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Data analysis using all moments of the likelihood L(α) is presented. The relevant plots for various data fitting
situations are presented. The goodness of fit parameter (currently the χ2) is redefined as the isoprobability level
in a multidimensional space. Fundamental properties of statistical analysis are described for the first time.

In 1987 I co-wrote a paper that reanalyzed nar-
row resonance data in e+e− collisions[1].The analy-
sis was made necessary by the widespread use in the
community of incorrectly calculated radiative correc-
tions. Those resonance data were obtained from fits
of the experimental resonance, a bell-shaped curve
with three free parameters. Somehow large, shape-like
changes in the radiative corrections were re-absorbed
by the normalization parameter Γee, producing a large
bias in that quantity, while producing acceptable χ2

results. At the end of the study the world average
of Γee for the various Υ resonances changed by up
to three standard deviations. During our reanalysis
it was noticed that the only trace of a biased fit was
in the abnormally large uncertainty in the Γee error,
when data were compared with a toy Monte Carlo.

In 1992 I analyzed in detail various 17-keV neutrino
experiments[2]. At the time a majority of experiments
found null results, but five found results consistent
with heavy neutrino mixing (sin2 θ ∼ 0.8%). In that
analysis, it was pointed out that most experiments,
including some of those which turned out to be “cor-
rect”, had abnormally large uncertainties in the sin2 θ

error, indicating that there were biases, and therefore
that the limits could be broader than published (thus,
the discrepancy between the groups of experiments
would significantly decrease).

In 1997 Jean Dubosq analyzed the end point of the
decay τ → 5πν in the CLEO data[3], following a sim-
ilar analysis by ALEPH[4], for the purpose of extract-
ing the neutrino mass. While CLEO had nearly 40
times the statistics of ALEPH, and a better energy
and mass resolution, the ALEPH limit was a factor of
1.5 better. The limit is taken, roughly, as the average
µ plus twice the error σ, and an anomalously low σ

will produce an underestimated limit.
It is not a surprise that the σ is sensitive to bias

(and therefore be included somehow in the definition
of goodness-of-fit). The Cramer-Frechet-Rao limit[5]
states as much. The variance (defined as σ2) when
bias is absent is (one parameter only)

σ2

0
= Σi((

∂yi

∂α
)−1δyi)

2 (1)

and is changed by a factor

σ2 = σ2

0
(1 +

∂b

∂α
)2 (2)

in the presence of a bias b.
With this work the usage of higher moments is in-

troduced, and several, apparently previously unob-
served, fundamental properties of statistical analysis
are discussed. We consider the likelihood function
which is the product of the probabilities for each data
point yi (in a 1-dimensional plot, the ordinate), given
the fit parameter(s) α,

L(α) = ΠiP (yi|α).

The data points are to be fitted with a function
f(xi, α), (the x variable(s) are, in a 1-dimensional
plot, the abscissa). The probability P (α), propor-
tional to the likelihood, is also defined, so that

P (α) =
L(α)

∫

L(α)dα
.

In the cases discussed below, where population his-
tograms are to be analyzed, one uses the binned like-
lihood with Poissonian statistics

L(α) = Πi

e−f(xi,α)f(xi, α)yi

yi!
.

If the fitting function is truly unbiased, or so close
to an unbiased fit that it can be considered unbiased,
then only a very restricted region of Hilbert space will
be occupied by fits which were generated by the statis-
tics described by the fitting function. The new, gen-
eralized, goodness of fit parameter is

G =

∫

P (A|N)P (α)dα. (3)

N is the total number of events. In case of a continu-
ous measurement, N → δ, the set of errors associated
with the set of data points (that is, each data point
is yi ± δi). Because of the way G is constructed, the
statistics to be used in allocating events to bins is
multinomial. In the longer version of this paper, it is
shown that the two statistics are equivalent. The pro-
cedure to determine G is a two-step procedure, first
one determines the likelihood, and then one gener-
ates the likelihood-dependent plots described below
and finds G.

A detailed discussion of the motivation for the
choice of G as a goodness-of-fit statistic will be in-
cluded in a longer version of this paper. Three points
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are made here. The first is that goodness of fit is an
internal consistency check for the hypothesis H that
the data y were generated by f(x, α). It seems ap-
propriate that all moments of the likelihood be used.
Second, suitable combination of the moments describe
completely the likelihood in Hilbert space. If one as-
sumes that all the information is contained in the like-
lihood, then the method retrieves maximal informa-
tion about H.

Third and most important, the convolution over the
experimentally obtained P (α) is done to take into ac-
count the knowledge of the true value of α. Equally
prepared experiments will have slightly different plots
because of the different results µ. It is important to
show that the plots maintain their power when αtrue

is varied.
The set A of statistical quantities depends on the

type of fit (how many parameters, and how many of
them nuisance) and also on N (the smaller the statis-
tics, the more important the skewness parameter M3

will be). In the case of one parameter fits discussed
below

A = (χ2, σ, (M3)). (4)

These quantities (plus the estimator µ) are used below
and are defined as

χ2 = ln(Lmax), (5)

µ =

∫

P (α)αdα, (6)

σ = (

∫

P (α)α2dα − µ2)1/2, (7)

M3 = (

∫

P (α)α3dα − 3σ2µ + 2µ3)1/3. (8)

The extra set of parentheses around M3 indicates
that it might, or might not, be of use. If the error is
truly gaussian (or the statistics is truly very large),
then M3 will generally be devoid of information. It
is the asymmetric nature of Poissonian statistics that
generates a significant M3. Two sample fitting func-
tions f(x, α) are listed in Table 1. They are used to
introduce the properties of the two-dimensional sub-
spaces. Ten data (y) points, each corresponding to
a bin centered at x = 0.05, 0.15, ..., 0.95, were gener-
ated by toy Monte Carlo with total number of events,
summed over the ten bins, N = 500, and with the true
parameter αtrue = 1.0. One such generation is called
an “experiment”. The number of experiments for each
function was 3×105. The experiments were then fitted
with the same function (by construction, an unbiased
fit) and the quantities in Eqs.(5-8) recorded for plot-
ting.

