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The method of Effective Charges

G. Grunberg, Phys. Rev. D29 (1984) 2315

Consider an etTe~ observable R(Q), e.g. an
event shape observable- thrust or heavy-jet mass,
() being the c.m. energy.

R(Q) = a(u,RS) + r1(p/Q, RS)a’(u, RS) +
+ ro(u/Q,RS)a>(u, RS) + - - -,

Here a = as/m. Normalised with the leading
coefficient unity, such an observable is called
an effective charge. The couplant a(u, RS)
satisfies the beta-function equation

da(p, RS) = B(a) = —ba2(1—|—ca—|—02a2+63a3‘|" )
din(u)

b= (33 — 2Nf)/6 and ¢ = (153 — 19Nf)/12b

are universal, the higher coefficients ¢; , (i > 2)
are RS-dependent and may be used to label
the scheme, together with dimensional trans-
mutation parameter A.




The effective charge 'R satisfies the equation

dR(Q)
dIn(Q)

This corresponds to the beta-function equa-

tion in an RS where the higher-order correc-
tions vanish and R = a, the beta-function co-
efficients in this scheme are the RS-invariant
combinations

= p(R(Q)) = —bR*(1+cR+poR*+p3R>+ -

P2 co+ 1o —r1Cc—77%

p3 = c3+ 2r3 —4rqiro —2r1po — r%c -+ 27“‘;’.
The equation for dR/dIn@Q can be integrated
to give
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r=r1(1,MS) with u = Q.



Direct Extraction of /\ from data R

S.J. Burby and C.J.M. NPB 609 (2001)

One can recast the last equation as

Nrs = QF(R(Q)G(R(Q))e "0 (2¢/b)/" .
The final factor converts to the standard con-
vention for A. Here F(R) is the universal func-
tion
F(R) = e YR(1+1/eR)?,
and G(R) is

Q(R)zl—p—;n+0(n2)+...,

Here ps is the NNLO ECH RS-invariant. If only
a NLO calculation is available, as is the case
for eTe™ jet observables, then G(R) =1, and

= QF(R(Q))e ™"/ (2¢/b)/".
This formula has been used to directly extract

Nyfg from (hadronization corrected) data for a
varlety of ete™ event shape observables
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Summary of Ay Measurements

Uncorrected for Hadronisation Effects
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Summary of Ag= Measurements

Corrected for Hadronisation Effects
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Further comments on Effective Charges

It is commonly stated that the method of ef-
fective charges is inapplicable to exclusive quan-
tities which depend on multiple scales. How-
ever given an observable R(Q1,Q>,Q3,...,Qn)
depending on n scales it can always be written
as

R — R(Ql? QQ/Q]_, Cey Qn/Ql)ERajgajg,xn(Ql)

Here the z;=0Q;/Q1 are dimensionless quan-
tities that can be held fixed, allowing the Q1
evolution of R to be obtained as before. In
the 2-jet region for ete™ observables large log-
arithms L = In(1/x;) arise and need to be re-
summed to all-orders.



Effective Charges from resumming UV loga-
rithms

CORGI approach CJM

Can write the NLO coefficient r1(u) as

ri(p) = bln/.&'u — blng :

S AR
So can identify scale-dependent u-logs and
RS-invariant “physical” UV @Q-logs. Higher co-
efficients are polynomials in rq.

ro = rf+ric+ (p2 —c2)

5 C
r3 = r;+ Ecr% + (3p2 — 2¢co)r1 + (p2_3 — 33
Given a NLO calculation of rq, parts of ro,r3, ...
are “RG-predictable”. Usually choose u = x@
then rq1 is @Q-independent, and so are all the
rn. The Q-dependence of R(Q) comes entirely

from the RS-dependent coupling a(Q) !



