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Linear PDE’s are considered in the article. The equation to be solved is reduced to the
equation on Lagrange submanifold to the coadjoint orbit. As a result we obtained necessary
and sufficient conditions of integrability for invariant linear differential equations.

1 Introduction

The most widespread integration method the linear partial differential equations

H(z, ∂z)ϕ(z) = Eϕ(z), z ∈ Z ⊂ R
N , ϕ(z) ∈ C∞(Z) (1)

is separation of variables [1] that uses commutative algebra of symmetries of equation (1). The
main goal in separation of variables is to solve eigenvalue problem

Yµψ(z) = λµψ(z), Y1 = H, λ1 = E, [Yµ, Yν ] = 0. (2)

Commutative algebra of symmetries is not a sufficient condition for the separation of variables.
It is necessary for the solvability of system (2) that operators Yµ must meet additional require-
ments [2].

Let linear differential equation (1) allow a non-Abelian symmetry group G. We shall now
investigate the most efficient way how the non-Abelian symmetry group can be used for the
integration of that equation.

2 Main theorem

Let M = G/H be the regular orbit of group action G on Z; x are local coordinates on homoge-
neous space M , XA(x, ∂x) ≡ Xa

A(x)∂xa are generators of the transformation group which form
Lie algebra G: [XA, XB] = CC

ABXC , y are the invariants of the transformation group (XAy = 0),
z ↔ (x, y).

Theorem 1. Equation (1) with N variables that allows a Lie symmetry group G can be reduced
to linear differential equations with N ′ variables:

N ′ = N − dimM + d(M), (3)

where

d(M) =
1
2

dimG/Gλ − dimH/Hλ. (4)
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Here H is Lie algebra of isotropy subgroup H, λ is regular element of the space H⊥ = {f ∈
G∗ | 〈f,H〉 = 0} ⊂ G∗, Gλ is annihilator of the covector λ ∈ H⊥, Hλ = Gλ ∩H.

Non-negative integer d(M), which is called defect of homogeneous space M can be easily
calculated using structural constants of Lie algebra G and its subalgebra H [3]:

d(M) =
1
2
rank 〈λ, [G,G]〉 − rank 〈λ, [G,H]〉.

In the case when N ′ from (3) equals 1 we obtain ordinary differential equation and we call
initial equation integrable.

Homogeneous spaces for which d(M) = 0 are called commutative. The class of commutative
spaces includes, in particular, all of the symmetric and weakly symmetries spaces [4].

Let us show the main constructions, sufficient for the proof of the Theorem 1 [5].
Let us consider associative algebra D, generated by the finite set of elements {Eµ}. Let F

be a linear space with the basis {Eµ}, S(F) is a symmetric algebra, then S(F) � D.
We define a skew-symmetric bilinear form (commutator)

[A,B] ∈ S(F), ∀ A,B ∈ F ,
such that Jacobi identities are satisfied

[A, [B,C]] + [B, [C,A]] + [C, [A,B] = 0, ∀ A,B,C ∈ F .
(We assume here that the form acts on S(F) according to the Leibnitz rule).

For basis elements we have:

[Eµ, Eν ] = Ωµν(E) ∈ S(F), µ, ν = 1, . . . ,dimF .
Algebra S(F) is called functional algebra (F-algebra). In particular, if Ωµν in formula (4)

appears to be a quadratic polynomial, then we call it a quadratic algebra, and so on.
The space of smooth functions on F∗ is Poisson algebra with the Poisson bracket:

{ϕ,ψ}F (g) = Ωµν(g)
∂ϕ(g)
∂gµ

∂ψ(g)
∂gν

, g = gµE
µ ∈ F∗, ϕ, ψ ∈ C∞(F∗).

