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1-Dispersion operators and their uses 

1.1Phase space representation of quantum theory and dispersion operators 

In one dimensional quantum mechanics, a quantum state |�� of a particle can have the coordinate representation, the 

momentum representation and the phase space representation.  

 

� Coordinate representation  

|�� = �|�� ��|���� = ��	�
|�� �� 

� ��|�� = �	�
   
� The basis is {|��} with |�� = �|�� 
� Momentum  representation  

|�� = �|�� ��|���� = ���	�
|�� �� 

� ��|�� = ��	�
   
� The basis is {|��}  with �|�� = �|�� 

   The wave functions are linked by a Fourier Transforms 

��	�
 = ��|�� = 1√2�ℏ���|����|�� �� = 1√2�ℏ������ℏ �	�
 �� 
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� Phase space  representation (coordinate and momentum conjoint representation) 

The phase space representation is the result of an attempt that we have performed to establish a coordinate-momentum 

conjoint representation taking into account the Heisenberg uncertainty principle. In this representation: 
 |�� =�Ψ	�, �,  ,!
|�, �,  , !�" =#Ψ	�, �,  ,!
|�, �,  , !���� 2�ℏ  

� ��, �,  , !|�� = Ψ	�, �,  ,!
  is the wavefunction in the phase representation 

� The element|�, �,  , !� of the basis {|�, �,  ,!�} defining the phase space representation satisfies the relations 
 

��|�, �,  ,!� = 1√2�ℏ���|�, �,  ,!� ��$�ℏ �� = %&	'�(√)*
+2&�! √2�* ��-�./0* 1
02�$�ℏ  

��|�, �,  , !� = 1√2�ℏ������ℏ ��|�, �,  , !��� = 	3
&%&	4�5√)!
+2&�! √2�! ��-�.$0! 10��(	�.$
ℏ  

678
79��, �,  ,!||�, �,  ,!� = �																																																																��, �,  ,!|�|�, �,  ,!� =  																																																																;�, �,  , !<	 − �
><�, �,  , !? = 	2� + 1
	*
) = 	2� + 1
A;�, �,  ,!<	� −  
><�, �,  ,!? = 	2� + 1
	!
) = 	2� + 1
ℬ 																	*! = ℏ2 ⟺ Aℬ = 	ℏ2
) 

 �,  , 	2� + 1
A, 	2� + 1
ℬ are respectively the means values and statistical dispersions (variances) of the coordinate and 

momentum operators  and � in the state|�, �,  ,!�. The standard deviation (uncertainty)   * = √A  and ! = √ℬ relative 

to the state |0, �,  ,!� corresponds to a minimalization in the Heisenberg uncertainty relation. 
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The states |�, �,  ,!� are the eigenstates of the momentum dispersion operatorℶ2 

ℶ2 = 12 [	� −  
> + 4	ℬℏ
)	 − �
>] ⇒ ℶ2|�, �,  ,!� = 	2� + 1
ℬ|�, �,  ,!� 
The dispersion operator ℶ2 belongs to a Lie algebra called the dispersion operators algebra. This algebra is generated by 

three hermitians operators denoted respectively ℶ2, ℶ� and ℶ× 
 

678
79ℶ2 = 12 [	� −  
> + 4	ℬℏ
)	 − �
>]																						
ℶ� = 12 [	� −  
> − 4	ℬℏ
)	 − �
>]																						
ℶ× = ℬℏ [	� −  
	 − �
 + 	 − �
	� −  
]

⇒ K [ℶ2, ℶ�] = 43ℬℶ×[ℶ�, ℶ×] = −43ℬℶ2[ℶ×, ℶ2] = 43ℬℶ�  

 

By introducing the reduced coordinate and momentum operators � and  
 L� = √2M	� −  
 = √2!	 − �
 ⇔ L� = √2!�+   = √2M + � ⇒ [, �] = 1ℏ [, �] = 3 

 

We can define the reduced dispersion operators ℶ2, ℶ�, ℶ× 
 

Oℶ2 = 4ℬℶ2ℶ� = 4ℬℶ�ℶ× = 4ℬℶ× ⟺678
79ℶ2 = 14 [	�
) + 	
)]
ℶ� = 14 [	�
) − 	
)]
ℶ× = 14 [�	 + �]

⇒ K [ℶ2, ℶ�] = 3ℶ×[ℶ�, ℶ×] = −3ℶ2[ℶ×, ℶ2] = 3ℶ�  

 

The set {ℶ2, ℶ�, ℶ×} is also a basis of the dispersion operator algebra 
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If we consider the coordinate and momentum operators �P and Q defined in a R-dimensional pseudo Euclidian space with 

signature 		R2, R�
, R2 +R� = R,which satisfies the canonical commutation relations  

  