However, if we insist that u is held constant in-
dependent of () the only (Q-dependence resides
in the “physical” UV @Q-logs in r1. Asymptotic
freedom then arises only if we resum these Q-
logs to all-orders. Given only a NLO calcula-
tion, and assuming for simplicity that that we
have a trivial one loop beta-function B(a) =
—ba? so that a(u) = 1/bin(u/Aq75) the RG-
predictable terms will be

R = a(p) (1 + > (a(u)m(u))”) :

n>0
Summing the geometric progression one ob-
tains

R(Q) = a(p)/ [1—<b|n/~\“ —blﬂ£> (M)]

7S AR
= 1/bIn(Q/NAR) ,

The p-logs “eat themselves’ and one arrives
at the NLO ECH result R(Q) = 1/bIn(Q/N\R).




Means of eTe~ Event Shape Observables-

DELPHI analysis

DELPHI analysed the means of event shapes
measured at LEP and found that excellent fits
could be obtained using the NLO ECH predic-
tions (RGI Perturbation Theory). These were
consistent with there being no non-perturbative
power corrections 1/@Q, and were of higher qual-
ity than the fits obtained using the MS scheme
with a “physical scale choice u = @) together
with the model for power corrections of
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Large Logarithms and event shape distribu-
tions

Event shape distributions for thrust (T") or heavy-
jet mass (p;,) contain large kinematical loga-
rithms L = In(1/y), where y = (1 —T),pp, -
These must be resummed to all-orders in the
two-jet region

1do

o dy = Arpp(aL?)+L Y Anpr(al?)+L 2 Aynpr(al?)+
Here LL, NLL, NNLL denote leading log,
next-to-leading log, etc. For thrust and heavy-

jet mass the distributions exponentiate

Ry = | dyld—" — C(ar) exp(Lgy (arL)
—+ gz(awL) + agz(anL) +---) + D(am,y)

Here g1 contains the LL and go the NLL.C' =
1 4+ O(a) is independent of y and D contains
terms that vanish as y — O.



It is natural to define an effective charge R(y’)
so that

Ry(y') = exp(ro(¥)R(Y))
This effective charge will have the expansion

ro(L)R(L) = ro(L)(a+ri(L)a®+ro(L)a3+---)

Here ro(L) ~ L2, and the higher coefficients
rn(L) have the structure

pp = Ll o NLLEn—1

Usually one resums these logarithms to all-
orders using the known closed-form expressions
for g1(al) and go(al), where a is taken to
be the MS coupling with a “physical’ scale
choice p = Q (MSPS). Instead we want to re-
sum logarithms to all-orders in the p(R) func-
tion (ECH).The form of the p, RS-invariants
means that the p, have the structure

pn = ptbrn 4 pNLLn=1 o



Resummation of the p(R) function

From the structure of the p, invariants it fol-
lows that we can define RS-invariant approxi-
mations to p(R) such as

oo
—bR*(L+cR+ > psEL"R™)

pLL(R) =
n=2
PNLL(R) = —bR*(1+cR+ > (pp-L"
n=2

+ LR

The resummed pn L (R) can then be used to
solve for Ry,

Q l cR
blnE = R_I_Cm[l—l—cR]
/R(Q)da: b n 1
0 pnrr(x)  x?(1 + cx)

Since A involves the exact value of r1(1, M S)
there is no matching problem as in the stan-
dard M SPS approach.



Numerical Calculation of the resummed p(R)

o, (R) can be straightforwardly numerically
computed using
dR| L

pLL(2) = B(a) L

with a chosen so that RLL(a) = x. The same
relation with 8(a) = —ba?(1 + ca) suffices for

pNLL(R).

dRLL

— _ba?

A crucial feature of the effective charge ap-
proach is that it resums to all-orders RG-Predictable
pieces of the higher-order coefficients, thus the
NLO ECH result (assuming ¢ = 0 for simplic-

ity) corresponds to an RS-invariant resumma-

tion

a+ria®+riad+ - Frfa" T4
Thus even at fixed-order without any resum-
mation of large logs in p(R) a partial resumma-
tion of large logs is automatically performed.
Furthermore one might expect that the LL
ECH result contains already NLL pieces of the
standard M SPS result.
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Comparison of the 1-thrust distribution using
various NLO approximations in the 2-jet re-
gion. The solid curve arises from exponenti-
ating the NLO ECH. The dashed curve is ob-
tained by expanding this to NLO in MSPS.
The dotted curve is an unexponentiated NLO
ECH fit. DELPHI data at Q = M4 are plotted.

