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Abstract. We discuss methods of parton branching to treat corrections to QCD show-
ers beyond the collinear ordering approximation in hadronic collisions at high ener-
gies. We illustrate the role of finite-angle gluon radiation for angular and momentum
correlations in multi-jet final states, and describe applications to forward jets at the
LHC.

1 Introduction

Complex final states containing multiple hadronic jets are produced copiously at the
Large Hadron Collider (LHC), and enter in a number of new particle discovery pro-
cesses that are central to the LHC physics program. In many of these processes
the experimental capabilities to disentangle signal from background are significantly
enhanced if the detailed structure of jets can itself be used as a diagnostics for po-
tential new physics effects, e.g. in decays of highly boosted massive states. The
interpretation of experimental data for such multi-particle final states relies both on
perturbative multi-jet calculations and on realistic event simulation by parton-shower
Monte Carlo generators.

Owing to the complex kinematics involving multiple hard scales and the large
phase space opening up at LHC energies, multi-jet events are potentially sensitive to
effects of QCD initial-state radiation that depend on the finite transverse-momentum
tail of partonic matrix elements and distributions. These effects are not included in
the branching algorithms of standard shower Monte Carlo event generators, based on
collinear jet evolution. On the other hand, they are taken into account only partially
in perturbative fixed-order calculations, order-by-order through higher-loop contri-
butions. Such effects are present to all orders in αs and can become logarithmically
enhanced at high energy.

This article discusses methods to treat these effects and their role for the structure
of jet final states, based on the works [1, 2]. We start in Sec. 2 with basic elements of
the parton branching methods, focusing on corrections to collinear ordering in space-
like parton showers at high energy. In Sec. 3 we give examples on jet-jet correlations
and discuss the case of forward jet production at the LHC. We summarize in Sec. 4.

1Presented at X Workshop on Nonperturbative QCD, IAP, Paris, 2009.
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2 Multi-parton emission by branching methods

A pp collision event at the LHC can be thought of as consisting of a hard scatter-
ing, parton showering, hadronization and a soft underlying process. The showering
extends from short to long time scales, producing multiple parton emission. In this
section we focus on this process and discuss branching methods to take into account
different contributions to multi-parton radiation.

2.1 Collinear showering and soft gluon coherence

Branching algorithms in standard shower Monte Carlo generators [3] are based on
collinear evolution of the jets, both time-like and space-like, developing from the
hard event. The branching probability is given in terms of splitting functions P and
form factors ∆ (Fig. 1) as

dP =
∫ dq2

q2

∫
dz αS(q

2) P (z) ∆(q2, q20) . (1)

The theoretical basis for the branching approach is the factorizability of universal
splitting functions in QCD cross sections in the collinear limit [4, 5], which justifies
the probabilistic picture.

Sudakov
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Figure 1: Parton branching in terms of splitting probabilities and form factors.

Besides small-angle, incoherent parton emission, shower generators (or more pre-
cisely some of them, see e.g. discussions in [6, 7]) also take into account further
radiative contributions, associated with emission of soft gluons. These contributions
are essential for realistic phenomenology [6, 7]. To incorporate them in a probabilistic
framework, one appeals to properties of coherence of color charge radiation.

Recall [4, 8, 9] that soft-gluon emission amplitudes factorize in terms of eikonal
currents [10, 11]

Ja
µ =

n∑

i=1

Qa
i

piµ
pi · q

, (2)

where pi are the emitters’ momenta, q is the soft momentum, and the color charge
operators Qa

i are associated with the emission of gluon a from parton i. In general,
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interferences are expected to contribute to the radiative terms relating the (n + 1)-
parton process to the n-parton process. Nevertheless, a probabilistic branching-like
picture can be recovered [12, 13, 14] by exploiting soft-gluon coherence.
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Figure 2: (a) Two gluon emission from a fast quark; (b) coherence of soft gluon
emission at large angle.

In the single-emission case, gluon coherence can be characterized simply as a
property of suitably defined azimuthal averages of the emission cross sections [13, 14].
At the multiple emission level, Fig. 2 illustrates the case of two soft gluons with
momenta q1 and q2 produced from a fast parton with momentum p (Fig. 2a). Suppose
q02 ≪ q01. We distinguish two angular regions for the softest gluon q2. i) When q2 is
at small angle from p (q1), then the amplitude can be seen as the sequential emission
of q1 from p and of q2 from p (q1). This corresponds to the standard bremsstrahlung
picture based on radiation cones centered around p and q1. ii) When q2 is at large
angle, θpq2 ≫ θpq1 , then the directions of p and q1 can be identified and the two
emission amplitudes act coherently to give (Fig. 2b) what can be seen as the sequential
emission of q2 from p and of q1 from p. The reversed order of the emissions compared
to case i) reflects the fact that the radiated gluon sees the total color charge of the
emitting jet.

