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We report on our recent results in the study of the chiral extrapolation of the phase-shifts in

elastic pion-pion scattering, using both standard and unitarized ChPT to one and two loops.

In the standard ChPT approach, limited to low momenta, we study the S, P and D waves.

Unitarization extends the analysis to energies of around 1 GeV, being compatible with standard

ChPT at low energies for the S and P waves. We then compare with lattice results and find

a good agreement of standard ChPT below 200 MeV for the I=2, J=0 and I=1, J=1 channels

and up to 500 MeV for the I=2, J=2 channel. Unitarized ChPT improves the agreement in the

scalar and vector channels at higher energies. We have also performed a Montecarlo analysis

to provide an estimation of the uncertainties.

1 Introduction

Since the low-energy regime is beyond the reach of perturbative QCD, one may rely on
lattice techniques in order to describe the hadronic processes in terms of quarks and glu-
ons. However, Lattice QCD presents complications such as the implementation of chiral
symmetry, the small physical values of the light quarks and the existence of quarkline
disconnected diagrams. Thus, few lattice results on phase shifts are available, and those
existing correspond to large pion masses. Fortunately, we can make use of Chiral Pertur-
bation Theory (ChPT), which provides the quark mass dependence of the meson-meson
scattering amplitudes in the low energy region, to compare its results to those of lattice
studies by increasing the mass of the quarks up to the applicability limits of the theory.

Although in the conference we also commented on the resonance pole dependence on
quark masses, here we only refer to the original reference [1] for such matters and prefer to
concentrate on our recent study [2] of the phase shift dependence on the averaged u and
d quark mass, m̂, or, equivalently, on the pion mass, Mπ. In particular, we include here
novel calculations at Mπ “ 266 MeV in order to compare with very recent lattice results [3]
on the I=1, J=1 phase shift, since this issue triggered some interesting discussions at this
conference.

First, we will describe the standard one and two-loop SU(2) ChPT [4]. This approach has the
advantage of being completely model independent but it is limited to the low energy region.
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Figure 1: ππ phase shifts from standard ChPT up to one loop (first row) and to two
loops (second row). Different lines stand for different pion masses: continuous, long
dashed, short dashed and dotted for Mπ “ 139.57, 230, 300 and 350 MeV respectively. We
only show error bands for the lightest and heaviest masses. Experimental data (circles)
come from [7] (black circles) and the precise model independent dispersive data analysis
from [8] (white circles).

This is the reason why we next extend our study to unitarized ChPT, using the well-known
one-loop elastic Inverse Amplitude Method (IAM), which allows us to calculate the phase
shift quark mass dependence up to higher values of Mπ.

2 Quark mass dependence of ππ phase shifts

Standard ChPT We study the dependence of the ππ phase shifts on the pion mass Mπ

using the SU(2) scattering amplitudes in [4] and the LECs in [5], except for lr
3 that is taken

from [6]. In Fig. 1 we show phases on different channels for different pion masses, to one
and two loops (first and second row respectively). They are plotted as a function of the
center of mass momentum -and not of the energy- in order to subtract the trivial effect of
the threshold. A Montecarlo gaussian sampling based on the errors of the LECs has been
used to calculate the error bands. We find that the dependence of the phase shifts on Mπ is
very soft at one loop and somehow stronger at two loops, specially for the I=2, J=2 channel.
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Figure 2: ππ phase shifts from unitarized ChPT up to one loop (upper row) and to
two loops (lower row). Different lines stand for different pion masses: continuous, long
dashed, short dashed and dotted for Mπ “ 139.57, 230, 300 and 350 MeV respectively. At
one loop we show error bands only for the lightest and heaviest masses. At two loops
no error analysis of the LECs has been carried out yet, thus we show results for the set
of LECs called A in [9] and we add the results obtained with set D for the lightest and
heaviest masses in light gray in order to give an idea of the size of the errors. Experimental
data (rounded points) come from [7] (black circles) and the precise model independent
dispersive data analysis from [8] (white circles).

Unitarized ChPT We use now the elastic IAM to unitarize our amplitudes, so that the
applicability limit is extended to the elastic resonance region. In Fig. 2 we show ππ phase
shifts (note that the one and two-loop IAM cannot be used for the D-waves) for different
pion masses. For the one loop analysis (upper row) we used the LECs in [10] and for the
two-loop analysis (lower row) we used the two sets A and D in [9]. We found that the
dependence on the pion mass is again quite soft, specially for the I=2, J=0 channel and
somewhat stronger at two loops than at one loop.

Comparison to lattice results In order to compare with lattice results [3, 11, 12], we show
in Fig. 3 the ππ phase shifts in channels (I,J) = (2,0), (2,2) and (1,1) for higher pion masses,
up to 444 MeV. Let us remark that this energy region is somewhat above the applicability
limits of our method, which may provide precise results up to pion masses of, at most,
300-350 MeV. Therefore, our results at higher masses should be considered just qualitatively
and, in fact, above Mπ “ 450 MeV we do not even show them here (see [2]). For these
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Figure 3: Left column: One and two-loop phase shifts from plain and unitarized ChPT
for the I=2, J=0 channel compared to lattice results coming from [12] (circles) and [11]
(triangles). Right column, two upper panels: One and two-loop phase shifts from plain
ChPT for the I=2, J=2 channel compared to lattice results coming from [12] (circles). Right
column, lower panel: One and two-loop phase shifts from plain and unitarized ChPT for
the I=1, J=1 channel compared to lattice results coming from [3] (circles).
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proceedings we have added a new calculation of the I=1, J=1 phase shift at Mπ “ 266 MeV
in order to compare with the recent lattice results in [3] also presented at this conference.
Standard ChPT shows a good agreement with lattice results below p » 200 MeV up to pion
masses of 400-450 MeV, while a nice improvement above 200 MeV is found when using
unitarized ChPT for the scalar and vector channels.
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