The Poisson–Lie bracket is defined on the space of functions on G∗:

{ϕ,ψ}(f) = CC
ABfC

∂ϕ(f)
∂fA

∂ψ(f)
∂fB

, f = fAe
A ∈ G∗, ϕ, ψ ∈ C∞(G∗). (5)

Every Lie group G, acting on homogeneous space M , corresponds to F-algebra of invariant
linear operators on C∞(M). Let us note as Lµ(x, ∂x) independent operators, forming the F-
algebra

[Lµ(x, ∂x), XA(x, ∂x)] = 0, µ = 1, . . . ,dimF , A = 1, . . . ,dimG,
[Lµ, Lν ] = Ωµν(L) ∈ S(F). (6)

The dimension of the F-algebra invariant operators is given by the following formula [3]

dimF = dimG + dimHλ − 2 dimH, λ ∈ H⊥. (7)

We introduce symbols of operators XA(x, p) ≡ Xa
A(x)pa, Lµ(x, p) ∈ C∞(T ∗M):

{XA(x, p), XB(x, p)} = CC
ABXC(x, p), {Lµ(x, p), Lν(x, p)} = Ωµν(L), (8)

{XA(x, p), Lµ(x, p)} = 0. (9)
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Momentum mappings

µ : T ∗X → G∗, X(x, p) = f ∈ G∗, µ̃ : T ∗X → F∗, L(x, p) = g ∈ F∗

are Poisson mappings on Poisson algebra of functions on T ∗M in Poisson algebra on G∗ and F∗.
Also symplectic sheets Ω ⊂ G∗ and Ω̃ ⊂ F∗ mutually correspond [6]:

Ω = µ
(
µ̃−1(Ω̃)

)
, Ω̃ = µ̃

(
µ−1(Ω)

)
, codimΩ = codim Ω̃.

Let Q be a Lagrange submanifold on the symplectic sheet Ω (coadjoint orbit) in G∗. Let us
represent the algebra G by differential operators l(q, ∂q, J), which form an irreducible represen-
tation of algebra G in the space of functions on Q [7]:

[lA(q, ∂q; J), lB(q, ∂q; J)] = CC
ABlC(q, ∂q; J). (10)

Here q are local coordinates on Q, J are parameters, “numerating” orbits in G∗ and satisfying
the condition for orbits to be integer.

We note as U a Lagrange submanifold to symplectic sheet Ω̃. The defect d(M) of homo-
geneous space M is defined as dimension of Lagrange submanifold to symplectic sheet on the
coalgebra of invariant operators [3]:

d(M) = dimU =
1
2

dim Ω̃. (11)

We will note index of F-algebra (indF) the number of functionally independent elements that
generate center of the enveloping field of algebra F .

Obviously the equality

dimF − indF = dim Ω̃ = 2d(M) (12)

takes place.
We now construct irreducible representation of algebra F on Lagrange submanifold U of

symplectic sheet Ω̃ in F∗ with differential operators ζ(u, ∂u; J):

[ζµ(u, ∂u; J), ζν(u, ∂u; J)] = −Ωµν(ζ(u, ∂u; J)). (13)

Set of generalized functions DJ
qu(x), is defined from the equations

(XA(x, ∂x) + lA(q, ∂q; J))DJ
qu(x) = 0, (Lµ(x, ∂x) − ζµ(u, ∂u; J))DJ

qu(x) = 0. (14)

It is full and orthogonal on C∞(M) [5]:
∫

M
DJ̃

q̃ũ(x)DJ
qu(x) dµ(x) = δ(J, J̃)δ(q, q̃)δ(u, ũ), (15)

∫
DJ

qu(x)DJ
qu(x̃) dµ(J)dµ(q)dµ(u) = δ(x, x̃). (16)

Since operator H(y, ∂y, x, ∂x) of equation (1) is G-invariant, so it may be expressed as follows:

H(y, ∂y, x, ∂x) = F (y, ∂y, L(x, ∂x)).

Because of that solution basis of equation (1), marked by the parameters (J, q) may be con-
structed following way:

ϕJ
q (y, x) =

∫
U
ϕ̃J(y, u)DJ

qu(x) dµ(u), (17)
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where function ϕ̃J(y, u) is a solution of the equation

H̃(y, ∂y, u, ∂u; J)ϕ̃J(y, u) = 0. (18)

Here H(y, ∂y, u, ∂u; J) = F (y, ∂y, ζ
+(u, ∂u; J)).

Since the expression is correct (11), the number of independent variables N ′ in equation (18)
is defined by formula (3).

Finally from (11) we have the number of independent variables N ′ in equation (18) to be
given by formula (3).

