 

The index Ò refer to the set of quantum number describing the particle nature and internal state (isospin, electric charge, 

colors,…). According to this decomposition a particle state in the phase space representation is of the form 6!\_,  _, ℬGI , Ò9.  !\_	and	 _ being the means of its momentum and coordinate vectors and ℬGI the momentum  variance –covariance tensors. It 

corresponds to ℬGI a coordinate variance-covariance tensors  ;GI so that we have a saturation of the Heisenberg principle   

 ;GTℬTI = 14VIG	ℏ
) 

 

when a particle propagate without the change of its internal state, we may associate to it a “mean trajectory” with equation  !\_ = !\_	 R
		,  _ =  _	 R
. This mean trajectory may be related to the classical concept of trajectory in the classical limit.  

 

4-Conclusion 
  

  The phase space representation provides the possibility to look at the same time on the momentum and coordinate of a 

particle taking into account the Heisenberg uncertainty principle. It provides an interesting framework for the study of 

fermions and their properties. It permits in particular to describe fundamental properties, like isospin, electric charge and 

color, as a natural consequence of the spinorial representation of linear canonical transformations like spin is described as a 

natural consequence of the spinorial representation of Lorentz transformations. This results can help in the construction of 

unified theory of interactions.  The phase space representation may also be utilized in the study of classical limit in quantum 

theory.     
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