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The modulational instability (MI) of some discrete nonlinear evolution equations, repre-
senting approximations of Davydov’s model of a-helix in protein, is studied. In a multiple
scales analysis the dominant amplitude usually satisfies the nonlinear Schrédinger equation
(NLS), or the Zakharov—Benney equations (ZB), if a long wave-short wave resonance takes
place. The MI is studied from a statistical point of view, where a new phenomenon, similar
with the Landau damping in plasma physics, can appear for a Lorentzian distribution of the
unperturbed Fourier transform of the two-point correlation function.

1 Introduction

Many quasi-one-dimensional molecular systems, especially those of biological interest, are very
complicated structures, built from complexes of atoms connected by hydrogen bonds. A typical
example is the complex structure of a-helix in protein. It consists of three coupled chains, he-
lically distorted, with hydrogen bonds between the groups of atoms along the chain. It is hard
to imagine that a model can be elaborated which could take into account all this complexity.
A very simple, but still useful approximation consists in replacing of the three coupled chains by
a single straight one. Further from the multitude of the inter- and intra-molecular excitations,
only one, corresponding to the amide I oscillations, is taken into account. This is considered to
be the “basket” where the energy released in the adenosine triphosphate hydrolysis is stored.
The existing dipole-dipole interactions between them provides the mechanism for the transport
of these excitonic excitations along the chain. Such an exciton generates a local distortion and
a nonlinear coupling between excitons and the acoustic phonon field (describing the harmonic
oscillations of the molecules along the chain) appears. The consequence of this nonlinear in-
teraction is generation of robust self-trapped excitations that can transport the energy along
the chain. Such a model for storage and transport of energy along the a-helix structure was
proposed thirty years ago by Davydov [1-7].

2 Davydov’s model

In its simplest form, Davydov’s model considers a linear chain of aminoacids — named afterward
“molecules” — connected between by hydrogen bonds. If B, (B,,) is the creation (annihilation)
operator of the intra-molecular excitation in the n-th cell, the excitonic Hamiltonian can be
described by an excitonic Hamiltonian of the form

1
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where Fj is the vibration energy of the C = O group, and J,,, the dipole-dipole interaction
between two such excitations in the n- and m-th cells. Usually only nearest neighbour interaction
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is taken into account (m = n + 1), but also a long range interaction like Kac—Baker model can
be considered.
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The acoustic mode of vibration of the molecules along the chain are described by harmonic
Hamiltonian

1 1 N N
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M being the mass of the molecule, and w the elastic spring between two neighbouring molecules.
The nonlinearity enters in the interaction Hamiltonian

Hing = X Y _(fin41 — ) B By
n

with x being the phonon-exciton coupling constant. The total Hamiltonian is
H = Hep + th + Hipg.

A coherent state approximation is suitable for describing extended localized states in such sys-
tems. For the state vector we shall consider (Davydov ansatz)

(1)) = 3 an()B exp |~ (B (B0hw — T ()ite) | 0),

n/

where ay,(t), Bn(t), mn(t) are time dependent c-numbers, and |0) is the vacuum state both for
excitons and phonons. Using the average value of H in the classical equations of motion, one
gets

Zhan = Ean - Z J(an—i—p + an—p) + X(ﬁn—l—l - /Bn)a’m
p
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With introduction of the relative displacement p,, by p, = On+1 — On—1, the previous equations
become

ihin = Ean — > Jp(anip + an-p) + XPnan,
p=1

M pn = w(pnt1 = 2pn + pu-1) = X(Jan+1|* = 2lanl* + |an-1]?).

3 Multiple scales method

The multiple scales method is an adequate mathematical method to study long-time evolution
of this nonlinear system of coupled equations [8,9]. The classical excitonic variable is written as
a Taylor expansion in a small parameter ¢

ay, = e'kin—uwt) o Z I A (€ b, ts, ..,
J
where the amplitudes A; depend only on “slow variables” (&, t2,t3,...), defined as

=e(ln —vyt), to =€, t3=ct,
§=¢( 9
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As we shall see and explain below in the non-resonant case o = 0, the dominant amplitude A; will
satisfy the well known nonlinear Schrédinger equation (NLS equation), while in the resonant case
we have to take a = % and the dominant amplitudes Ay, P; will satisfy the Zakharov-Benney
equations [10,11]. For the phononic variable p, we assume an expansion of the form

Pn = Z TP (& ta, .. ).
J
Introducing these expansions in the equations of motion for a, and p, in different orders of ¢
we get:

In order 't

“ we get the dispersion relation
hw=FE-2)_Jjcosklj
J

for the linearized system.

