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puzzle of the day:
why is gravity so weak?

answer:
because there are large or warped 

extra dimensions
about to be discovered at colliders



puzzle of the day:
why is gravity so weak?

real answer:
don’t know

many possibilities
may not even be a well-posed question



• what is the hierarchy problem of the 
Standard Model 

• is it really a problem?

• what are the ways to solve it?

• how is this related to gravity?

outline of this lecture



• discuss concepts of naturalness and UV 
sensitivity in field theory

• discuss Higgs naturalness problem in SM

• discuss extra assumptions that lead to the 
hierarchy problem of SM

what is the hierarchy problem
of the Standard Model?



• Ken Wilson taught us how to think about 
field theory:

UV sensitivity

“UV completion” = high energy effective field theory

low energy effective field theory,   e.g. SM

energy

matching scale, Λ



• how much do physical parameters of the low 
energy theory depend on details of the UV 
matching (i.e. short distance physics)?

• if you know both the low and high energy 
theories, can answer this question precisely

• if you don’t know the high energy theory, use a 
crude estimate: how much do the low energy 
observables change if, e.g. you let                ?

UV sensitivity

Λ → 2Λ



degrees of UV sensitivity

parameter UV sensitivity

“finite” quantities

dimensionless couplings
e.g. gauge or Yukawa couplings

dimension-full coefs of higher dimension
“irrelevant” operators
e.g. 4-fermion coupling in Fermi theory

dimension-full coefs of lower dimension
operators, e.g. scalar mass-squared,
vacuum energy, etc.

none -- UV insensitive

logarithmic -- UV insensitive

inverse power of cutoff --
UV sensitive but suppressed

positive power of cutoff --
UV sensitive 



• natural:                 ,  e.g.                           for Higgs scalar

• symmetry-natural:   there is a symmetry limit where                     
(e.g. chiral symmetry for fermion masses). then can have                   
because the symmetry is weakly broken (somehow).

• supernatural:  there is tuning at the matching scale due to some   
feature of the UV theory.  e.g.                  , and the radiative corrections to 
this relation have only a log dependence on the cutoff.                              

• unnatural:  there is a fine-tuning at the matching scale that produces                    
this UV tuning somehow corrects for the large radiative corrections of the 
low energy theory. 

what do UV sensitive parameters do?

denote a generic UV sensitive parameter as
then there are 4 possibilities:

m

m ∼ Λ

m = 0
m ! Λ

m1 = m2

m ! Λ

m ! gΛ/4π



• natural:             

• symmetry-natural:   there is a symmetry limit where                     
(e.g. chiral symmetry for fermion masses). then can have                   
because the symmetry is weakly broken (somehow).

• supernatural:  there is tuning at the matching scale due to some   
feature of the UV theory.  e.g.                  , and the radiative corrections to 
this relation have only a log dependence on the cutoff.                              

• unnatural:  there is a fine-tuning at the matching scale that produces                    
this UV tuning somehow corrects for the large radiative corrections of the 
low energy theory. 

naturalness
A natural theory is one in which all of the physical parameters 
are some combination of UV insensitive, natural, and 
symmetry-natural.

m ∼ Λ

m = 0
m ! Λ

m1 = m2

m ! Λ



• natural:             

• symmetry-natural:   there is a symmetry limit where                     
(e.g. chiral symmetry for fermion masses). then can have                   
because the symmetry is weakly broken (somehow).

• supernatural:  there is tuning at the matching scale due to some   
feature of the UV theory.  e.g.                  , and the radiative corrections to 
this relation have only a log dependence on the cutoff.                              

• unnatural:  there is a fine-tuning at the matching scale that produces                    
this UV tuning somehow corrects for the large radiative corrections of the 
low energy theory. 

tuning
A supernatural theory is not strictly natural, but one expects 
real world theories to have mysterious relations that only get 
explained when you discover the UV theory  - so this is OK.

m ∼ Λ

m = 0
m ! Λ

m1 = m2

m ! Λ



• natural:             

• symmetry-natural:   there is a symmetry limit where                     
(e.g. chiral symmetry for fermion masses). then can have                   
because the symmetry is weakly broken (somehow).