The various plots, obtained by plotting any two of
the quantities in Eqs.(5-8), for a sufficient number of
experiments, are called the Wayne State plots (plots
containing µ as one of the axes are generally not us-
able in a real life experiment. They are useful at this

Table I Functions used to produce the plots. The

integral is over the bin width, and the sum over the ten

bins described in the text equals one.

Name Function

f1 2

α+2

∫

max

min
(1 − x)α/2

f2 1

1−e−α

∫

max

min
e

−αx

Figure 1: Top rows: first (χ2
, σ) plot for f1 and f2.

Bottom row: second (σ, M3) plot for f1 and f2.

stage to elucidate some hidden properties of statistical
analysis). The population of the plots is equal to the
number of experiments attempted in the simulation,
in this case 3 × 105. Once a plot is produced, the real
experimental result needs to be compared against the
plot to evaluate the internal consistency of the analy-
sis.

The fit was done by raster scan over a large α in-
terval, then over a more finely segmented, narrower
interval within 10σ around the best-fit lattice point.
As each point was probed, cumulative quantities use-
ful for the determination of moments were computed.

In Fig. 1, top row, the first Wayne State plot (the
(χ2, σ) plot) are shown. In the limit of a meaningless
M3, this plot recovers maximal information about H.
The contour levels shown are isoprobability curves, or
rather, iso−G curves. The confidence level for a given
fit can be taken to be the fraction of fits lying outside
that curve.

There are two interesting properties of the first plot.
Along the σ axis, the first plot is narrow. Along the χ2

axis, the plot is very broad. Generally, σ is far more
sensitive to bias than the χ2, and if one insists on using
a single goodness of fit raw parameter, it should be σ
and not χ2. In the case of multi-parameter fits, the σ
retains its parameter specific function (the goodness
of fit for that parameter), whereas the χ2 could be
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dominated by nuisance parameters.
The apparently very low correlation between σ and

χ2 is a general property of the first plot, except in the
limit of very low statistics where a correlation exists
(sorry, no space for these figures). Its meaning is that
both of these quantities are needed to assess the qual-
ity of a fit, because they are generally independent
and both have some sort of sensitivity to bias.

Fig. 1, bottom row, shows the two (σ, M3) plots. It
is unclear whether these should be called the second
plot. First, these plots will be meaningless in case of
truly gaussian errors, second, in the case of a fit with
one true parameter and one nuisance parameter (the
next simplest case of interest), the (σ, ρ) plot, with
ρ the correlation coefficient, is more important than
this plot.

Fig.1, bottom row, is shown because of the extreme
correlation between the two quantities. It is unclear
at this point how useful this might be, but a fit that
falls only slightly off the strip is bound to be biased.
Much more important than that, the nearly complete
correlation shows the rapid onset of information repli-
cation. G can be defined in a space with limited di-
mensionality, and considering further moments adds
nothing to G. This is important in view of the fairly
complex software that will have to be developed to
make full use of the method described here. If one
uses only the first plot, the fraction of recovered in-
formation can be estimated as the global correlation
coefficient between the first plot quantities and M3.

Fig. 2, top row, shows the two (µ, σ) plots. There
is clearly extreme correlation between µ and σ. The
Particle Data Book model of “lottery winning ex-
periments” (experiments with comparable or inferior
statistics and/or resolution, which manage to obtain
superior results or limits) can be put to the test here.
Assume that ten equal, unbiased experiments be per-
formed, and then the “lottery winning” one be chosen
as the best estimate. From the plots one can see that
in more than 50% of the cases the very worst exper-
iment will be chosen and the best one (the one clos-
est to the true value) will be picked with about 0.1%
probability.

The second reason to show Fig. 2, top row, is to
point out a further positive property of using σ as part
of the goodness of fit parameter. σ is very sensitive
to purely statistical fluctuations, which can bias the
final result just as much as uncorrected bias. The σ

value may provide further constraints on µ in those
cases where the bias is known to be very low.

Fig. 2, bottom row, shows the first two plots, for
the first function of Table 1, when one varies αtrue by
1.5σ. There is little variation in the first plot, whereas
in the second plot the plot the variation happens to

be along the strip described by the main plot. The
plots have clearly semi-invariant properties.

In conclusion, with the arrival of maximal informa-
tion analysis, statistics will undergo a profound trans-

Figure 2: Top row: (µ, σ) plot for f1 and f2. Bottom row:

first and second plot for f1 (50 experiments only), when

αtrue is varied. Solid squares: αtrue =1.0; empty circles:

αtrue = 1.0 − 1.5σ; empty diamonds: αtrue = 1.0 + 1.5σ.

formation. No longer bound by rules which are over 80
years old, we can actually extract much of the infor-
mation available in a given fit. The method proposed
here is valid at low and high statistics, for gaussian
and non-gaussian errors, for single and multiple pa-
rameter fits, and independent of the definition of like-
lihood. While the phenomenology of maximal infor-
mation analysis is fairly clear, the technology is going
to be challenging. Certain applications (e.g., which
set of nuisance parameters to use in a given fit) re-
quire relatively fast software which does not exist yet.
I thank F. Porter for many useful suggestions.
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