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1 Introduction

Quark-gluon plasma created at RHIC turned out to be strongly coupled phase of
QCD [1]. Investigating the evolution of expanding RHIC fireball starting from the
first principles is an impossible task. Recently it was proposed to study the dynamics
of other strongly coupled system, N = 4 super Yang-Mills (SYM) theory with very
large number of colors, which at finite temperature may resemble some features of
quark-gluon plasma [2]. This theory has a dual description in terms of supergravity
in asymptotically anti-de Sitter space [3]. There were several papers investigating
static or near equilibrium plasma using AdS/CFT correspondence, the first approach
starting with fully dynamical setting was [8].

In this talk the dynamics of energy-momentum tensor of N = 4 SYM in case of
one-dimensional expansion is studied in the late proper-time regime [4]. To establish
whether behavior of the plasma is of the perfect fluid type, condition of nonsingularity
of dual five-dimensional geometry has been used [8]. The same assumption helped to
establish the viscosity in the framework of the first order dissipative hydrodynamics
[10, 11], where thermodynamical quantities are expanded up to the first order in gra-
dient expansion. However, first order framework is known to violate causality (signals
propagates instantaneously in the medium) [5]. To restore causality, introduction of
an additional parameter to the theory is needed - relaxation time, which sets the
characteristic timescale of equilibration in the medium [6]. The aim of this talk is to
show the framework leading to the establishment of the relaxation time for N = 4
SYM theory. Originally calculation was presented in [13].

The talk is organized as follows: in the second section Bjorken hydrodynamics [4] is
reviewed, third section gives a brief view on relativistic hydrodynamics, in the fourth
section holographic renormalization is presented, fifth section reviews the dual picture
of one-dimensional expansion, finally in the sixth section calculation of viscosity and
relaxation time is sketched. Conclusions are described in the seventh section.
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2 Bjorken hydrodynamics

One-dimensional expansion of quark-gluon plasma is the first approximation to the
physics after collision of two heavy ions [4]. It is valid as long as the size of the
nucleus is much bigger than the distance between two receding nuclei. Assumption
of boost invariance (infinite energy of collision) forces the use of proper-time τ =√

(x0)2 − (x1)2 and rapidity y = arctanh x1/x0 coordinates, whereas all the physical
quantities depend only on proper-time.

The idea behind this work is to consider one-dimensional expansion of quark-gluon
plasma and change QCD in favor of N = 4 SYM, which has gravity dual description
[8].

The operator of particular interest is the energy-momentum tensor. Constraints fol-
lowing from conservation and symmetries, namely tracelessness (conformal invari-
ance) and rotational invariance in the transverse plane allow to express energy-
momentum tensor in terms of energy density f(τ) only. It is assumed that asymptotic
large proper-time formula for energy density f(τ) takes the form

f(τ) =
1

τ s
. (1)

Energy positivity constrains s to be

0 < s ≤ 4. (2)

Relativistic perfect fluid has energy-momentum tensor of the form

T (PF )
µν = (f + p)uµuν + pηµν , (3)

where uµ is the local velocity of a fluid, f is energy density an p pressure. Boost
invariance forces uµ = (1, 0, 0, 0) leading to energy density scaling

f =
1

τ 4/3
. (4)

This is precisely the equation that describes the behavior of energy density in case of
one-dimensional expansion of N = 4 SYM plasma for asymptotic proper-times.

3 Relativistic dissipative hydrodynamics

Dissipative corrections to perfect fluid energy-momentum tensor are of great impor-
tance. The simplest framework to include them is the first order dissipative hydro-
dynamics (thermodynamical quantities are expanded up to the first order in gradient
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expansion) [10, 11]. Energy momentum tensor in the boost invariant setting in the
first order approach takes the form

Tµν = diag

(
f,

1

τ 2

(
p− 4

3

η

τ

)
, p +

2

3

η

τ
, p +

2

3

η

τ

)
. (5)

Vanishing the trace requires

f = 3p, (6)

which is the equation of state of relativistic fluid.

First order description is not satisfactory because it violates causality (resulting equa-
tions are parabolic instead of hyperbolic - thermal and viscous signals propagates
instantaneously) [5]. A more correct approach, called second order formalism, intro-
duces nonzero relaxation time of the fluid, which solves this problem [6]. Generally,
time evolution of energy density for the relativistic fluid can be expressed as

df

dτ
= −4

3

f

τ
+

Φ

τ
, (7)

where

Φ =
4

3

η

τ
(first order formalism), (8)

τπ
dΦ

dτ
= −Φ +

4

3

η

τ
(second order formalism). (9)

The limit τπ → 0 reduces to the first order formalism. The equations above will be
crucial later on in dealing with holographically reproduced energy-momentum tensor
of N = 4 SYM.

4 Holographic renormalization

Gauge-gravity duality would be meaningless without a proper dictionary (relating
different physical quantities on both sides). Correspondence states, that for each
local gauge-invariant operator on N = 4 SYM side there exists a supergravity field
in the bulk. Vacuum expectation values of these operators can be reconstructed from
supergravity fields at the boundary. To probe the dynamics of N = 4 SYM plasma
it will be necessary to calculate its energy momentum tensor (the form of energy-
momentum tensor contains information on equation of state of described matter) [8].
In the strongly coupled regime (λ → ∞) the only calculational tool is a holography,
namely using AdS/CFT dictionary to extract vacuum expectation value of energy-
momentum tensor from gravitational physics. Holographic renormalization method
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allows to calculate vacuum expectation values of some N = 4 SYM operators by
analyzing near-boundary behavior of supergravity fields [7]. Field dual to the gauge
theory energy-momentum tensor is the metric Gab.