• supernatural:  there is tuning at the matching scale due to some   
feature of the UV theory.  e.g.                  , and the radiative corrections to 
this relation have only a log dependence on the cutoff.                              

• unnatural:  there is a fine-tuning at the matching scale that produces                    
this UV tuning somehow corrects for the large radiative corrections of the 
low energy theory. 

fine-tuning
An unnatural theory is fine-tuned. This is bad, because there
are no known physical mechanisms to produce fine-tuned theories. 
The only known explanation for fine-tuning is accidental relations 
in the UV parameters.

m ∼ Λ

m = 0
m ! Λ

m1 = m2

m ! Λ



• now apply this wisdom to the Higgs mass squared 
parameter of the SM.

• this parameter is UV sensitive,  so how do we 
explain its value?

• the natural explanation is that                               
so 

the Higgs naturalness problem

Λ ∼ 1 TeV

SM is natural, and is replaced by e.g. supersymmetry,
technicolor, etc at the TeV scale.

|µ| ! gΛ/4π



• this explanation is now under attack from the 
electroweak precision data

• if                 , then we would generically expect 
to already be seeing evidence of higher 
dimension operators constructed out of SM 
fields

• there are many dimension 5 and 6 operators 
that obey all of the symmetries of the SM

• but there is no evidence for any of them in the 
data!

the little hierarchy problem

Λ ∼ 1 TeV



• if we assume that the dimensionless couplings are of 
order one (may not be true!) then                    is 
ruled  out

Dimensions six mh = 115 GeV mh = 300 GeV mh = 800 GeV
operators ci = −1 ci = +1 ci = −1 ci = +1 ci = −1 ci = +1

OWB = (H†τaH)W a
µνBµν 9.7 10 7.5 — — —

OH = |H†DµH |2 4.6 5.6 3.4 — 2.8 —
OLL = 1

2 (L̄γµτaL)2 7.9 6.1 — — — —
O′

HL = i(H†DµτaH)(L̄γµτaL) 8.4 8.8 7.5 — — —
O′

HQ = i(H†DµτaH)(Q̄γµτaQ) 6.6 6.8 — — — —
OHL = i(H†DµH)(L̄γµL) 7.3 9.2 — — — —
OHQ = i(H†DµH)(Q̄γµQ) 5.8 3.4 — — — —
OHE = i(H†DµH)(ĒγµE) 8.2 7.7 — — — —
OHU = i(H†DµH)(ŪγµU) 2.4 3.3 — — — —
OHD = i(H†DµH)(D̄γµD) 2.1 2.5 — — — —

Table 1: 95% lower bounds on Λ/ TeV for the individual operators and different values of mh. χ2
min is the one in

the SM for mh > 115 GeV.
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Figure 2: Level curves of ∆χ2 = {1, 2.7, 6.6, 10.8} that correspond to {68%, 90%, 99%, 99.9%}CL for the first 2
operators in table 1 (OWB and OH) and ci = −1.

4 Where is supersymmetry?

If supersymmetry solves the hierarchy problem, where
is it then? In supersymmetric models, a good approxi-
mation to the Higgs mass for moderately large tanβ is
given by

m2
h ≈ 3√

2π2
GFm2

t m
2
t̃
ln

Q2

m2
t̃

. (3)

Note how this simply arises by the replacement (2) into (1)
and the identification of kmax with Q, the RGE scale at
which mh vanishes. In specific models Q is a function
of the various parameters.

As well known, m2
h can also be computed from the

quartic coupling of the Higgs potential. Including the
one loop large top corrections, one has (tanβ >∼ 4)

m2
h ≈ M2

Z +
3√
2π2

GFm4
t ln

m2
t̃

v2
(4)

Eq.s (3) and (4) may be viewed as a relation between Q

and mt̃, graphically represented in fig. 3.

As mentioned Q is a model dependent function of
the various parameters, ranging from the weak scale
to the Planck scale. A random choice of the original
parameters leads most often to a point on the prolon-
gation of the left branch of the curve in fig. 3, where
ln(Q/mt̃) % 1. However, given the correlation between
stop masses and the other sparticle masses expected in
explicit models, experiments have excluded this region,
requiring that Q ∼ mt̃.

