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In this paper we provide a connection between the solutions of the classical dynamical Yang—
Baxter equation (with not necessary Abelian base) and quasi-Poisson homogeneous spaces
of quasi-Poisson Lie groups.

1 Introduction

This paper is a continuation of [6]. Let us recall the main result of [6]. Let G' be a Lie group,
g = LieG, U C G a connected closed Lie subgroup such that the corresponding subalgebra u C g
is reductive in g (i.e., there exists an u-invariant subspace m C g such that g = u® m), and
Q€ (u®u)® (m®m) a symmetric tensor. Take a solution p € g& g of the classical Yang—Baxter
equation such that p + p?' = Q and consider the corresponding Poisson Lie group structure )
on (. Assuming additionally that

prse st (Nm)" (1)

for some element s € /\2 g that satisfies a certain “twist” equation, we establish a 1-1 correspon-
dence between the moduli space of classical dynamical r-matrices for the pair (g,u) with the
symmetric part % and the set of all structures of Poisson homogeneous (G, m,)-spaces on G/U.
We emphasize that the first example of such a correspondence was found by Lu in [§].

In this paper we generalize the main result of [6]. We replace Poisson Lie groups (resp. Poisson
homogeneous spaces) by quasi-Poisson Lie groups (resp. quasi-Poisson homogeneous spaces), but
even in the Poisson case our result (see Theorem 2) is stronger than in [6]: condition (1) is relaxed
now. We hope that now we present this result in its natural generality.

The paper is organized as follows. In Section 2 we present the definitions of classical dynamical
r-matrices, quasi-Poisson Lie groups and their quasi-Poisson homogeneous spaces, and then
formulate and prove the main result of this paper, Theorem 2. In Section 3 we consider an
example: the case of quasi-triangular (in the strict sense) classical dynamical r-matrices for the
pair (g, u), where g is a complex semisimple Lie algebra, and u is its regular reductive subalgebra.

All Lie algebras in this paper assumed to be finite-dimensional, and the ground field is C.

2 General results

In this section we describe a connection between quasi-Poisson homogeneous spaces and classical
dynamical r-matrices (see Theorem 2).
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First we recall some definitions. Suppose G is a Lie group, U C G its connected Lie subgroup.
Let g and u be the corresponding Lie algebras. Choose a basis z1,...,z, in u. Denote by D
the formal neighborhood of zero in u*. By functions from D to a vector space V we mean the
elements of the space V[[x1,...,z,]], where z; are regarded as coordinates on D. Further, if
w e QF(D,V) is a k-form on D with values in vector space V, then by @ : D — A*u @V we
denote the corresponding function.

Definition 1 (see [5]). Classical dynamical r-matriz for the pair (g,u) is an u-equivariant
function r : D — g ® g that satisfies the classical dynamical Yang—Bazter equation (CDYBE):

Alt(dr) + CYB(r) =0,
where CYB(r) = [r12, 73]+ [r12, r23] + [13,7%3], and for z € g®3 we set Alt(x) =22+ 2231+ 2312,
We will also require the quasi-unitarity property:
r+r =0Qe (S%)"

It is easy to see that if r satisfies the CDYBE and the quasi-unitarity condition, then €} is
constant.

We denote the set of all classical dynamical r-matrices for the pair (g, u) such that r+r2! = Q
by Dynr(g,u, ).

Denote by Map(D, G)* the set of all u-equivariant maps from D to G. Suppose that r : D —
g ® g is an u-equivariant function. Then for any g € Map(D, G)" define a function 79 : D — g®g
by

r9 = (Ady ® Ady) (r — Mg + 75> +7),

where 1, = g~ 'dg, and 7,(A) = (A ® 1 ® 1)([7;'2, 53] (A)). Then 79 is a classical dynamical
r-matrix if and only if r is. The transformation r +— 79 is called a gauge transformation. In fact,
it is an action of the group Map(D, G)* on Dynr(g,u, ).

Following [5], we denote the moduli space Map,(D, G)*\Dynr(g,u,2) by M(g,u,) (here
Mapy (D, G)* = {g € Map(D, G)" : g(0) = e}).

Now we recall the definition of quasi-Poisson Lie groups and their quasi-Poisson homogeneous
spaces (for details see [7,1,2]).

Definition 2. Let G be a Lie group, g its Lie algebra, mg a bivector field on G, and ¢ € /\3 g.
A triple (G, g, ¢) is called a quasi-Poisson Lie group if

7a(99") = (lg)«ma(g’) + (rg)sma(9),

[WGv ?] =0,
where I, (vesp. ry) is left (resp. right) multiplication by g, @ (resp. ‘@) is the left (resp. right)
invariant tensor field on G corresponding to a and [-, -] is the Schouten bracket of multivector
fields.