Fig. 2b illustrates that the contributions of different emitters combine so as to
give an effective contribution in which the emissions are ordered in angle. Angular
ordering [12, 13, 14] thus replaces energy ordering: in the right hand side of Fig. 2b
the gluon emitted first is no longer the hardest.

2.2 Space-like parton shower at high energies

The arguments used in the previous subsection take into account, through the current
(2), soft vector emission from external lines in parton scattering amplitudes, and are
fully appropriate for scattering problems characterized by a single hard scale [4].
New effects come about, however, when one tries to extend this picture to processes
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at increasingly high energies with multiple hard scales, such as at the LHC. On one
hand, emissions in the parton branching that are not collinearly ordered become
non-negligible; on the other hand, coherence sets in from emissions due to internal
space-like lines in the branching decay chain [15, 16, 17].

More precisely, the first observation to address the high energy kinematics is that
soft-gluon insertion rules [8, 13] for n-parton scattering amplitudes M (n) can still be
given in terms of real and virtual soft-gluon currents J(R) and J(V ),

|M (n+1)(k, p)|2 =
{
[M (n)(k + q, p)]† [J(R)]2 M (n)(k + q, p)

− [M (n)(k, p)]† [J(V )]2 M (n)(k, p)
}

, (3)

but the currents are modified in the high-energy, multi-scale region by terms that
depend on the total transverse momentum transmitted down the initial-state parton
decay chain [15, 16, 17]. As a result, the physically relevant distribution to describe
initial-state showers becomes the analogue not so much of an ordinary parton density
but rather of an “unintegrated” parton density, dependent on both longitudinal and
transverse momenta.2

The next observation concerns the structure of virtual corrections. Besides Su-
dakov form-factor effects included in standard shower algorithms [3, 4], one needs in
general virtual-graph terms to be incorporated in transverse-momentum dependent
(but universal) splitting functions [15, 23, 24, 25] in order to take account of gluon
coherence not only for collinear-ordered emissions but also in the non-ordered region
that opens up at high

√
s/p⊥, where

√
s is the total center-of-mass energy and p⊥ is

the typical transverse momentum of a produced jet.
The resulting structure of the parton branching, depicted in Fig. 3, differs from

that in Eq. (1). The kernels P depend on transverse momenta and include part of
the virtual corrections, in such a way as to avoid double counting with the Sudakov
form factor ∆, while reconstructing color coherence not only at large x but also at
small x [26] in the angular region (Fig. 3)

α/x > α1 > α , (4)

where the angles α for the partons radiated from the initial-state shower are taken with
respect to the initial beam jet direction, and increase with increasing off-shellness.

From the standpoint of higher-order corrections, the effects of region (4) are po-
tentially enhanced by terms

αk
s ln

k+m
√
s/p⊥ . (5)

2See [18] for recent reviews of unintegrated pdfs. Aspects of u-pdfs from the standpoint of QCD
high-energy factorization are discussed in [19]. Recent applications to phenomenology may be found
in [20, 21, 22]. The papers in [23] contain first discussions of a more general, nonlocal operator
formulation of u-pdfs applied to parton showers beyond leading order.

4



α 1

α
p

xp

P

P P
+ + ..,

Figure 3: (left) Coherent radiation in the space-like parton shower for x ≪ 1; (right)
the unintegrated splitting function P, including small-x virtual corrections.

In inclusive processes, coherence leads to strong cancellations between reals and vir-
tuals so that terms with m ≥ 1 in Eq. (5) drop out [27, 24]. As a result, for instance,
the anomalous dimensions γij for the evolution of the space-like jet receive at most
single-logarithmic corrections at high energy [24, 28, 29]. For exclusive jet distribu-
tions such cancellations are not present and one may expect stronger enhancements.
The implementation of coherent effects associated with high-energy logarithms is,
from the point of view of jet physics, the main motivation for developing the formal-
ism of unintegrated parton distributions and implementing it in shower Monte Carlo
event generators.

The finite-k⊥ corrections to high-energy space-like showers discussed above affect
the structure of jet correlations and multiplicity distributions in multi-particle final
states. We discuss examples in the next section.