[�P , S]� = 3TPUℏ = K 1			3V			W = X = 0,… ,R2 − 1	0			3V		W ≠ X																														−1			3V			W = X = R2, … , R										 
 

We have a generalization of the dispersion operator algebra generated by the operators  ℶPU2 , ℶPU�  and ℶPU×  defined as  
  

678
79ℶQS2 = 12 [	�Q −  P
	�S −  U
 + 4ℬP[ℬU\	[ − �[
	\ − �\
]
ℶQS� = 12 [		�Q −  P
	�S −  U
 − 4ℬP[ℬU\	[ − �[
	\ − �\
]ℶQS× = ℬP[[	�S −  U
	[ − �[
 + 	[ − �[
	�S −  U
]

 

We have also the following generalization 

O �Q = √2MPU	�S −  U
Q = √2!PU	S − �U
 ⇔ O�Q = √2!PU�S +  PQ = √2*PUS + �P ⇒ [�P , S]� = [�P , S]� = 3TPU 

]ℶQS2 = 4!P̂ !U_ℶ`a2ℶQS� = 4!P̂ !U_ℶ`a�ℶQS× = 4!P̂ !U_ℶ`a× ⟺
678
79ℶQS2 = 14 	�Q�S + QS

ℶQS� = 14 	�Q�S − QS

ℶQS× = 14 	�QS + S�Q


 

The dimension of the dispersion operator algebra as vectorial space is equal to R	2R + 1
. 
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1.2Linear canonical transformations and dispersion operators 

 Linear canonical transformation (LCT) can be defined as linear transformations mixing the momentum and coordinate 

operators and leaving invariant the canonical commutation relations. With the reduced operators, the definition is   

 

] �Pb = ΠPU�S + ΘefSPb = ΞPf�S + ΛPUSi�Pb , Ub j� = i�P , Uj� = 3TPU ⟺ -Π ΞΘ Λ1k l 0 T−T 0m -Π ΞΘ Λ1 = l 0 T−T 0m ⟺ -Π ΞΘ Λ1 ∈ o�	2R2, 2R�
 
An LCT corresponds to an element of the pseudosymplectic group o�	2R2, 2R�
. A geometric parameterization is 

-Π ΞΘ Λ1 = �l_2P p2qp�q _�Pm ⟺
678
79 rs = TrT	ts = TtT	Ws = TWT				us = −TuT	 ⟺ lu + W t + rt − r u − Wm ∈ vw	2R2, 2R�
 = x3�	[o�	2R2, 2R�
] 

 

For W = t = r = 0 and u ≠ 0, an LCT corresponds to a Lorentz-like (pseudorthogonal) Transformation. For W = t = u =0 and r ≠ 0  , an LCT corresponds to a fractional Fourier transformations (rotations in the coordinate-momentum planes). 
 

There is an isomorphism between the Lie algebra vw	2R2, 2R�
 and the dispersion operator algebra. This isomorphism 

corresponds to a unitary representation of Linear canonical transformations  using dispersion operators 

 

] �Pb = ΠPU�S + ΘefSPb = ΞPf�S + ΛPUSi�Pb , Ub j� = i�P , Uj� = 3TPU ⟺] �Pb = y�QyzPb = yQyzi�Pb , Ub j� = i�P , Uj� = 3TPU ⟺y = ��)�{|}[q}~ℶQS� 2p}~ℶQS. 2	_}~�P}~
ℶQS× ] 
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2-Representation of the dispersion operators algebra 

The purpose is to find the representation of the dispersion operators algebra in the quantum states space. It consists to find 

the representations of the operators ℶPU2 , ℶPU�  and ℶPU×  in a basis of the quantum state space. We know three basis: 
 

� The basis {	<{�P}?} constituted by the eigenstates of coordinates operators (coordinate representation) 

� The basis {	<{�P}?} constituted by the eigenstates of momentum operators (momentum representation) 

� The basis {	<{�P}, {�P}, { P}, {!PU}?}  constituted by the eigenstates of  the dispersion operators ℶQQ× (phase space 

representation) 

2.1 Coordinate representation 

In the coordinate representation, we have for the representations of the coordinates ad momentum operators 
 

K��P = 3 ���P�P = �P ⇒ K��Q = √2MPU	��S −  U
 = √2MPU	3 ���U −  U
�Q = √2!PU	�S − �U
 = √2!PU	�U − �U
  

 

 

The operators ℶPU2 , ℶPU�  and ℶPU×  are then represented by the linear differential operators  

67
87
9ℶ�QS2 = 14 	��Q��S + �Q�S
 = 12 [MP̂MU_	3 ���^ −  ̂ 
	3 ���^ −  _
 + !P̂ !U_	�^ − �^
	�_ − �_
]
ℶ�QS� = 14 ���Q��S − �Q�S� = 12 [MP̂MU_	3 ���^ −  ̂ 
	3 ���^ −  _
 − !P̂ !U_	�^ − �^
	�_ − �_
]