‘Where is supersymmetry?’ depends on the inter-
pretation of this fact. If it is due to an accidental fine-
tuning, it is no longer unlikely to have sparticles above a
TeV due to a slightly more improbable accident. At the
same time the explanation of the LEP paradox becomes
cloudy.

If instead Q ∼ mt̃ is not accidental, it is important to
notice that experiments do not yet require that we live
on the right branch in fig. 3, with Q very close to mt̃. If,
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R. Barbieri and A. Strumia, hep-ph/0007265

Λ ∼ 1 TeV



• if we take the little hierarchy problem at face 
value, then the natural solution of the SM Higgs 
naturalness problem is insufficient

• however we can still preserve naturalness of 
the SM by reverting to symmetry-natural 

• e.g. in Little Higgs models, the Higgs is a 
pseudo-Goldstone boson of the UV theory

• this allows us to push      up to 10 TeV,  while 
keeping the SM natural

• the price is that the SM has to be extended to 
include extra TeV mass particles

little higgs models

Λ



• another possibility is to replace natural with 
supernatural

• thus we imagine that      is somewhat higher than 
a TeV, but there is a little tuning going on, for 
reasons which will become obvious after we get a 
handle on the UV theory

• for supersymmetry models, which are further 
constrained by WMAP and the lower bound on 
the Higgs mass from LEP, this is a strong possibility

• in this case the SM is not natural, but we shouldn’t 
worry too much   

living with SUSY

Λ



• here is a typical SUSY formula matching the SM 
Z mass to soft parameters of the SUSY model

• using their log running, the soft parameters have 
in turn been run up to their UV cutoff, which in 
this case is the GUT scale (denoted “UV”)

• their could be cancellations here, which would 
then explain why superpartners and the Higgs 
haven’t been seen yet

living with SUSY

string theory they are well motivated. The first must remain an assumption
until supersymmetry breaking is understood.

For the Higgs potential to actually have a minimum that breaks the
EW symmetry two conditions must be satisfied. The one relevant to us here is
the only equation that quantitatively relates some soft breaking masses at the
electroweak scale to a measured number (at tree level):

M2
Z

2
= −µ2(ew) +

m2
HD

(ew) − m2
HU

(ew) tan2 β

tan2 β − 1
(1)

where mHD
and mHU

are the soft masses for the Higgs doublets coupling to
down-type and up-type quarks, respectively, and µ is the effective µ parameter
that arises after supersymmetry breaking (we do not give it a separate name).
This tree level relation can, in turn, be written in the following way [1]

M2
Z =

∑
i

Cim
2
i (uv) +

∑
ij

Cijmi(uv)mj(uv) (2)

Here mi represents a generic parameter of the softly broken supersymmetric
Lagrangian at an initial high scale Λuv with mass dimension one, such as gaugino
masses, scalar masses, trilinear A-terms and the µ parameter.

The coefficients Ci and Cij depend on the scale Λuv and quantities such
as the top mass and tan β in a calculable way through solving the renormal-
ization group equations (RGEs) for the soft supersymmetry breaking terms.
For example, taking the running mass for the top quark at the Z-mass scale
to be mtop(MZ) = 170 GeV, the starting scale to be the grand-unified scale
Λuv = Λgut = 1.9 × 1016 GeV, and tanβ = 5 we have for the leading terms
in (2)

M2
Z = −1.8µ2(uv) + 5.9M2

3 (uv) − 0.4M2
2 (uv) − 1.2m2

HU
(uv)

+0.9m2
Q3

(uv) + 0.7m2
U3

(uv) − 0.6At(uv)M3(uv)

−0.1At(uv)M2(uv) + 0.2A2
t (uv) + 0.4M2(uv)M3(uv) + . . . (3)

where the ellipses in (3) indicate terms that are less important quantitatively
and for our purposes. In particular M3 and M2 are the SU(3) and SU(2)
soft gaugino masses, respectively, and At is the soft trilinear scalar coupling
involving the top squark. C3 and Cµ, being the largest coefficients, are those
which we will discuss in some detail below. We think equation (2), in a given
concrete manifestation such as (3), provides significant insight into high-scale
physics whose implications have not yet been fully explored.

