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Under the influence of standardly used description of Coulomb-hadronic interference
proposed by West and Yennie the protons have been interpreted as transparent objects;
elastic events have been interpreted as more central than inelastic ones. It is known that
using more general eikonal model the measured elastic data may be interpreted also very
differently; elastic processes being more peripheral than inelastic ones. The most ample
elastic data set measured at ISR energy of 52.8 GeV have been recently reanalyzed with
the help of the eikonal model and new results obtained. The impact of recently established
electromagnetic form factors on determination of quantities specifying hadron interaction
determined from the fits of experimental elastic data have been studied. The influence of
some other assumptions on proton characteristics derived from elastic hadronic scatter-
ing amplitude determined on the basis of experimental data have been analyzed, too. It
concerns mainly the assumed t-dependence of phase of elastic hadronic amplitude. The
results may be then compared to similar analysis of experimental data at much higher
LHC energy of 8 TeV recently published by TOTEM experiment.
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1 Introduction
The t-dependence of differential cross section for elastic scattering of two charged hadrons (protons)
can be defined with the help of complete elastic scattering amplitude FC+N(s, t) at all measured t
values as

dσ

dt
=

π

sp2 |F (s, t)|2 . (1)

Here s is the square of the total collision energy, t is the four momentum transfer squared and p is
the value of momentum of one incident proton in the center-of-mass system. According to Bethe [1]
the complete amplitude is commonly decomposed into the sum of the Coulomb scattering amplitude
FC(s, t) and the hadronic amplitude FN(s, t) bound mutually with the help of relative phase αφ(s, t):

FC+N(s, t) = FC(s, t)eiαφ(s,t)+FN(s, t); (2)

where α = 1/137.036 is the fine structure constant. West and Yennie (WY) [2] derived for the t-
dependence of the relative phase αφ(s, t) the following formula

αφ(s, t) =∓α

[
ln
(
−t
s

)
+
∫ 0

−4p2

dt ′

|t− t ′|

(
1− FN(s, t ′)

FN(s, t)

)]
. (3)

The upper (lower) sign corresponds to the scattering of particles with the same (opposite) charges.
For practical reasons the analytical integration over all admissible values of t ′ has been performed

provided the following two assumptions concerning the hadronic amplitude FN(s, t), defined as

FN(s, t) = i
∣∣FN(s, t)

∣∣e−iζ N(s,t) , (4)

at all kinematically allowed t values have been accepted: the modulus
∣∣FN(s, t)

∣∣ has had purely
exponential t-dependence and the phase ζ N(s, t) has been constant. As introduced in [3] some other
high energy approximations were added, too.

The relative phase has been then simplified to

αφ(s, t) =∓α

[
ln
(
−B(s)t

2

)
+ γ

]
(5)

where γ = 0.577215 is Euler constant and B is t-independent diffractive slope generally defined as

B(s, t) =
d
dt

[
ln

dσN

dt
(s, t)

]
=

2
|FN(s, t)|

d
dt

∣∣FN(s, t)
∣∣ . (6)

The t-independence of B(t) is equivalent to the requirement of purely exponential t-dependence of∣∣FN(s, t)
∣∣.

One may further define quantity ρ(s, t) as ratio of the real to the imaginary part of elastic hadronic
amplitude

ρ(s, t) =
ℜFN(s, t)
ℑFN(s, t)

. (7)

It follows from eqs. (4) and (7) that

tanζ
N(s, t) = ρ(s, t) , (8)

i.e., the assumption concerning t-independence of hadronic phase ζ N(s, t) is fully equivalent to as-
sumption of quantity ρ(s, t) being t-independent.
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The complete elastic scattering amplitude FC+N(s, t) has been then written as

FC+N
WY (s, t) =±αs

t
G1(t)G2(t)eiαφ(s,t) +

σ tot(s)
4π

p
√

s(ρ(s)+ i)eB(s)t/2 . (9)

Here G1(t) and G2(t) are the electric dipole form factors being put into formula (9) by hand and the
quantity σ tot(s) is the total cross section given by the optical theorem

σ
tot(s) =

4π

p
√

s
ℑFN(s, t = 0) . (10)