Definition 3. Suppose that (G,7g, ) is a quasi-Poisson group, X is a homogeneous G-
space equipped with a bivector field mx. Then (X, 7x) is called a quasi-Poisson homogeneous
(G, 7mq, ¢)-space if

mx(92) = (lg)«mx (2) + (pa)s7c(9),
1

5[7TX77TX] = @YX

(here [, denotes the mapping = +— ¢ - x, p, is the mapping g — ¢ -z, and px is the trivector
field on X induced by ¢).
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Now take p € g ® g such that p + p?! = Q € (5%g)%. Let A = p — % € /\29. Define
a bivector field on G by m, = p —p = A —A. Set ¢ = —CYB(p). Then (G,7,,¢) is
a quasi-Poisson Lie group (such quasi-Poisson Lie groups are called quasi-triangular). De-
note by Homsp(G,7,,¢,U) the set of all (G,7,,¢)-homogeneous quasi-Poisson structures
on G/U. We will see that, under certain conditions, there is a bijection between M(g,u, )
and Homsp(G, 7, p,U).

Assume that b € (g®g) is such that b+b%' = Q. Let B = b— %. Define a bivector field on G
by 7t = e D= B — A. Then there is a bivector field on G/U defined by 7 (g) = p«(7} (9))
(here p : G — G/U is the canonical projection, and g = p(g)). It is well defined, since b is
u-invariant. B

Proposition 1. In this setting (G/U,n}) is a (G,7,,p)-quasi-Poisson homogeneous space iff
CYB(b) = 0 in \*(g/u).

Proof. First we check the “multiplicativity” of mr. For all g € G,u € U we have
g7 (u) +7(g) - u=gu-b—p-gu=ag(gu).

Using p«, we get the required equality m(g9) =g - (e) + psmp(g)-
Now we need to prove that &[r, 7/] = ¢y iff CYB(b) = 0 in A?(g/u). We check it directly:
1

> ([ﬁ, B)+[A, K]) — —CYB(B) + CYB(A) = ~CYB(b) + 7.

1., .
5[7‘-{;7771/;] =

e ——

Consequently, 3[r), 7] = p.(—CYB(b)+ @) = —p.(CYB(b)) + ¢ v So we see that §[m), ]

payu iff CYB(b) =0 in \*(g/u).
Suppose r € Dynr(g,u, Q).
Proposition 2 (see [8]). CYB(r(0)) = 0 in \*(g/u).
Corollary 1. r — Wf(o) is a map from Dynr(g,u,Q) to Homsp(G,7,, ¢, U).
Proposition 3 (see [6]). If g € Mapy(D, G)", then Wf(o) = ng(o)'
Corollary 2. r — 77 deﬁnes a map from M(g,u,Q) to Homsp(G,7,, ¢,U).
From now on we will assume that the following conditions are satisfied:
u has an u-invariant complement m in g; (2a)
Qcueu)®maem). (2b)

Consider the algebraic variety
Q 2. \U . 3
Mq = $E§+(A m)" |CYB(z) = 0in A°(g/u) ¢ -
Theorem 1 (Etingof, Schiffman; see [5]). (1) Any class C € M(g,u,Q) has a representative

r € C such that r(0) € Mq. Moreover, this defines an embedding M(g,u,Q) — Mq.
(2) Assume that (2b) holds. Then the map M(g,u,Q) — Mg defined above is a bijection.

Proposition 4. The mapping b — w} from Mq to Homsp(G,7,, ¢, U) is a bijection.
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Proof. Let us construct the inverse mapping. Assume that 7 is a bivector field on G/U defining
a structure of a (G, 7, p)-quasi-Poisson homogeneous space. Then w(e) € A%*(g/u) = A’m.
Consider b = % + m(e) + p«(A). We will prove that b € Mg and the mapping = +— b is inverse
to the mapping g — .

First we prove that b € (/\2 m)"+$. For all u € U we have 7(e)+ps(A) = 7(u-e)+p.(A-u) =
w-m(e) + ps(mp(u)) + pu(A-uw) =u-m(e) +pu(u-p—u- %) =u- (m(e) + p«(A)). It means that
m(e) +pe(A) € (A’ m)"

Now we prove that 7 = m. By definition, 7} (g) = p«(g-7(e) + g -psA — A - g) = 7(g) +

pelg-pA—AN-g—g-A+A-g) =m(g). Son defines a structure of (G, m,, p)-quasi-Poisson
homogeneous space. By Proposition 1, it means that b € Mq. |

Theorem 2. Suppose (2a) and (2b) are satisfied. Then the map r — Wf(o) from M(g,u, ) to
Homsp(G, 7y, ¢, U) is a bijection.