3 Applications to jet final states

This section discusses applications of the transverse momentum dependent parton
branching to jet physics. We start with results for angular and momentum correlations
in multi-jet final states observed, at central rapidities, in pp and ep collisions. We
then consider a new area of measurements that will open up at the LHC, involving
events that are both high-p⊥ and forward. Using forward detectors, experiments will
be able to measure azimuthal plane correlations between jets across intervals of five
units or more in rapidity. We discuss ongoing work in this area.

3.1 Angular correlations in multi-jet final states

In a multi-jet event the correlation in the azimuthal angle ∆φ between the two hardest
jets provides a useful measurement, sensitive to how well QCD multiple-radiation
effects are described. In leading order one expects two back-to-back jets; higher-
order radiative contributions cause the ∆φ distribution to spread out. Near ∆φ ∼ π
the measurement is mostly sensitive to infrared effects from soft-gluon emission; the
behavior as ∆φ decreases is driven by hard parton radiation. At the LHC such
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measurements can be used to test the description of complex hadronic final states by
Monte Carlo generators.

Experimental data on ∆φ correlations are available at present from the Teva-
tron [30] and from Hera [31, 32]. The comparison with shower Monte Carlo results
and perturbative results are very different in the two cases. The Tevatron ∆φ distri-
bution drops by about two orders of magnitude over a fairly narrow range, essentially
still close to the two-jet region. The measurement is dominated by leading-order pro-
cesses, with small sub-leading corrections. Correspondingly, data are reasonably well
described both by collinear showers (Herwig and the new tuning of Pythia) and
by fixed-order NLO calculations [30, 33].
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Figure 4: (left) Azimuth dependence and (right) Bjorken-x dependence of ep di-jet
distributions [31], compared with NLO results.

The Hera ∆φ measurements, on the other hand, are much more sensitive to higher
order radiative effects, see Fig. 4 [31]. NLO results for di-jet azimuthal distributions
are affected by large corrections in the small-∆φ and small-x region, and begin to
fall below the data for three-jet distributions in the smallest ∆φ bins [31]. These
measurements are likely relevant for extrapolation of initial-state showering effects
to the LHC, given the large phase space available for jet production, and relatively
small ratio of jet transverse energy to the center-of-mass energy.

Refs. [1, 34] investigate the effects of corrections to collinear-ordered showers on
angular and momentum correlations. Fig. 5 shows results from the collinear Her-

wig Monte Carlo [35] and from the k⊥-shower Cascade Monte Carlo [36] for the
distribution in ∆φ and the distribution in ∆pt, measuring the transverse momentum
imbalance between the leading jets. The largest differences between the two Monte
Carlos are at small ∆φ and small ∆pt, where the two highest ET jets are away from
the back to back region and one has effectively three hard, well-separated jets. By
examining the angular distribution of the third jet, Ref. [1] finds significant contribu-
tions from regions where the transverse momenta in the initial state shower are not
ordered. The description of the measurement by the k⊥-shower is good, whereas the
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collinear-based Herwig shower is not sufficient to describe the observed shape.
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Figure 5: (left) Angular correlations and (right) momentum correlations [1] in three-
jet final states measured by [31], compared with k⊥-shower (Cascade) and collinear-
shower (Herwig) Monte Carlo results.

Fig. 6 illustrates the relative contribution of matrix element corrections and shower
evolution to the result [1]. The solid red curve is the full result, normalized to the back-
to-back cross section. The dashed blue curve is obtained from the same unintegrated
pdf’s but by taking the collinear approximation in the hard matrix element. The
dashed curve drops much faster than the full result as ∆φ decreases, indicating that
the high-k⊥component in the hard ME is necessary to describe jet correlations for
small ∆φ. The dotted (violet) curve is the result obtained from the unintegrated
pdf without any resolved branching. This represents the contribution of the intrinsic
k⊥distribution only, corresponding to nonperturbative, predominantly low-k⊥modes.
That is, in the dotted (violet) curve one retains an intrinsic k⊥ 6= 0 but no effects
of coherence. We see that the resulting jet correlations in this case are down by an
order of magnitude. The inclusion of the perturbatively computed high-k⊥ correction
distinguishes the calculation [1] of multi-jet cross sections from shower approaches
that include transverse momentum dependence in the pdfs but not in the matrix
elements.

The above observations underline the role of accurate multi-jet measurements in
events associated with proton scattering off virtual photons [20]. Phenomenological
analyses of the available jet correlation data (and multiplicity distributions [1]) can
be useful also in attempts to relate showering effects in DIS, measuring the transverse
momentum in the current region [37], to vector-boson [38, 39] and scalar-boson [40]
hadroproduction pT spectra.
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Figure 6: The dijet azimuthal distribution [1] normalized to the back-to-back cross
section: (solid red) full result (u-pdf ⊕ ME); (dashed blue) no finite-k⊥correction in
ME (u-pdf ⊕ MEcollin.); (dotted violet) u-pdf with no resolved branching.