ℶ�QS× = 14 ���Q�S + �S��Q� = 12MP̂!U_[	3 ���^ −  ̂ 
	�_ − �_
 + 	�_ − �_
	3 ���^ −  ̂ 
]
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2.2 Momentum representation 

In the momentum representation, we have for the representations of the coordinates ad momentum operators 
 

K ��P = �P�P = −3 ���P ⇒ K��P = √2MPU	��U −  U
 = √2MPU	�U −  U
																			�P = √2!PU	−3 ���U − �U
 = √2!PU	−3 ���U − �U
 
 

The operators ℶPU2 , ℶPU�  and ℶPU×  are then represented by the linear differential operators  

677
87
79ℶ�PU2 = 14 	��P��U + �P�U
 = 12 [MP̂MU_	�^ −  ̂ 
	�_ −  _
 + !P̂ !U_	−3 ���^ − �^
	−3 ���_ − �_
]
ℶ�PU� , = 14 ���P��U − �P�U� = 12 [MP̂MU_��^ −  ̂ �	�_ −  _
 − !P̂ !U_	−3 ���^ − �^
	−3 ���^ − �_
]

ℶ�PU× , = 14 ���P�U + �U��U� = 12MP̂!U_[	�^ −  ̂ 
	−3 ���_ − �_
 + 	−3 ���_ − �_
	�^ −  ̂ 
]
 

 

2.3 Phase space representation 

The elements of the basis {	<{�P}, {�P}, { P}, {!PU}?} in which the representation is to be performed are the eigenstates of the 

operators  ℶ``2 . They are characterized by the relations 
 

677
87
79 ;{�P}, {�P}, { P}, {!PU}<^<{�P}, {�P}, { P}, {!PU}? = �^;{�P}, {�P}, { P}, {!PU}<�^<{�P}, {�P}, { P}, {!PU}? =  ̂;{�P}, {�P}, { P}, {!PU}<	`
)<{�P}, {�P}, { P}, {!PU}? = �^ + 12;{�P}, {�P}, { P}, {!PU}<	�`
)<{�P}, {�P}, { P}, {!PU}? = �^ + 12
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;{�P}<{�P}, {�P}, { P}, {!PU}? = 1[2����	ℬPU
]�/� 	�%&|[√2!UP	�U − �U
]+2&|�P!	 
���
P�� ��ℬ|~	'|�(|
	'~�(~
��5|'| 

and we have the eigenvalue equation 

 ℶ``2 <{�P}, {�P}, { P}, {!PU}? = 	2�^ + 1
<{�P}, {�P}, { P}, {!PU}? 
 

The purpose is to find the representation of all the generators  ℶPU2 , ℶPU�  and ℶPU× of the dispersion operator algebra in the 

basis{	<{�P}, {�P}, { P}, {!PU}?}. For sake of convenience, we split an operator ℶPU×  in two parts: a symmetric part denoted ℶPU⋈  and an antisymmetric part denoted ℶPU⋉  i.e we consider the set 
 

67
78
77
9 ℶQS2 = 14 	�Q�S + QS
				

ℶQS� = 14 	�Q�S − QS
	
ℶPU⋈ = 12 	ℶPU× + ℶUP× 	
 = 18 	�QS + S�Q + �SQ + Q�S


ℶPU⋉ = 12 	ℶPU× − ℶUP× 
 = 14 	�QS − �SQ
																
 

 

We introduce the operators �Q and �Qz  defined by the relations 
 

68
9�P = 1√2 	�P + 3P

�Pz = 1√2 	�P − 3P
 ⟺ 68

9�P = 1√2 	�Pz + �P

P = 3√2 	�Pz − �P
 

We have then 
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67
78
77
9 ℶQS2 = 14 	�Pz�U + �P�Uz
		
ℶQS� = 14 ��Pz�Uz + �P�U�
ℶPU⋈ = 34 	�Pz�Uz − �P�U
			
ℶPU⋉ = − 34 	�Pz�U − �Uz�P


 

 

These relations can be also written in the form 

 

67
78
77
9ℶQS2 + 3ℶPU⋉ = 14 	2�Pz�U + TPU

ℶQS2 − 3ℶPU⋉ = 14 	2�P�Uz − TPU


ℶQS� + 3ℶPU⋈ = 12�P�UℶQS� − 3ℶPU⋈ = 12�Pz�Uz
 

We have 

 

[�P , U] = 3TPU ⇒ ]iℶPP2 , �Uj = −12TPU�PiℶPP2 , �Uzj = 12 TPU�Pz  

These commutation relation permits to establish the relations 



11 

 

 

67
8
79�U<��^�, ��^�, � ̂ �, �! _̂�? = ��U + 1 − TUU2 <�U − TUU , ��^, � ≠ X�, ��^�, � ̂ �, �! _̂�?
�Uz<��^�, ��^�, � ̂ �, �! _̂�? = ��U + 1 + TUU2 <�U + TUU , ��^, � ≠ X�, ��^�, � ̂ �, �! _̂�? 