In order €27 the velocity vy in the expression of £ is given by the group velocity (we denote

1 dhw(k)
Wn = 11 g )
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The next orders will represent constraints on the amplitudes Ay, Py, ... namely
04 0% A,
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in order e31® and
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in order €. Here by ¢, = y/ 17! we have denoted the sound velocity of the acoustic field.
The non-resonant case will correspond to the situation when v, # ¢,. Then from (2)

1
Py=—X A
wl_c_g
P

that after substitution into (1) gives

0A; 0% Ay

— ——— +v|A]*PA; =0 3
Z@tg + wo oez + v]A1|* Ay , (3)

2
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where v = AT

. This is the well-known NLS equation, a completely integrable system. For

c
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v > 0 (focusing case) it has solitonic solutions. This happens if v, < ¢p, and consequently the
soliton is a subsonic excitation.

The resonant case corresponds to vy ~ ¢p, and the condition can be realized if the group
velocity in the optical branch (excitonic branch) is equal to the phase velocity in the acoustic
one. In the multiple scales method we have to go to the order €® in the phonon variable, and
one obtains

8P1 _ X l28|A1’2

dta  2Mw, O

(4)
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The system of equations (1) and (4) represents the completely integrable Zakharov—Benney
system [10,11].

In the non-resonant case (a = 0), by going to higher order of approximation (¢*) the following
equation is obtained [12-19]

;042 0% A,
Oty | 2 oe2
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V(A1A2 + 2|A1’ AQ) = —’La—t3 + ZW33—§3. (5)

This is a linear non-homogeneous equation for the next amplitude As. In the left-hand side we
recognize the linearized NLS equation, and the non-homogeneity in the right hand side depends
only on the dominant amplitude A;. It contains the unknown derivative of A; with respect to
the next slow time t3. A secular behaviour of this equation is possible if in the rhs we identify
some members of the null space (symmetries) of the linearized NLS equation. It is easily seen
that the following symmetry appears in the rhs of (5).

3
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The secular behaviour is eliminated if the 3 dependence of A; is determined by the equation
8A1 8 Al 2 8141
- + 6¢|Aq =0 6
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that is the complex modified KdV equation, the next equation in NLS hierarchy. We remain
with
0As 0% A,

Za—t2+ 2 6‘52

0As
9¢

which now is a linear non-homogeneous equation free of secularities [18]. In the Appendix both
equations (6) and (7) will be solved when A; is given by one-soliton solution.

+v (A%A; + 2|A1‘2A2) —6ZW3C‘A1|2 (7)

4 Statistical approach of the modulational instability

The modulational instability, also known as the Benjamin—Feir instability [20-23], has proved
to be a general process occurring in a large variety of physical situations. The phenomenon is
characteristic both for continuous and discrete systems and describes the exponential growth of
the amplitude of a (quasi) monochromatic wave propagating in a weakly nonlinear dispersive
medium. It is generally believed to be responsible for the formation of robust localized coherent
structures in these systems. We shall mainly focus our attention to the NLS equation (3), where
A(X,T) is the slowly varying amplitude — considered as a random variable (here X and T" are
the slow variables of the multiple scales method) and ws, v are the parameters associated with
the dispersion (w2) and the cubic nonlinearity (). One constructs a kinetic equation for the
correlation function [24, 25]

p(X1, X2) = (A(X1)A"(X2)),
a?(X) = (A(X)A*(X)),

namely

ap < 2 o

ot \axr o

2
o ) o+ 2w[aX(X1) — a*(Xa)]p = 0.
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Further a Wigner—Moyal transform is used [26,27]. One introduces the new variables
1
XIE(Xl—i-XQ), J:‘:(Xl—XQ)

and the Fourier transform

1 [t
F(k,X,T) = 2—/ e p(x, X, T)dx.
T

—0o0
We obtain
F F o0 —1)" 2n+1F 2n+1-2
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A linear stability analysis is done considering
F(k,X,Y) = Fo(k) +eF1(k, X, T),
a?(X,T) = a2 + ea?(X, T),
a2 = /Fo(kr)dk, a? = /Fl(k:,X, T)dk.
The linearized equation for F} writes
F F & —1)" 2n+1F 2n+1,2
&+2w2k@+4uz (—1) g 09 9.
oT 0X o 22n+1(2n 4+ 1)1 9k2ntl §X2ntl
If a plane wave solution for F'(k, X, T) is considered
Fi(k,X,T) = fi(k)e'EX-9D),
the following integral stability equation is easily found
too Bk + &) — Fy(k — &
Kwy J_ k—1A
Here we assumed (2 purely imaginary, 2 = i€);, and A\ = 5 %ﬁz If we assume pp(z) to be an even

function of = the previous equation is easily transformed into

: x
1+ KZZ& /0 po(z)e " (61%”3 - e_’gx) dxr = 0.

