
RENORMALIZATION GROUP EQUATION

FOR NUCLEAR CURRENT OPERATORS

MENU 2007
11th International Conference
on Meson-Nucleon Physics and
the Structure of the Nucleon
September10-14, 2007
IKP, Forschungzentrum Jülich, Germany

A. N. Kvinikhidze 1 and B. Blankleider
Department of Physics
Flinders University
Bedford Park, SA 5042, Australia

Abstract

In order to eliminate the present ambiguity in the renormalization group
equation for nuclear current operators, we introduce a new condition speci-
fying the cutoff independence of the five point Green function corresponding
to the two-body propagator with current operator insertion. The resulting
effective current operator is then shown to obey a modified Ward-Takahashi
identity which differs from the usual one, but that nevertheless leads to cur-
rent conservation.

1 Current Operator RG Equation

The use of the Wilsonian renormalization group (RG) method [1] to impose
a cutoff Λ on the momenta of virtual states is an important tool for studying
various aspects of nuclear effective field theory (EFT) [2]. In this context,
our main goal here is to provide an unambigous derivation of the recently
proposed RG equation for nuclear current operators [3]. At the same time
we examine the questions of current conservation and application to EFT.

Defining projection operators [3]

η =

∫
d3k

(2π)3
|k〉〈k| θ(Λ − k), (1)

λ =

∫
d3k

(2π)3
|k〉〈k| θ(Λ − k)θ(k − Λ), (2)

where Λ > Λ, the RG equation for the reduced space effective potential VΛ

can then be written as [2]

∂VΛ

∂Λ
= VΛG0

∂λ

∂Λ
VΛ (3)

1Permanent address: A. Razmadze Mathematical Institute, Georgian Academy of Sci-
ences, Aleksidze Str.1, Tbilisi 0193, Georgia
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where G0 = (E − H0)
−1 is the two-body free propagator. Eq. (3) can be

derived from the reduced space Lippmann-Schwinger equation

T = VΛ + VΛηG0T (4)

by requiring the off-shell scattering amplitude, T , not to depend on Λ. Re-
cently NA have derived the corresponding RG equation for the reduced space
effective current operator Oμ

Λ [3]. Writing this current operator as

Oμ
Λ = ηΓμ

Λη, (5)

the RG equation derived by NA can be expressed as

∂Γμ
Λ

∂Λ
= VΛG0

∂λ

∂Λ
Γμ

Λ + Γμ
Λ

∂λ

∂Λ
G0VΛ. (6)

However, Eq. (6) was derived as only a sufficient condition for the Λ invari-
ance of the physical matrix element of Oμ

Λ:

∂〈Oμ
Λ〉

∂Λ
=

∂

∂Λ
ψβηΓμ

Λ(Eβ, Eα)ηψα = 0. (7)

That is, the equation used to define Γμ
Λ was chosen to be2

〈Oμ
Λ〉 ≡ ψβηΓμ

Λ(Eβ, Eα)ηψα = ψβΓμ(Eβ, Eα)ψα (8)

where
Γμ(Eβ, Eα) ≡ Oμ

Λ
(Eβ, Eα) = ηΓμ

Λ(Eβ, Eα)η|Λ=Λ (9)

can be identified with the current vertex function of the full space [4] in
the limit Λ → ∞. The sandwiching two-body wave functions ψβ and ψα

include bound states, and scattering states whose relative momenta, p′ and
p, respectively, are smaller than the cutoff parameter: p′, p < Λ.

