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Abstract: We review the global formalism for Chern-Simons theories. Superpotentials are com-
puted and the relation between the global Chern-Simons Lagrangian and the augmented variational
principle is investigated.

1. Introduction

The original Chern-Simons theories are described by a sheaf of local Lagrangians (differing
on patch overlaps by local divergences) defining global field equations. The locality of
variational principle make conservation laws difficult to be treated via Nöther theorem.

Another strategy is based on the usage of transgression formula as a Lagrangians (see
[1], [2], [3] and [4]) to globalize the variational principle. It has recently become an active
field of research with numerous applications; see [5], [6] and refrences quoted therein. On
one handside this enables a straightforward computation for conservation laws; on the
other handside the introduction of the reference field as prescribed by the transgression
technique recalls the standard construction of augmented variational principles (see [7]),
which is however motivated and computed in a completely different way.

We shall here review the global formalism for Chern-Simons theories (see [8], [9], [10]),
its conservation laws and the relation between the gloabl formulation and the augmented
variational principles.
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2. Global Formulation of Chern-Simons theory

Let (P,M, π, G) be a principal bundle. Let us denote by g the Lie algebra of the structure
group G and by C(P ) the bundle of principal connections on P . Local fibered coordinates
on C(P ) are denoted by (xµ, Ai

µ). Since we shall introduce a reference field we shall consider
C ' C(P )×M C(P ) as configuration bundle with fibered coordinates denoted by (xµ, Ai

µ, Ā
i
µ).

Let us denote by F i
µν (and F̄ i

µν) the curvature the connection Ai
µ (Āi

µ, respectively).
While the connections transform with its non-homogeneous rules, the curvatures transform
homogenously with the adjoint representation ad : G × g → g. Below the same kind of
homogeneous ad-transformation rules will play a central role. Let us introduce the bundles
Λk(P, g) := (P ×ad g) ⊗ Λk(M) of k-forms on P valued in the Lie algebra g. We stress
that here Λk(P, g) are bundles over M , not over P (as the bundles often introduced in the
literature, for example where the connection 1-forms are defined, which in fact are forms
over P and they become (local) forms over M only by gauge fixing); in the notation of
Kobayashi-Numizu (see [11]) the sections of the bundles Λk(P, g) introduced here are the
transgressive k-forms valued in g.

In particular, the curvatures are sections of Λ2(P, g), while connections are not sections
of Λ1(P, g). The bundles Λk(P, g) are in fact vector bundles (while connections lives in
affine bundles); given two connections A and Ā their difference α = A− Ā is a section of
Λ1(P, g). In fact Λ1(P, g) is the vector bundle on which the affine bundle C(P ) is modelled
on.

The importance of the bundles Λk(P, g) for Chern-Simons theories is encoded into the
invariant polynomials, i.e. in p-linear symmetric forms on g which are invariant with respect
to the ad-representation; the set of all invariant polynomials of degree h will be denoted
by Ih(g).

Any invariant polynomial f ∈ Ih(g) can be evaluated on sections x(i) of Λk(i)(P ; g)
to obtain a global k-form f(x(1), x(2), . . . , x(h)) over M with k =

∑p
i=1 k(i). Globality of

f(x(1), x(2), . . . , x(h)) relies on the invariance of the polynomial f and on the transformation
rules of the arguments x(i). In particular we can evaluate p-times the invariant polynomial
f on the curvature F to obtain a 2p-form over M which will be denoted by f(F p). Similarly,
hereafter we shall denote by f(α, F p−1) := f(α, F, F, . . . , F ) (α being a section of Λk(P, g))
which is a global (2p − 2 + k)-form over M , f(α, β, F p−2) := f(α, β, F, . . . , F ) (β being a
section of Λk′(P, g)) which is a global (2p− 4 + k + k′)-form over M ; and so on.