Several forms for the initial condition Fy will be analyzed. As a first example let us consider
a d-spectrum

Fo(k) = a25(k).
It corresponds to a constant initial po(x). The integration in (8) is straightforward giving

1
4y - 2

Qi = ng (—Va% — K2> .
w2

An instability exists if both wy and v have the same sign (this situation corresponds to the
1 _
focusing case of the NLS equation) and if K < 2 (w—’;a%> * . As a? is a small quantity this

condition corresponds to a “long wave limit”. The first condition on the sign of wy and v is
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a general one, and we assume it to be satisfied in all the cases we shall discuss. Also we can

consider v = 2wy = 1, a condition which corresponds to reduction of the NLS equation to the

canonical form
0A  10%°A

"o T 2ax2

The next example is a Lorentzian spectrum

+|APA =0.

2
ap P

Pl = e

po(z) = a_%e_pw.

It is straightforward to show that in this case

In this expression it is easily seen that the instability depends also on the correlation length p

of the initial distribution, not only of the wave number K. If p is greater than 4/2 — KT2 the
system becomes stable. This is similar with the well-known phenomenon of Landau damping in
plasma physics [28].

5 Conclusions

In summary the main conclusions of the present paper are:

e The multiple scales method is used for the analysis of the 1-D Davydov model. It is shown
that in the non-resonant case the NLS equation is obtained while in the resonant case the
Zakharov—Benney system is found.

e In a higher order approximation, for the non-resonant case, in order for the secular be-
havior to be eliminated the dominant amplitude has to satisfy the next equation in the
NLS hierarchy (complex mKdV equation).

e The MI of the NLS equation was studied using a statistical approach. As is seen from the
Lorentzian case, the statistical properties have a great influence on the development of MI.
If the width of the initial 2-point correlation function is too small (p is too large) then the
MI is suppressed.
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Appendix

The equation (6) and (7) will be solved when A; is the one-soliton solution. With a suitable sca-

ling of the amplitude and the temporal variable (T" = 2wsty, ¥ =, /55-A1) the NLS equation (3)
can be written in the canonical form

oV 19°¥

i+ - — + [U]PT =0. Al

T Taoe TIVIY=0 (A1)

Also with scaling the t3 variable as 7 = wst3 the complex mKdV equation (6) writes

8\1/ 03w |28\If

- v .
g O 0
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It is convenient to scale the amplitude A in the same way as A1 (¢ = ,/55-A2) and then

equation (7) becomes

3¢> 162¢ 2 % 2 _ . 26¢ _ w3

The one-soliton solution of the NLS equation (A.1) is
o—i®

cosh 8’

U =2

where

® = 2ué 4 2(u® — vH)T + B,
0 = 2v(X — Xo + 2uT).

Here u, v are the real and imaginary parts of the eigenvalue of the spectral problem, and they
characterize the velocity and the amplitude of the soliton respectively.

As all the equations in the NLS hierarchy have the same spectral problem, the 7 dependence
in ¥ can appear only in the initial positions and phases, characterizing the unperturbed solution.
For the one-soliton solution, only Xy and &g will become dependent on 7. It is easy to show
that

dd

d—TO = Su(u® — 3v?),
dX

d_TO = 4(3U2 - ’U2)

leading to a linear dependence of ®; and Xy on the slow-time variable 7.

Concerning the solution of (A.2), let us consider the case of the solution at rest (u = 0).
With the new variable p = tanh 2v{ the equation (A.2) transforms into the equation for the
associated Legendre polynomials, with a non-homogeneity in the right hand side, which can be
solved exactly [16].

In the simple case of the one-soliton solution we see that in the next order of approximation
the initial phase and position of the soliton will depend on the next slow time variable t3, the
effect which cannot be obtained by a perturbation treatment. Also the second amplitude can
be determined exactly, and can be expressed through associate Legendre polynomials.
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