/\M—S = 212 MeV is assumed.
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For 1-thrust the ratio of the NLL MSPS coef-
ficient at O(a™) “predicted” from the LL ECH
result to the exact result (diamonds). The tri-
angles show the “prediction” from the NLO
ECH result.



Problems with the Effective Charge resumma-
tion

A problem with the Effective Charge resum-
mations is that the p(R) function contains a
branch cut which limits how far into the 2-jet
region one can go. We are limited to 1 -7 >
0.05M,/@ in the fits we have performed. This
branch cut mirrors a corresponding branch cut
in the resummed g1(al) function. An addi-
tional problem is that as 1 — T approaches 2/3
the leading coefficient ro(L) vanishes and the
Effective Charge formalism breaks down. We
need to restrict the fitsto 1 — T < 0.18. From
the “RG-predictability” arguments we might
expect that these difficulties would also be-
come apparent for a NNLL MSPS resumma-
tion.



Fits including power corrections

For eTe™ event shape means the DELPHI col-
laboration have found that the NLO ECH re-
sult produces excellent fits to data without in-
cluding any power corrections. In contrast fits
to M SPS results require additional power cor-
rections C1/Q with C; ~ 1 GeV. We wish to
perform similar fits to the distributions. To
this end we define

Rpc(y) = Rpr(y — C1/Q)

This shifted result is then fitted to the data
for 1-thrust and heavy jet mass to extract C';
and /\M—S .
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Extension to Event Shape Means at HERA

M.J. Dinsdale hep-ph/0512069

For DIS processes at HERA one has a con-
volution of proton pdf's and hard scattering
Cross-sections,

do(ep — X, Q) do(ea — X,Q, M)

=2 [ defale )T

There is no way to directly relate such quan-
tities to effective charges. The DIS cross-
sections will depend on a factorization scale
M, and a renormalization scale p at NLO. In
principle one could identify unphysical scheme-
dependent In(M/A4;5) and In(u/A7g), and phys-
ical UV @Q-logs, and then by all-orders resum-
mation get the M and p-dependence to “eat
itself" .



The pattern of logs is far more complicated
than the geometrical progression in the Effec-
tive Charge case, and a CORG I result for DIS
has not been derived so far. Instead one can
use the Principle of Minimal Sensitivity (PMS)
and for an event shape mean
(y) look for a stationary saddle point in the
(u, M) plane. It turns that there are large
cancellatons between the NLO corrections for
quark and gluon initiated subprocesses. One
can distinguish between two approaches, PM S+
where one seeks a saddle point in the (u, M)
plane for the sum of parton subprocesses, and
PMS> where one introduces two separate scales
pq and pg and finds a saddle point in (ug, pg, M).
PMS1 gives power corrections fits comparable
to MSPS with M = u= Q. PMS> in contrast
gives substantially reduced power corrections.
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Conclusions

Notwithstanding the limited fit range the ECH
fits for thrust and heavy jet mass show great
stability going from NLO to LL to NLL, pre-
sumably because at each stage a partial re-
summation of higher logs is automatically per-
formed.

The power corrections required with ECH are
somewhat smaller than those found with M SPS,
but we do not find as dramatic a reduction as
DELPHI find for the means. This may be be-
cause their analysis corrects the data for bot-
tom quark mass effects which we have ignored.

The fitted value of /\M—S for ECH is much smaller
than that found with MSPS, (as(M,z) = 0.106

(thrust) and 0.109 (heavy-jet mass)). Simi-

larly small values are found with the Dressed

Gluon Exponentiation (DGE) approach.