 

We have then for the relations defining the representation of the dispersion operator algebra using the basis  {<��^�, ��^�, � ̂ �, �! _̂�?} : 
 	ℶQS2 + 3ℶPU⋉ 
<��^�, ��^�, � ̂ �, �! _̂�? = 14 	2�Pz�U + TPU
<��^�, ��^�, � ̂ �, �! _̂�? 
= 68
914 �2�P + 1�<��^�, ��^�, � ̂ �, �! _̂�?																																																																																																						3V	W = X14�	2�U + 1 − TUU
	2�P + 1 + TPP
<�U − TUU , �P + TPP , ��^/� ≠ W, X�, ��^�, � ̂ �, �! _̂�?			3V	W ≠ X 

	ℶQS2 − 3ℶPU⋉ 
<��^�, ��^�, � ̂ �, �! _̂�? = 14 	2�P�Uz − TPU
<��^�, ��^�, � ̂ �, �! _̂�? 
= 68
914 �2�P + 1�<��^�, ��^�, � ̂ �, �! _̂�?																																																																																																						3V	W = X14�	2�U + 1 + TUU
	2�P + 1 − TPP
<�U + TUU , �P − TPP , ��^/� ≠ W, X�, ��^�, � ̂ �, �! _̂�?			3V	W ≠ X 
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	ℶQS� + 3ℶPU⋈ 
<��^�, ��^�, � ̂ �, �! _̂�? = 12 �P�U<��^�, ��^�, � ̂ �, �! _̂�? 
= 68
914+	2�U + 1 − TUU
	2�U + 1 − 3TUU
<�U − 2TUU , ��^/� ≠ X�, ��^�, � ̂ �, �! _̂�?																												3V	W = X14�	2�U + 1 − TUU
	2�P + 1 − TPP
<�U − TUU , �P − TPP��^/� ≠ W, X�, ��^�, � ̂ �, �! _̂�?											3V	W ≠ X 

 	ℶQS� − 3ℶPU⋈ 
<��^�, ��^�, � ̂ �, �! _̂�? = 12 �Pz�Uz<��^�, ��^�, � ̂ �, �! _̂�? 
= 68
914+	2�U + 1 + TUU
	2�U + 1 + 3TUU
<�U + 2TUU , ��^/� ≠ X�, ��^�, � ̂ �, �! _̂�?																																												3V	W = X															14�	2�U + 1 + TUU
	2�P + 1 + TPP
<�U + TUU , �P + TPP��^/� ≠ W, X�, ��^�, � ̂ �, �! _̂�?													3V	W ≠ X  

 

According to these relations, we have a matrix representation with matrices having infinite row and infinite column. In fact 

the index  �P can take any positive integer values between 0 and +∞. 

We have for instance for the case of R = 1 with a signature		1,0
 i.e T�� = 1 

677
8
779 ℶ��2 = 14 	��z�� + ����z
		ℶ��� = 14 [	��z
) + 	��
)]
ℶ��⋈ = 34 [	��z
) − 	��
)] = ℶ��×ℶ��⋉ = 0																																											

⇒
678
79 ℶ��2 |��, ��,  �, !��〉 = 14 	2�� + 1
|��, ��,  �, !��〉

	ℶ��� + 3ℶ��× 
|��, ��,  �, !��〉 = 12+��	�� − 1
|�� − 2, ��,  �, !��〉
	ℶ��� − 3ℶ��× 
|��, ��,  �, !��〉 = 12+	�� + 1
	�� + 2
|�� + 2, ��,  �, !��〉
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3-Conclusion 

The dispersion operator algebra is closely linked to the phase space representation of quantum theory and linear canonical 

transformations. The states which permits to define the phase space representation are the eigenstates of some dispersion 

operators. There is an isomorphism between the dispersion operator algebra and the Lie algebra of the Lie group 

corresponding to the linear canonical transformations (LCTs). This isomorphism permits to have a unitary representation of 

the LCTs 
 

The representation of the dispersion algebra in the quantum states space can be established using either the coordinate 

representation, the momentum representation, or the phase space representation. For the two first cases one has a 

representation with linear second order differential operators. For the phase space representation, we can have a matrix 

representation with matrices having infinite rows and columns. 
 

The calculations and results that we have established may have interesting applications in domains related to phase space 

representation of quantum theory and linear canonical transformations.  
 

 