Because this equation is the only one connecting supersymmetry break-
ing to measured data it was long ago realized that it was very important [2]-[10].
There is also a connection of supersymmetry to data through the apparent gauge
coupling unification. That depends on essentially the same physics as equa-
tion (2), requiring the first two of the three assumptions, but is more qualitative
and less able to tell us precise values for the soft parameters. It would be im-
portant if (2) could tell us quantitative information about M3 and µ. If M3 or

2



• since the SM is renormalizable, no reason in 
principle not to have                       ,       
(although it will then probably be strongly coupled 
or unstable in the UV)

• but gravity exists, and gravity effects in loops are 
not negligible for scales above

• so why not take                       ?

• but then the Higgs naturalness problem becomes 
much worse, since now the only remaining 
alternative is that the SM is unnatural and fine-
tuned. 

the hierarchy problem of the SM
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• of course if             were        instead of                
then the Higgs naturalness problem would be 
unaffected

• so the hierarchy problem of the SM boils down to 
the mystery of why              is so small.

• note that the question here is not “why is gravity 
so weak”, but rather “why is the EW scale so 
small in units of the (assumed) cutoff?”

the hierarchy problem of the SM

MW

MPlanck

0.1 10
−16

MW

MPlanck



• suppose that the SM turns out to be natural or at least 
supernatural

• and suppose the UV theory which replaces it is natural (e.g. 
technicolor-like models and many SUSY models)

• then naturalness is no longer an issue, but the mystery of the 
hierarchy between the EW scale and the Planck scale remains

• in both SUSY and technicolor-like models, the generic answer is 
that log running of (non-SM) gauge couplings induce exponential 
hierarchies (just like in the SM, where                              )

• this is a simple and robust mechanism 

• its drawback is that it requires strong model assumptions and 
many new degrees of freedom, whose explanation is put off to 
the ultimate unified theory

other hierarchy problems

ΛQCD/MW ∼ .003



• it is also important to note the SM has other hierarchy problems:

• for example, why is         so small              ?

• a generic and robust mechanism to explain at least some of these 
SM flavor hierarchies is to invoke broken flavor symmetries

• turn off the Yukawa couplings of the SM,  and there is a           
global flavor symmetry mixing the 5 types of SM fermions:           
Q, U, D, L, E

• if we e.g. gauge a diagonal         of this, then only the third 
generation fermions get mass in the limit that this flavor symmetry 
is unbroken

• note these flavor hierarchy problems are not naturalness problems

other hierarchy problems

mu

mt
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1. the SM cutoff isn’t TeV 

2. the cutoff scale has something to do with gravity

3. there is a “quantum gravity” cutoff not far below the scale at 
which gravity becomes strong

4. the scale at which gravity becomes strong is given by the 
Cavendish result

is the SM hierarchy problem really 
a problem?

the SM hierarchy problem arose from the SM Higgs naturalness 
problem only when we made some additional assumptions, to whit:

MPlanck =

1
√
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these assumptions could be wrong!



let’s examine these assumptions:

Assumption 1:  the SM cutoff isn’t TeV

• we have already argued that the SM cutoff is probably no more 
than a few TeV. 

• we are building a multi-billion dollar supercollider based upon 
this belief!

• however we already noted that this just means that the SM 
hierarchy problem gets replaced by e.g. the SUSY hierarchy 
problem

• in that case we also need to know (rather urgently) whether 
the new theory above the TeV scale is natural or not.