Contrary to the fact that the mentioned theoretical assumptions have not been fulfilled by the an-
alyzed data, formulas (1), (9) and (5) have been commonly used for the analysis of all hitherto pp
elastic scattering data in the forward region. In the region of higher values of |t| the influence of
Coulomb scattering has been then neglected by definition and the scattering has been described only
by phenomenologically constructed hadronic amplitude having different t-dependence of FN(s, t)
than the one assumed in the WY approach; the whole description has been, therefore, inconsistent.
This ”standard” elastic hadronic amplitude used to describe data at higher values of |t| had (without
any reasoning) typically a dominant imaginary part in a quite broad interval of lower |t| values and
was equal to zero in the dip region. However, the existence of minimum (dip) in the differential cross
section observed practically in all elastic hadron collisions does not require zero value of its imag-
inary part; only the sum of the squares of both the real and imaginary parts should be minimal in
this region. The mentioned requirements have represented much stronger and more limiting condi-
tions that the theory and experiment have required. These limiting assumptions have been included in
many contemporary models of elastic hadronic amplitude; they have led to central behaviour of elas-
tic scattering [4], i.e., having lower value of elastic root-mean-square of impact parameter

√
〈b2〉el

lesser than the inelastic one
√
〈b2〉inel [5]. Central behaviour of elastic collisions has never been

satisfactorily explained in literature.

2 Eikonal model approach
In order to avoid the given discrepancies and limitations another approach based on the eikonal model
has been proposed in [6] and recently revisited in [7]. This framework allowed to derive more general
formula for complete elastic scattering amplitude describing the influence of both the Coulomb and
hadronic scattering in the whole measured region of momentum transfers in consistent way practically
for any hadronic phase t-dependence (and modulus of FN(s, t)). The complete amplitude in the
eikonal model valid at any s and t up to the terms linear in α may be written as

FC+N(s, t) =±αs
t

G2
eff(t)+FN(s, t)[1∓ iαG(s, t)], (11)

where

G(s, t) =
0∫

tmin

dt ′
{

ln
(

t ′

t

)
d

dt ′
[
G2

eff(t
′)
]
− 1

2π

[
FN(s, t ′)
FN(s, t)

−1
]

I(t, t ′)
}
, (12)

and

I(t, t ′) =
2π∫
0

dΦ
′′G

2
eff(t

′′)

t ′′
; (13)

here t ′′ = t + t ′+ 2
√

tt ′ cosΦ′′. The upper (lower) sign corresponds to the scattering of particles
with the same (opposite) charges. G2

eff is effective form factor squared reflecting the electromagnetic
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structure of colliding protons and has been introduced in [8] as

G2
ef f (t) =

1
1+ τ

[
G2

E(t)+ τ G2
M(t)

]
, τ =− t

4m2 (14)

where GE and GM stand for electric and magnetic form factor; m is the proton mass.
As it has been mentioned in [7, 9] the distribution of elastic hadron scattering in the impact pa-

rameter b-space can be analyzed with the help of generalized Fourier-Bessel transform which should
be consistent with finite allowed region of variable t and at finite energies [10]

hel(s,b) =h1(s,b)+h2(s,b)

=
1

4p
√

s

tmin∫
−∞

FN(s, t)J0(b
√
−t)dt +

1
4p
√

s

0∫
tmin

FN(s, t)J0(b
√
−t)dt .

(15)

In this case the unitarity equation in b-space is

ℑh1(s,b) = |h1(s,b)|2 +g1(s,b)+K(s,b) . (16)

Here g1(s,b) is real inelastic overlap function which has been introduced in similar way as the com-
plex elastic amplitude in eq. (15). The complex function h1(s,b), and real functions g1(s,b) oscillate
at finite energies. The oscillations can be removed if a real function c(s,b) =−ℑh2(s,b) fulfilling
some mathematical conditions is added to both sides of unitarity equation (16) [7, 9].

Eqs. (11) to (13) have been originally [6] used only with electric form factors. However, there
is quite significant difference in t-dependence between electric and effective electromagnetic form
factors, see detailed discussion in sect. 2 in [7]. A question has been, therefore, raised about the
impact of inclusion of magnetic moment of colliding protons on determination of hadronic quantities.