Five-dimensional asymptotically AdS space has the following line element

ds2 =
gµνdxµdxν + dz2

z2
. (10)

Inserting this metric into Einstein equations with negative cosmological constant Λ =
−6 results in near-boundary (z = 0) metric expansion

gµν = g(0)
µν + g(2)

µν z2 + g(4)
µν z4 + g(6)

µν z6 + . . . (11)

In this power series g(0)
µν is a metric on the boundary (here gµν = ηµν is the Minkowski

metric), second term vanishes (as a consistency condition) and g(4)
µν is proportional

to vacuum expectation value of energy-momentum tensor of the boundary theory (in
this case N = 4 SYM)

g(4)
µν =

N2
c

2π2
< Tµν > . (12)

Thus given a five-dimensional solution of Einstein equation, energy-momentum tensor
of N = 4 SYM theory can be easily extracted. For an inverse problem (reconstructing
the bulk geometry from quantum field theory data), two further constraints must be
imposed

T µ
µ = 0 (tracelessness) (13)

and
DµT

µν = 0 (conservation). (14)

There are no other constraints on the dynamics imposed by Einstein equations. The
gauge-gravity duality should choose ”physical” behavior of energy-momentum ten-
sor (which on the gauge theory side is determined by dynamics) and an additional
condition must be imposed. It turns out, that demanding nonsingularity of resulting
geometry is the right constraint [8].

5 Gravity dual of one-dimensional expansion

General form of the metric corresponding to the energy-momentum tensor of plasma
expanding in one dimension is

ds2 =
−ea(τ,z)dτ 2 + τ 2eb(τ,z)dy2 + ec(τ,z)dx2

⊥ + dz2

z2
. (15)
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One can holographically reproduce five-dimensional space-time starting from energy
density scaling as 1

τs . Analysis of the metric power series in z2 suggest introduction
of scaling variable v = z

τs/4 . Keeping scaling variable v fixed, while taking the limit
τ →∞ reduces Einstein equations to a set of ordinary differential equations [8]. The
only solution giving regular square of Riemann tensor RαβρδR

αβρδ occurs for s = 4
3
.

This corresponds to perfect fluid behavior of the boundary theory.

Subasymptotic corrections to the metric, killed by taking the limit τ → ∞, are of
particular importance [10]. On the field theory side, they represent viscous part
of energy momentum tensor. To calculate the corrections to asymptotic behavior,
one can implement systematic method of solving Einstein equations equivalent to
iterating them step by step starting from holographic metric and energy-momentum
tensor [11]. The general ansatz for large proper-time behavior of metric coefficients
is

a(τ, z) = a0(
z

τ 1/3
) +

1

τ 2/3
a1(

z

τ 1/3
) +

1

τ 4/3
a2(

z

τ 1/3
) + . . . (16)

Analogous formulas holds for b(τ, z), c(τ, z) and Rαβγδ(t, z)Rαβγδ(t, z). Rescaling
the components of Einstein tensor Gαβ = Rαβ − 1

2
Rgαβ − 6gαβ leads to systematic

expansion in integer powers of 1
τ2/3

Eαβ = E
(0)
αβ +

1

τ 2/3
E

(1)
αβ +

1

τ 4/3
E

(2)
αβ + . . . (17)

New Einstein ”tensor” takes form Eαβ = (τ 2/3Gττ , τ
4/3Gτz, τ

−4/3Gyy, τ
2/3Gxx, τ

2/3Gzz).
Due to this trick Einstein equations can be solved order by order in scaling variable
v = z

τ1/3 . Integration constants are fixed by nonsingularity condition, namely the
regularity of Riemann squared in each order of 1

τ2/3 expansion. Regularity of metric
in the third order ( 1

τ2 term) requires turning on the dilaton field φ(τ, z) and passing

from the Einstein (E) to the string frame (s) (g(s) = e
1
2
φg(E)).

6 Viscosity and relaxation time from a second or-

der viscous hydrodynamics

For a Boltzmann free gas the following relation is true

τBoltzmann
π =

3

2

η

p
. (18)

In order to calculate relaxation time of N = 4 SYM plasma an assumption is made,
that similar relation
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τπ = r τBoltzmann
π =

3 r

2

η

p
(19)

holds also in this case. Unknown constant r can be calculated from equation governing
time evolution of energy density in the second order formalism. For an energy density
extracted from five-dimensional metric in the second order

f(τ) =
1

τ 4/3
−

√
2

33/4τ 2
+

1 + 2 log 2

12
√

3 τ 8/3
. (20)

using second order viscous hydrodynamics equation, one can extract both viscosity
and constant r.

r =
1− log 2

9
,

η =
1√

2 33/4 1
τ

. (21)

This gives relaxation time almost 30 times smaller than in the weak coupling limit
and viscosity saturating the bound η

s
= 1

4π
[14].

7 Summary

Holographic renormalization method together with nonsingularity condition estab-
lished both asymptotic large-proper time behavior of N = 4 SYM plasma to be of
perfect fluid type, together with second order relativistic hydrodynamics parameters
viscosity and relaxation time. Calculated viscosity saturates the bound η

s
≥ 1

4π
and

relaxation time is almost 30 times shorter than in the weak coupling limit. Dilaton
field turned on to preserve regularity of the metric in the third order of perturbative
expansion leads to nonvanishing expectation value of trF 2 in the dual theory (color
magnetic and electric modes do not equilibrate).

Further investigations of dynamical plasma using AdS/CFT correspondence include
applying dynamical horizons framework to analyze entropy production in one-dimensional
expansion by dissipative effects, turning other supergravity fields and considering less
symmetric situations.
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