Assumption 2:  the cutoff scale has something to do with gravity

• this is not obvious since, even if we allow the SM to be 
unnatural, there are other reasons (unrelated to gravity) that 
could impose a lower cutoff:

eventually approaching the Landau singularity. For small values of MH the behaviour
is different. In this case the contributions from gauge and Yukawa couplings need to
be included. In particular, the presence of the top-quark Yukawa coupling gt can
cause the Higgs running coupling to decrease as µ increases, possibly leading to an
unphysical negative Higgs coupling. This is due to the negative contribution of the
top quark to the one-loop beta function of the Higgs coupling:

βλ = 24λ2 + 12λg2
t − 6g4

t + gauge contributions, (13)

where all couplings must be taken to be running couplings.
Requiring the Higgs coupling to remain finite and positive up to an energy scale Λ,

constraints can be derived on the Higgs mass MH . 22 Such analyses exist at the two-
loop level for both lower 23,24 and upper 25,26 Higgs mass bounds. Since all Standard
Model parameters are experimentally known except for the Higgs mass, the bound on
MH can be plotted as a function of the cutoff energy Λ. Taking the top quark mass
to be 175 GeV and a QCD coupling αs(MZ) = 0.118 the result is shown in Fig. 3.

Fig. 3. The present-day theoretical uncertainties on the lower 23,24 and upper 26 MH bounds when
taking mt = 175 GeV and αs(MZ) = 0.118.

The bands shown in Fig. 3 indicate the theoretical uncertainties due to various
cutoff criteria, the inclusion of matching conditions, and the choice of the matching
scale. 26 If the Higgs mass is 160 to 170 GeV then the renormalization-group behaviour
of the Standard Model is perturbative and well-behaved up to the Planck scale ΛP l ≈
1019 GeV. For smaller or larger values of MH new physics must set in below ΛP l.

K. Riesselmann hep-ph/9711456

 hits Landau pole, i.e. blows upλh

 goes negative, destabilizes vacuumλh

dλh

dlogΛ
=

3

2π2

[
λ
2
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1

4
λ
4
t + · · ·

]



Assumption 3:  there is a “quantum gravity” cutoff not far below 
the scale at which gravity becomes strong  

• classical gravity certainly exists, but nobody knows if we are really 
supposed to put off-shell gravitons in loop diagrams

• string theory provides consistent well-defined examples of 
quantum gravity coupled to gauge fields and matter

• in these examples there is a stringy cutoff scale      , related to the 
Planck scale by                          , where      is the string coupling

• in some cases (the heterotic string) the string coupling is related 
to the SM gauge couplings, implying that indeed the stringy cutoff is 
not far below the Planck scale

• but in other cases (branes) the stringy cutoff can be far below the 
Planck scale

see JL hep-th/9603133

Ms

Ms ∼ gsMPlanck gs



Assumption 4:  the scale at which gravity becomes strong is 
given by the Cavendish result 

• thanks to Arkani-Hamed, Dimopoulos and Dvali, we now 
realize that this assumption is very naive

• gravity is a poorly understood force

• it is only well-measured at energy scales up to           , and 
very crudely probed up to about a TeV

• how naive to extrapolate this poorly understood theory 
another 16 to 31 orders of magnitude!

• e.g. an extra spatial dimension of size      , anywhere in these 
31 orders of magnitude, will lower the strong gravity scale to
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1. The SM is replaced by a new effective theory at the TeV scale. This 
new theory is natural, with a cutoff close to the Planck scale. The EW 
scale is related to a natural scale in the new theory, produced by log 
running of gauge of other dimensionless couplings. Examples: many 
SUSY models, technicolor-like models.

2. Same thing but there are several stages of new UV theories before 
you get to the Planck scale.

3. Same thing but the new theory is not natural, i.e. there is fine-tuning 
near the Planck scale.  Some new principle explains both the Higgs 
fine-tuning and the cosmological constant fine-tuning.

4. There is no hierarchy because the string scale is only a few TeV, or the 
effective Planck scale is only a few TeV (due to large or warped extra 
dimensions).

solutions of the hierarchy problem

let’s review the possible solutions (in order of plausibility):

Arkani-Hamed and Dimopoulos, hep-ph/0405159 



• Before 1998, the Higgs was the only fine-tuning problem, and it 
had several good solutions.

• If the dark energy is vacuum energy, then we another (even 
worse) fine-tuning problem. Doesn’t have any good solutions.

• If there is some new fundamental principle to explain the fine-
tuning of the vacuum energy, it might also apply to all UV 
sensitive parameters. 

a new principle of tuning?