Proof. This theorem follows from Theorem 1 and Proposition 4. |

Remark 1. If ¢ = —CYB(p) = 0, then (G,7,) is a Poisson Lie group. In this case we
get a bijection between M(g,u,2) and the set of all Poisson (G, ,)-homogeneous structures
on G/U.

Remark 2. Assume that only (2a) holds. Clearly, in this case the map r — 7er ) defines an
embedding M(g,u,Q?) — Homsp(G, 7,, ¢, U).

Remark 3. If (2a) fails, then the space M(g,u,2) may be infinite-dimensional (see [9]), while
Homsp(G, 7y, ¢, U) is always finite-dimensional.

3 Example: the semisimple case

Assume that g is a semisimple Lie algebra. Choose a Cartan subalgebra h C g and denote by R
the corresponding root system. Suppose (-, ) is a non-degenerate symmetric invariant bilinear
form on g, and © € (S%g)8 is the corresponding tensor. We will describe Mg, for a reductive Lie
subalgebra u C g containing b.

Precisely, consider a set U C R such that u =h @ > g, is a reductive Lie subalgebra. In
acU
this case we will call U reductive (in other words, a set U C R is reductive iff (U+U)NR C U
and —U = U). Note that in this situation condition (2a) is satisfied, since m = > g, is an
acR\U
u-invariant complement to u in g.

Fix E, € gq such that (E,, E_,) =1 for all « € R. Then Q = Qy+ Y E, ® E_,, where
aceR

Qp € S%h. Notice that (2b) is also satisfied.

Proposition 5. Suppose that x = > zqaE, ® E_,. Then x + % € Mq iff

acR
o =0 for a € U; (3a)
T_o = —Tq for a € R; (3b)
ifa, € R\U,y € U,a+ 3+~ =0,then zo, + x5 = 0; (3c)
if a,8,7v € R\U,a+ 3+~ =0, then xqx3 + 230 + TyTo = —1/4. (3d)

Note that (3c) is equivalent to the following condition:

if « € R\U, 3 € U,then 2448 = 4.



Classical Dynamical Yang-Baxter Equations

1105
Proof. It is easy to see that x € (/\2 m)h iff (3a) and (3b) are satisfied
Suppose that ¢, are defined by [Eq, Eg] = copgEartp-

For any v € U we have
[E% x] =
a€eR\U

= Z (atyaF_g @ E_q — xaCyaF—q @ E_p)
a,BER\U,a+B+7=0

= Z (ZaCya — Tatyp) Ea @ E_p
a,BER\U, o+ f+7=0

= D

(o + .Ig)cvaE_a ® E_g.
a,BER\U, a+f+7=0

> 2a([Ey, Ea]l ® E_o + Eq ® [Ey, E_o]) =

Thus z is u-invariant if and only if x4 + 23 = 0 for all o, 8 € R\U such that o+ 3 € U
Finally, we calculate CYB (z + $) = CYB(z) + CYB (%) (see [1])

CYB(x) = Y 2at([Fa Esl ® B o ® E_g+ Eo @ [E_a, Bg] ® E_g
a,BER

+E,® Eﬁ ® [E—Cw E—B])
= Z (xaxgcagE_7 RE_,® E,Q
— :angcagE_a X E_7 X E,g + xaxgcagE_a & E,@ & E—’Y)
= Z Cap(Tatp+ xaxy + 252 )E_ @ E_g@ E_,,
a,B7€R,a+L+v=0
Q 1
CYB|(—= )=~
(5)=1 =
a,8,7y€R\U,a+p+vy=0

(modu®gRg+gauRg+gRgIU).

So the image of CYB (z + %) in A%(g/u) vanishes if and only if the condition (3d) is satisfied. M

Proposition 6. Suppose II C R is a set of simple roots, Ry is the corresponding set of positive

roots. Choose a subset A C II such that N = (spanA) N R contains U. Find h € b such that
a(h) ¢ miZ for o € N\U and a(h) € miZ for o € U. Then x, defined by

0, a e U,
To =< 2cotha(h), o€ N\U,
+1/2, a € +R,\N

satisfies (3a)—(3d). Moreover, any function satisfying (3a)—(3d) is of this form.
First, we prove the second part of the proposition. Set
P={alz, # —1/2}.
It is obvious that U C P.

Lemma 1. P is parabolic.
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Proof. Obviously, PU (-P) = R.