Using Bianchi identities for the curvature F the forms f(F p) can be easily shown to be
closed, thus identifying a cohomology class [f(F p)] on M . Despite the form f(F p) does
depend on the connection A chosen for its construction, the cohomology class [f(F p)] does
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not depend on the connection but it depends just on the bundle P . This can be proven
by considering two connections A and Ā on P and constructing explicitely a potential
Tf(A, Ā) for the form f(F p)− f(F̄ p) = d[Tf(A, Ā)]. The explicit construction is achieved
by introducing the so-called interpolating connection ωs = (1− s)A− sĀ. Notice how the
interpolating connection is in fact a connection owing to the affine structure of the space
of connections. The technique is standard in differential topology (see [8], [9]) and the
result is

Tf(A, Ā) = p

∫ 1

0
f(α, Ωp−1

s )ds , α = A− Ā (2.1)

where Ωs denotes the curvature of the interpolating connection ωs.
Owing to the fact that [f(F p)] = [f(F̄ p)], the integrals

∫
f(F p) are gauge-invariant

quantities and characterize the bundle P . Most of the techniques to classify principal
bundles and the theory of characteristic classes are based on this.

Now if the dimension of M is odd, i.e. m := dim(M) = 2k − 1, we are able to define a
top degree form

LAĀ(j1A, j1Ā) := Tf(A, Ā) = k

∫ 1

0
f(α, Ωk−1

s )ds (2.2)

for any k-degree invariant polynomial f ∈ Ik(g). Being this form of degree m = dim(M)
it can be used as a (global) Lagrangian for a field theory.

One can explicitely compute field equations of this Lagrangian (see [12]) to obtain
Chern-Simons equations for the two connections A and Ā separately:

E(LAĀ) = kf(δA, F k−1)− kf(δĀ, F̄ k−1) (2.3)

Alternatively, using the results of [13] (also reviewed in [12]) the Lagrangian LAĀ can
be shown to split as

LAĀ(j1A, j1Ā) = LA(j1A)− LĀ(j1Ā) + Div∆(k)(j1A, j1Ā) (2.4)

where we set:




LA := k

∫ 1

0
f(A,F k−1)ds

LĀ := k

∫ 1

0
f(Ā, F̄ k−1)ds

∆(k) := −
k−2∑

i=0

(−1)ik!(k − 1)!
(k − i− 2)!(k + i)!

∫ 1

0
f(α, ωs, (ω2

s)
i, (Ωs)k−i−2) ds

(2.5)
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We stress that none of these object is global in general, only their sum LAĀ is; the con-
nections are not sections of Λ1(P ; g) and thus, e.g., f(A,F k−1) is not in general a global
form on M . The Lagrangians LA and LĀ are in fact the local Chern-Simons Lagrangians
that in fact differ by a local gauge-dependent divergence term Div∆(k). From the splitting
above field equations (2.3) are trivially recovered.

Checking the splitting (2.4) is easy for k = 2 and k = 3 (i.e., dimension 3 and 5,
respectively) but it grows very complicated with the degree k unless the general procedure
of [13] is used.

Now that we have a global gauge-invariant Lagrangian LAĀ one can use Nöther theorem
to obtain conservation laws (see [14], [15]) and superpotentials following the standard
procedure ([12], [16]):

U(L(k)

AĀ
,Ξ) = k(k − 1)

∫ 1

0
f(ξs

(V ), α, Ωk−2
s ) ds (2.6)

where ξs
(V ) is the vertical part of the symmetry generator Ξ with respect to the interpolating

connection ωs, interpreted as a section of Λ0(P, g). Then conserved quantities are obtained
by Gauss-like surface integrals of the superpotential, which is a global (m−2)-form on M .