3.2 Forward jets at the LHC

Experiments at the LHC will explore the forward region in pp collisions with the main
general-purpose detectors and with dedicated instrumentation, including both proton
taggers and forward calorimeters [20, 41, 42]. The forward-physics program involves
a wide range of topics, from QCD to new particle discovery processes. Owing to
the large center-of-mass energy of the collision and the unprecedented experimental
coverage of large rapidities, it becomes possible, for the first time at hadron-hadron
colliders, to carry out a program of high-pT physics in the forward region.

p
A

p
B

forward
jet

X
s 1

s 2 >> s 1

Figure 7: Forward jet production in hadron-hadron collisions.

The hadro-production of a forward jet associated to a hard final stateX is pictured
in Fig. 7. The kinematics of the process is characterized by the large ratio of sub-
energies s2/s1 ≫ 1 and highly asymmetric longitudinal momenta in the partonic
initial state (xA → 1, xB → 0) [43].

In this kinematical region, QCD logarithmic corrections in the large rapidity in-
terval and the hard transverse momentum may both be sizeable [2, 44]. The the-
oretical framework to sum consistently both kinds of logarithmic corrections to all
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perturbative orders is based on QCD high-energy factorization at fixed transverse
momentum [19]. This factorization program is carried through in [2]. The high-
energy factorized form of the forward jet cross section, differential in the final-state
transverse energy Qt and azimuthal angle ϕ, can be represented schematically as

dσ

dQ2
tdϕ

=
∑

a

∫
φa/A ⊗ dσ̂

dQ2
tdϕ

⊗ φg∗/B , (6)

where ⊗ specifies a convolution in both longitudinal and transverse momenta, σ̂ is
the hard scattering cross section, calculable from a suitable off-shell continuation of
perturbative matrix elements [2], φa/A is the distribution of parton a obtained by near-
collinear shower evolution, and φg∗/B is the gluon unintegrated distribution obtained
from k⊥-dependent parton branching.
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Figure 8: Transverse momentum dependence of the factorizing short distance matrix
elements [44].

The multi-parton matrix elements [2] factorize, in the high-energy limit, not only
in the collinear emission region but also at finite angle. They can be used to take into
account effects of coherence from multi-gluon emission away from small angles, which
become important for correlations among jets across long separations in rapidity.

Potentially significant coherence effects involve both the short-distance factor σ̂
and the long-distance factor φ. Fig. 8 [44] illustrates the effect in the short distance
part. Here we consider the term a = q in Eq. (6), and plot the cross section versus
the ratio between kt, measuring the transverse momentum carried away by additional
jets accompanying the two leading jets, and Qt, defined in terms of the transverse
momenta of the hardest jets.

We observe in Fig. 8 that the role of coherence from multi- gluon emission is to set
the dynamical cut-off at values of kt of order Qt. Non-negligible effects arise at high
energy from the finite-kt tail. These effects are not included in collinear-branching
generators, and become more and more important as the jets are observed at large
rapidity separations. Monte Carlo implementations of Eq. (6) and the coherent matrix
elements will be relevant for phenomenological studies of the forward region.
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4 Summary

Final states with high jet multiplicities acquire qualitatively new features at the LHC
compared to previous collider experiments, as the phase space opens up for events
characterized by multiple hard scales, possibly widely disparate from each other. This
brings in potentially new effects in both the hard-scattering and the parton-shower
components of the process.

If large-angle multigluon radiation gives significant contributions to parton show-
ers, appropriate generalizations of parton branching methods are required. We have
discussed applications of transverse-momentum dependent kernels for parton show-
ering, which follow from high-energy factorization properties of QCD multiparton
matrix elements.

Using precise ep data on three-jet final states, we observe significant corrections
associated with coherent gluon radiation in the x ≪ 1 space-like shower, arising from
regions in which the partonic lines along the decay chain in the initial state are not
ordered in transverse momentum. This gives rise to quite distinctive features in the
jet angular correlations.

We have described a theoretical framework to incorporate coherence effects that
will influence the distributions of jets produced in the forward region at the LHC.
Monte Carlo implementations of this approach will be relevant for phenomenological
studies of forward physics.

The coherence effects from highly off-shell processes discussed in this article can
also affect the detailed structure of final-state distributions associated with heavy
particle production. Monte Carlo event generators taking this into account will thus
be helpful if one is to use jets as a tool to analyze potential effects of new physics at
the LHC from highly boosted massive states.
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