We have to prove that if o, 0 € P and a + 8 € R, then a + 6 € P. We do it by considering
several cases. If o, 3 € U, thena+5 € UCP. Ifa €e P\Uand g € U, then x4 3 = 2o # —1/2
by (3c) and o + 5 € P. If a, f € P\U, there are two possibilities. If & + € U, then there is
nothing to prove. If a + ¢ U, then, by (3d), zq28 — a1s(xa +25) = —1/4. If 2445 = —1/2,
then from this equation it follows that z, = —1/2. Consequently, a 4+ 5 € P. |

Since P is parabolic, there exists a set of positive roots II C R and a subset A C II such
that P = R4 UN (see [4], chapter VI, § 1, proposition 20); here R.; is the set of positive roots
corresponding to II, and N = (spanA) N R is the Levi subset corresponding to A.

Let N = NN Ry be the set of positive roots in N corresponding to A. For all a« € A\U
let yo, = arccoth 2z, for « € ANU let yo, = 0. Find h € b such that y, = «(h). Now we prove
that h satisfies Proposition 6.

Lemma 2. a(h) ¢ miZ and zo = 1 cotha(h) for all o« € N\U; a(h) € miZ for o € U.

Proof. It is enough to prove this for a positive, so that we can use the induction on the
length I(a). The case [(«) = 1 is trivial. Suppose that I(«) = k. Then we can find o/ € N and
ap € A such that I(o/) = k — 1 and o = o/ 4+ ay. Consider two cases.

First, suppose that o € U.

If oy € U, then o/ € U. By induction, a(h) = o/(h) € wiZ.

If oy, ¢ U, then o/ ¢ U. By induction assumption, z, = 3 cotha/(h). From (3c) it follows
that 0 = 2o + Za, = 3(cotha’(h) + coth ay(h)) and, consequently, a(h) € miZ.

Now suppose that o ¢ U.

If ay, € U, then o’ ¢ U. Since ay(h) = 0, by (3c) we have 2o = Tp/4a, = Tor = 5 cotha/(h) =
% cotha(h).

When af ¢ U, then there are two possibilities again. If o’ € U, then by induction o/(h) €
miZ. By (3c), 0 = zq + z_q,. Consequently, zo = Za, = & cothay(h) = 3 cotha(h). If o/ ¢ U,
then, by (3d), za%—o/ + T—o/T—q, + T—qa,Ta = —1/4. This equation can be rewritten as

_1/4+2zyxa, 114 cothd/(h)cothag(h) 1

- = - cotha(h
T Tot + Tay, 2 cotha/(h) + coth ay(h) 9 < o(h),

and the lemma is proved. |

To prove the first part of the proposition we need the following root theory lemma.

Lemma 3. Suppose P C R is parabolic. Then Y = R\P has the following properties:

(-Y)NnY =g (4a)
(Y+Y) NRCY; (4b)
ifaceY,feR\Y anda—-pF R, thena—pF €Y. (4c)

Proof. Since (4a) is obvious and (4b) follows from (4a) and (4c), we prove only the latter
property: if @« € Y and § € P are such that « — 3 € P, then, since P is parabolic, we would
havea=(a—f3)+p€P. Soa—-peY. [ |

Now we just check (3a)—(3d) directly. Suppose that N is defined as in the proposition. Let
Y =R;\N. Then P =R\Y = —R; UN is a parabolic set, and Y satisfies (4a)—(4c).

Lemma 4. Suppose x is as defined in Proposition 6. Then x, satisfies (3a)—(3d).
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Proof. (3a) we have already, (3b) is trivial.

To prove (3c), consider the following cases. First, take o, € N\U, v € U, a+ [ +v =0.
Then 4+ = (cotha(h)+coth B(h)) = 0 as a+ 8 = —y € U. The case « € N\U, 3 € R\N,
~v € U is impossible, because then we would have § = —a—y € N. The case o, € £Y,vy€ U
is also impossible, because —y = a + § € £Y. Finally, if « € £Y, § € FY, v € U, then
xa+xg::|:%$%:0.

Condition (3d) can be proved in a similar way. [

Now to summarize:

Theorem 3. Suppose U C G is the connected Lie subgroup corresponding to u C g. Take
p € g®g such that p+ p** = Q and set ¢ = —CYB(p). Then any (G, ,, ¢)-homogeneous quasi-

Poisson space structure on G /U is exactly of the form m = 7r§+9/2 forsomex = > xaE,QFE_,,
acR
where x4 is defined in Proposition 6.

Remark 4. Let p be any solution of the classical Yang-Baxter equation such that p + p?! = Q
(see [3]). Then (G, ,) is a Poisson Lie group and therefore Theorem 3 provides the list of all
(G, m,)-homogeneous Poisson space structures on G/U.
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