Analysis of experimental elastic pp data [11] with the help of eqs. (11) to (13) with either effective
electric or effective electromagnetic proton form factors requires a convenient parameterization of
the complex elastic hadronic amplitude, i.e., of its modulus and of its phase. The modulus may be
parameterized as ∣∣FN(s, t)

∣∣ = (a1 +a2t)eb1t+b2t2+b3t3
+(c1 + c2t)ed1t+d2t2+d3t3

(17)

and can be determined quite uniquely from experimental data. However, the t-dependence of the
hadronic phase ζ (s, t) cannot be (if the spins of colliding hadrons are not taken into account) uniquely
determined from fits of data. The phase may be parameterized as

ζ
N(s, t) = arctan

ρ0

1−
∣∣∣ t

tdip

∣∣∣ (18)

where tdip is the position of the dip. This limited parameterization roughly corresponds to t-dependence
of phase included in many commonly used hadronic models and it leads to central character of elastic
collisions.

In order to explicitly demonstrate alternative peripheral behaviour of elastic collisions in the im-
pact parameter space (

√
〈b2〉el >

√
〈b2〉inel) the phase may be parameterized as

ζ
N(s, t) = ζ0 +ζ1

∣∣∣∣ t
t0

∣∣∣∣κ eνt , t0 = 1 GeV2 . (19)

This parameterization allows rather fast increase of ζ N(s, t) with increasing |t| which is inevitable for
increasing the value of

√
〈b2〉el (for detail see, e.g., [4, 6, 5]). All parameters specifying the modulus

and the phase of elastic hadronic amplitude FN(s, t) may be energy dependent.
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Fit 1b 2b 3b 4b
Case central peripheral peripheral peripheral
ρ(t=0) 0.0766 ± 0.0017 0.0822 ± 0.0017 0.0824 ± 0.0017 0.0825 ± 0.016
B(t=0) [GeV−2] 13.514 ± 0.050 13.414 ± 0.045 13.42 ± 0.41 13.431 ± 0.044
σ tot [mb] 42.71 ± 0.15 42.86 ± 0.10 42.860 ± 0.10 42.86 ± 0.095
σ el [mb] 7.472 7.541 7.544 7.539
σ inel [mb] 35.23 35.31 35.32 35.32
σ el/σ tot 0.1750 0.1761 0.1760 0.1759
dσN/dt(t=0) [mb.GeV−2] 93.74 94.49 94.49 94.49√
〈b2〉tot [fm] 1.027 1.022 1.022 1.023√
〈b2〉el [fm] 0.6764 1.676 1.794 1.994√
〈b2〉inel [fm] 1.086 0.8170 0.7621 0.6487

χ2/ndf 323/205 274/203 275/203 276/203

Table 1: Results of the analysis of pp elastic scattering at energy of 52.8 GeV corresponding to central and
three different peripheral distributions in the impact parameter space.

Theoretical analyses of elastic hadronic pp amplitudes [12, 13, 14] have required the hadronic
amplitude to be analytic function in t variable; it means that both the modulus and the phase should
be analytic functions, too. While the modulus is obviously analytic the peripheral phase is analytic
(see Cauchy-Rieman differential conditions in polar coordinates) only provided the exponent κ is
positive integer. In all our peripheral fits of pp scattering at energy of 52.8 GeV we have chosen
κ = 3.

Several fits of the same data at 52.8 GeV (taking into account only statistical errors) under dif-
ferent assumptions have been performed by minimizing the corresponding χ2 function with the help
of program MINUIT [15]. In all the fits estimated errors have been determined with the help of
HESSE procedure in MINUIT program. Table 1 shows one central and 3 different peripheral descrip-
tions corresponding to effective electromagnetic form factors. The fitted quantities characterizing the
elastic hadronic amplitude are only slightly changed when derived with the help of complete elastic
amplitude including the new version of proton effective electromagnetic form factors. Greater change
concerns only the values of the ρ quantity in forward direction.

Choice of t-dependence of hadronic phase ζ N(s, t) has, however, fundamental impact on character
of collisions in b-space. The total root-mean-squared impact parameter values

√
〈b2〉tot in table 1 are

quite similar for all the 4 alternatives and are equal to approximately 1.02 fm, while the values of the
root-mean-squares for elastic and inelastic processes differ significantly. In the central case it holds√
〈b2〉el <

√
〈b2〉tot while in any of the peripheral alternatives the relation is reversed.

It may be also interesting to note that Martin’s theorem [16] is fulfilled in the used peripheral
models, see [7].