3 Example

Let us illustrate the Theorem presented in this article by a non-trivial example. We consider an
equation of type (1), where H is the Laplace operator

∆ϕ(x) ≡ 1√
g

∂

∂xi
gij(x)

√
g
∂

∂xj
ϕ(x) = Eϕ(x), g ≡ det gij (19)

on the Riemannian manifold with metric (below ci = const)

gij(x) =




c1e
2x4x2

3 c1e
2x4x3 −c4x3e

−x4/2 c3x3e
x4/2 + c4e

−x4/2
c1e

2x4x3 c1e
2x4 −c4e−x4/2 c3e

x4/2
−c4x3e

−x4/2 −c4e−x4/2 0 0
c3x3e

x4/2 + c4e
−x4/2 c3e

x4/2 0 c2


. (20)

That metric is not Stakkel which means that Hamilton–Jacobi equation as well as Klein–Gordon
and Dirac equations cannot be solved using separation of variables. From the point of existing
methods the corresponding equation is not integrable.

Metric (20) allows five-dimensional motion group formed by operators

X1 = ∂1, X2 = ∂2, X3 = x2∂1 + ∂3,

X4 = −x1∂1 + x2∂2 − 2x3∂3 + ∂4, X5 = x1∂2 − x2
3∂3 + x3∂4, (21)

that form a basis of the Lie algebra G = {eA} with the following nonzero commutation rules:

[e1, e4] = −e1, [e1, e5] = e2, [e2, e3] = e1, [e2, e4] = e2,

[e3, e4] = −2e3, [e3, e5] = e4, [e4, e5] = −2e5.

Here this group acts on a four-dimensional homogeneous Riemannian space with one dimen-
sional isotropy subgroup. Substituting x = 0 in operators XA (21), we find isotropy sub-
algebra H = {e5}. Algebra G is of an odd index 1, i.e. it has only one Casimir function
K(f) = f1f2f4 + f2

1 f5 − f2
2 f3, generating center of the Poisson algebra with the Poisson–

Lie bracket defined by (5). Regular element of space H⊥ is non-degenerate and looks like:
λ = (λ1, λ2, λ3, λ4, 0). Annihilator of that covector λ is one-dimensional and, because it is
degenerate, is the gradient of Casimir function:

Gλ =
{∇K(f)|f=λ = λ2λ4e1 + (λ1λ4 − 2λ2λ3)e2 − λ2

2e3 + λ1λ2e4 + λ2
1e5

}
.

So we get: Hλ = {0}. According to (4) our Riemannian space is non-commutative and its
defect is d(M) = 1. Making a substitution in (3) N = dimM = 4, d(M) = 1, we get N ′ = 1,
which means according to the Theorem that equation (19) may be reduced to a linear first-
order differential equation. Also formulae (7), (12) give dimF = 3, indF = 1, i.e. the algebra



250 I.V. Shirokov

of invariant operators is three-dimensional and center of enveloping field is generated by one
operator.

Let us find the algebra of invariant operators for this case. Symmetry operators XA are
projections of left-invariant vector fields ξA: XA = π∗ξA, where mapping π : G→M = G/H is
a projection of group G on the right coset space. Here we note as ηA the algebra of right-invariant
vector fields:

[ξA, ξB] = CC
ABξC , [ηA, ηB] = CC

ABηC , [ξA, ηB] = 0.

In canonical coordinates of type II: g = g5g4g3g2g1 on the Lie group, where gk = exp(xkek), left-
and right-invariant vector fields are:

ξ1 = ∂1, ξ2 = ∂2, ξ3 = x2∂1 + ∂3,

ξ4 = −x1∂1 + x2∂2 − 2x3∂3 + ∂4, ξ5 = x1∂2 − x2
3∂3 + x3∂4 + e−2x4∂5,

η1 = −(
e−x4 + x3x5e

x4
)
∂1 − ex4x5∂2, η2 = −ex4x3∂1 − ex4∂2,

η3 = −e−2x4∂3 − x5∂4 + x2
5∂5, η4 = −∂4 + 2x5∂5, η5 = −∂5.