We have eliminated the ambiguity in the validity of Eq. (6) by showing
that this RG equation is a sufficient and necessary condition for Λ indepen-
dence of the five-point function ηGηΓμ

ΛηGη [5]. Specifically we chose Γμ
Λ to

be defined by

ηG(E ′)ηΓμ
Λ(E ′, E)ηG(E)η = ηGμ(E ′, E)η (10)

for all Λ < Λ, where Gμ is the five-point function defined as

Gμ(E ′, E) = G(E ′)ηΓμ
Λ(E ′, E)ηG(E)|Λ=Λ = G(E ′)Γμ(E ′, E)G(E). (11)

2To save on notation we suppress total momentum variables from the argument of Γμ
Λ.
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We note that Gμ corresponds to the two-body Green function G with all pos-
sible insertions of a current [4]. In the five-point function ηGμη, neither the
incoming nor outgoing two-body states are on the energy shell; by contrast,
both these states are on the energy shell in ψΓμψ. At the same time, such
five-point Green functions are necessary ingredients for three-body currents
where two-body subsystems are off shell. In this sense the use of ηGμη for
the RG approach to the current operator, is naturally related to the RG
approach to the two-body interaction, where the cutoff independence of the
fully off-shell two-body scattering amplitude is used [2].

1.1 Solution of the Current Operator RG Equation

We find, unambiguously, that the solution to Eq. (6) is given by3

Oμ
Λ = η(1 − VΛG0λ)−1Oμ

Λ
(1 − λG0VΛ)−1η

= η
[
1 + VΛλ(E ′ − H0 − VΛλ)−1

]
Oμ

Λ

[
1 + (E − H0 − λVΛ)−1λVΛ

]
η

(12)

Unfortunately Eq. (12) cannot be used as a basis of a perturbation theory for
Oμ because V , VΛ and Oμ enter Eq. (12) not only at low momenta; moreover,
only high momentum intermediate states are involved due to projectors λ.
Nevertheless, Eq. (12) is useful for a range analysis of Oμ

Λ, showing that the
long range part of Oμ

Λ is not affected by cutoff Λ - only the short range part
is different from the one of Oμ

Λ
.

2 Current Conservation

In order to avoid the well known problems of current conservation in theories
with a finite cutoff, we consider the simple case where the starting cutoff
is taken to infinity, Λ = ∞. Then in the best case we will have the usual
two-body Ward-Takahashi (WT) identities [9]

qμG
μ(E ′, E) = Γ0

0G(E) − G(E ′)Γ0
0, (13a)

qμΓμ(E ′, E) = G−1(E ′)Γ0
0 − Γ0

0G
−1(E) (13b)

where Γ0
0 is the zero’th component of the current operator Γμ

0 of two non-
interacting particles, and is specified for initial (final) total four-momentum
P = p1 + p2 (P ′ = p′1 + p′2) and relative momentm p (p′) as

〈p′|Γ0
0(P

′, P )|p〉 = i(2π)3 [e1δ(p
′
2 − p2) + e2δ(p

′
1 − p1)]

= i(2π)3 [e1δ(p
′ − p − q/2) + e2δ(p

′ − p + q/2)] (14)

3The solutions in Refs. [3,6,7] are misquoted; however, the calculations are correct [8].
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The WT identities of Eqs. (13) are damaged after the introduction of a finite
momentum cutoff Λ: introducing the cutoff into Eq. (13b) gives [5]

qμηΓμ
Λ(E ′, E)η = η[G−1

0 (E ′) − VΛ(E ′)]ηΓ0
0[1 + λG0(E)VΛ(E)]η

− η[1 + VΛ(E ′)G0(E
′)λ]Γ0

0η[G−1
0 (E) − VΛ(E)]η. (15)

Although Eq. (15) is not a usual WT identity, it still leads to a conserved
current:

qμψp′ηΓμ
Λ(E ′, E)ηψp = 0. (16)

It is important to note that the modified WT identity, Eq. (15), relates the
reduced space effective current vertex Γμ

Λ, only to the corresponding effective
potential VΛ (the initial potential V is not involved), and that it enters the
WT identity only with relative momenta below Λ for all physically interest-
ing low energy transitions. These properties are indispensable for construct-
ing a self-contained effective field theory (EFT) in the reduced momentum
space [10]. The longitudinal part of the effective current operator is fully
determined by just the effective potential. This is exactly the situation one
has from the beginning, on the level of the EFT Lagrangian. The predictive
power of the EFT with cutoff is the same as of the underlying EFT, i.e. as it
would be had one used the EFT Lagrangian in the renormalization scheme.
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