The values of quantities σ tot, ρ(t=0) and B(t=0) in table 1 may be compared to similar values

σ
tot = (42.38±0.27) mb,

ρ(t=0) = (0.078±0.010),

B(t=0) = (13.1±0.2) GeV−2;

(20)

determined earlier in [17] (see also [18]) on the basis of the simplified WY formula (9).
As it has been mentioned the WY integral formula (3) has been simplified to eq. (5) under the

assumption that the quantities B(s, t) and ρ(s, t) are t-independent at all values of t. In this case
the imaginary part of the relative phase αφ(s, t) = 0 by definition. Its real part can be analytically
calculated either with the help of eq. (3) or numerically with the help of (5) under the assumptions
of t-independent quantities ρ(t) and B(t) whose values have been taken from (20) corresponding to
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Figure 1: Comparison of calculations of the real part of
αφ(s, t) given by eq. (3) (denoted as ”numerical” calcu-
lation) and eq. (5) (denoted as ”analytical” calculation)
under the assumptions of t-independent quantities ρ(t)
and B(t) whose values have been taken from (20) cor-
responding to pp scattering at 52.8 GeV.
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Figure 2: Comparison of the real and imaginary
parts of αφ(s, t) given by eq. (3) and calculated for
elastic pp hadronic amplitude at 52.8 GeV corre-
sponding to peripheral Fit 3b.

pp scattering at 52.8 GeV(5); see the comparison in fig. 1. Both the curves are compatible only for
|t|. 0.01 GeV2.

The WY relative phase integral formula (3) has to be real (it has been defined as imaginary part
of an another function [2]). It has been, however, proved mathematically in [19] that the relative
phase defined by (3) becomes complex if hadronic phase ζ N(s, t) is t-dependent. This is illustrated
in fig. 2 where the t-dependence of both the real and imaginary parts of the relative phase αφ(s, t)
corresponding to FN(s, t) with strongly t-dependent ζ N(s, t) obtained in peripheral Fit 3b is plotted.
The approach of WY a priori strongly limits, without any reasoning, t-dependence of hadronic phase
and, therefore, it does not allow to perform general studies of t-dependence of hadronic phase (and
also modulus) on the basis of experimental data.

3 Conclusion
The detailed discussion of the results at 52.8 GeV (summarized only very briefly in the preceding)
may be found in [7]. Similar analysis of elastic pp scattering data at the LHC energy of 8 TeV has
been recently performed with the help of the eikonal model approach in [20]. One can find in [7, 20]
the comparison and discussion of different models (corresponding to different assumptions) applied
to experimental data.

We can conclude that the analysis of elastic pp scattering performed with the help of the histori-
cally older model of West and Yennie has not been reliable. It has been based on theoretical assump-
tions which have not been consistent with experimental data and which have a priori constrained
t-dependence of FN(s, t), without any reasoning. The description of WY may lead to completely
wrong physical conclusions.

The eikonal model has allowed to study t-dependence of hadronic amplitude (and, therefore, sev-
eral properties of hadronic scattering under different assumptions). It may be applied to experimental
data at all measured values of t. On the basis of the recently performed analyses of experimental
data at 52.8 GeV and 8 TeV under different assumptions one may conclude that the choice of form
factor (electric vs. effective electromagnetic) has had small or negligible impact on determination of
hadronic quantities. It follows from the performed fits of data that t-dependence of hadronic phase
has been constrained only weakly by the Coulomb-hadronic interference; some other assumptions
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need to be added if the hadronic amplitude (including its phase) is to be determined uniquely. It has
been explicitly shown for several alternatives that t-dependence of hadronic phase has had very strong
impact on interpretation of collisions; it may lead to completely different character of collisions in
dependence on impact parameter. It should correspond to completely different structures of colliding
particles. It is possible to say that there is not any reason against the more realistic interpretation
of elastic processes being peripheral and protons regarded as rather compact and not ”transparent”
objects during elastic collisions.

All the contemporary descriptions of elastic scattering of (charged) hadrons contain open prob-
lems and questions. Some of them have been mentioned also during the EDS Blois 2017 conference;
see, e.g., [21, 22]. Several fundamental open problems have been recently summarized by us in
[7, 9]. Proper analysis of elastic collisions in dependence on impact parameter may provide important
insight concerning shapes and dimensions of collided particles which can be hardly obtained in a dif-
ferent way. One should carefully study the assumptions involved in any collision model and test the
consequences before making far reaching conclusions concerning structure and properties of collided
particles.
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[6] V. Kundrát and M. Lokajı́ček, Z. Phys. C 63 (1994) 619.

[7] J. Procházka, V. Kundrát, arXiv:1606.09479v3 (2017).

[8] M. M. Block, Phys. Rev. D 54 (1996) 4337.
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