(It is obvious that symmetry operators XA are left-invariant vector fields restricted on the space
of functions, which are independent of coordinate x5). Invariant operators L(x, ∂x) are operator
functions of right-invariant field restricted on the class of functions which are constant on every
right coset (in our case functions, which are independent of coordinate x5) and commuting
with every field ηα, which form isotropy algebra H = {ηα} (in our case, commuting with η5).
Invariant functions L(x, p), which are symbols of invariant operators are easily obtained:

Lµ(x, p) = aµ(f)|f=ηcl , ηcl
A ≡ ηi

A(x)pi,

where functions aµ(f) ∈ C∞(G∗) are solutions of the equations
(
CB

αAfB
∂a(f)
∂fA

) ∣∣∣∣
f=λ

= 0, λ ∈ H⊥, α = 1, . . . ,dimH. (22)

In our case equation (22) transforms in

f2
∂a(f)
∂f1

+ f4
∂a(f)
∂f3

= 0,

As we solve that equation, we get: a1 = f2, a2 = f4, a3 = f1f4 − f2f3. So, invariant functions
are:

L1(x, p) = ηcl
2 (x, p)|p5=0 = −ex4(x3p1 + p2), L2(x, p) = ηcl

4 (x, p)|p5=0 = −p4,

L3(x, p) = (ηcl
1 (x, p)ηcl

4 (x, p) − ηcl
2 (x, p)ηcl

3 (x, p))|p5=0 = e−x4(p1p4 − p2p3 − x3p1p3).

Invariant operators look as follows L(x, ∂x)

L1 = iex4(x3∂1 + ∂2), L2 = i(∂4 + 1), L3 = −e−x4(∂14 − x3∂13 − ∂23),

are self-adjoint in respect to Riemannian measure
√
g dx = C exp(2x4) dx and form solvable

three-dimensional Lie algebra: i[L1, L2] = L1, [L1, L3] = 0, i[L2, L3] = L3. Center of the
enveloping F-algebra is generated by one element Z = L1L3, which coincides with Casimir
operator K(−iX) for algebra G: Z(x, ∂x) = L1(x, ∂x)L3(x, ∂x) = K(−iX(x, ∂x)):

L1L3 = −i{X1, X2, X4} − i{X1, X1, X5} + i{X2, X2, X3}.
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Here and below figure brackets note the symmetrized product of operators. The Laplace operator
belongs to the enveloping field of the F-algebra since it is invariant operator:

−∆ = c1L
2
1(x, ∂x) + c2L

2
2(x, ∂x) + c3{L1(x, ∂x), L2(x, ∂x)} + c4L3(x, ∂x) + c2. (23)

Let us construct an irreducible representation of algebra G in the space of function on the
Lagrange submanifold Q of coadjoint orbit Ω (symplectic sheet) (10):

l1 = iq1, l2 = −iq2, l3 = q1∂q2 , l4 = q1∂q1 − q2∂q2 , l5 = q2∂q1 + iJ/q21, (24)

here (q1, q2) ∈ Q = R
2. Because of irreducibility K(−il(q, ∂q; J)) = J . Let us note that

operators lA (24) are skew-Hermitian in respect to measure dµ(q) = dq1dq2 on Q. Parameter J
that numerates coadjoint orbits is not quantized and may be of any real value.

Let us construct in the same way irreducible representation of F-algebra in the space of
function on Lagrange submanifold U of the symplectic sheet Ω̃ (13) corresponding with repre-
sentation (24):

ζ1 = u, ζ2 = −iu∂u, ζ3 = J/u,
(
u ∈ U = R

1\{0}) . (25)

These operator are self-adjoint in respect to measure dµ(u) = du/u on U .
We find set of functions DJ

qu(x), numerated by variables (J, q, u) from solution of overdeter-
mined system (14):

DJ
qu(x) = exp (i(q2x2 − q1x1) − iJex4/q1u) δ (ex4(x3q1 − q2) − u) . (26)

That set of functions satisfies ortogonality and completeness conditions on M (15), (16) (in
the right sides of these formulae delta-functions are presented with respect to corresponding
measures dµ(J) = dJ/(2π)3).

Let us present solution ϕJ
q (x) of equation (19) as (17)

ϕJ
q (x) =

∫
U
ϕ̃J(u)DJ

qu(x) dµ(u), (27)

then, using expressions (14), (23), (25) for function ϕ̃J(u) we obtain ordinary differential equa-
tion

(
c2u

2∂2
u + u(c2 − ic3u)∂u + ic3u/2 − c1u

2 − c4J/u− c2
)
ϕ̃J(u) = Eϕ̃J(u).
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