The superpotential, and consequently the conserved quantities, do depend on both A

and Ā. They are interpreted as the relative conservation laws, e.g. representing the energy
needed to pass from the solution Ā to the solution A. From a physical point of view this
feature is expected. When in Physics the energy is defined it is interpreted as the energy
relative to a vacuum state (or relative to a reference frame, depending on the context); see
[7]. In many geometrical situations (e.g. in the linear theories that are defined on a vector
configuration bundle) there is canonical choice for the vacuum state (the zero section of
the vector bundle). In Chern-Simons theory (as in gravitational theory) the configuration
bundle is not a vector bundle and provides no canonical definition for the vacuum state.
Hence either one fixes the gauge by selecting a suitable vacuum state (as for example is
done in some sector of General Relativity by taking advantage of the positivity of energy
setting Minkowski space as a sort of vacuum, which we stress to be sector-dependent)
or one leaves the reference vacuum state for a future specification preserving globality
and gauge-covariance of the quantities of interest in the theory under consideration, as
we are doing here. At any stage the vacuum state can be later specified to recover the
gauge-fixing procedure, though in this way gauge invariance (which is understood to be
important, e.g., for observability discussion; see [17] for a discussion of the so-called hole
argument) is preserved until then.
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Further investigation is still needed to clarify the role of the reference vacuum field
Ā especially connected to the Dirac-Bergman procedure and to the counting of physical
degrees of freedom, which are of course quite important in view of quantization (that
of course is far from being obtained at least for gravitational theories, if not for Chern-
Simons). These aspects are out of the scope of the present paper which is just devoted to
the classical analysis of the theories.

3. Augmented Variational Principles

In [7] we presented a general procedure aiming to modifying a variational principle in
order to obtain relative conservation laws. When the procedure is followed in the cases
when a canonical choice of the reference vacuum state is available and in the end the
relative conserved quantities are evaluated along that reference vacuum field, the standard
results are recovered. However, when the canonical vacuum fixing is not available the
formula provides good results (in all testable cases) depending on the vacuum that was
arbitrarily set. Many cases have been studied with reference to gravitational field theories;
see also [18], [19], [20] and references quoted therein.

The relation between the global Chern-Simons Lagrangian introduced above and the
corresponding augmented Lagrangian has been studied in [20]. It can be shown that
the two variational principles, despite arising from completely different motivations and
techniques do in fact coincide.

The prescription for the augmented variational principle does rely on the first variation
formula for the original (possibly non gauge-covariant and local) Lagrangian LA, i.e.

δLA = E(LA, δA) + DivF(LA, δA) (3.1)

where, as one can easily check, we set





E(LA, δA) = kf(δA, F k−1)

F(LA, δA) = −
k−1∑

i=0

(
k − 1

i

)
k i

2k − i− 1
f(A, δA, dAi−1, (A ∧A)k−i−1)

(3.2)

The augmented Lagrangian is defined as (see [7])

LAug(j
1A, j1Ā) = LA(j1A)− LA(j1Ā) + Divλ(j1A, j1Ā) (3.3)
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where the divergence term λ(j1A, j1Ā) satisfies the condition

λ̇ = −F(LA, α) (3.4)

The dot denotes the infinitesimal generator along the family (j1ωs, j
1Ā).

It can be easily checked that one has in general

λ ≡ ∆(k) (3.5)

where ∆(k) is the divergence term determined above in (2.5).
This proves that the global Lagrangian LAĀ does in general coincide with the augmented

Lagrangian (3.3).

4. Conclusions and Perspectives

We reviewed the global framework for Chern-Simons theories. We obtained the super-
potential using standard Nöther theorem and gauge covariance of the global Lagrangian
LAĀ. We also proved a general theorem claiming that global Chern-Simons in any dimen-
sion are in fact the augmented Lagrangian obtained starting from the local Chern-Simons
Lagrangian.

The situation is similar to General Relativity where the so-called first order covariance
Lagrangian arises as augmented Lagrangian of both the Hilbert global Lagrangian and of
the Einstein first-order non-covariant Lagrangian (see [7]).

Further investigations will be devoted to the general theory for the gravitational model
based on Chern-Simons theories (see [21]) and to the Dirac-Bergman analysis of augmented
Lagrangians.
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