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We study some classes of symmetric operators for the discrete series representations of the
quantum algebra su,(1,1), which may serve as Hamiltonians of various physical systems.
These operators are expressed in the canonical basis by a Jacobi matrix. The problem
of diagonalization of these operators (eigenfunctions, spectra, overlap coefficients, etc.) is
solved by using the connection of such operators with the theory of orthogonal polynomials.

1 Introduction

The theory of representations of the Lie group SU(1,1) ~ SL(2,R) and its Lie algebra has
been extensively employed in various branches of physics and mathematics. Representations
of the Lie algebra su(1,1) have been particularly useful in studying the isotropic harmonic
oscillator, non-relativistic Coulomb problem, relativistic Schrodinger equation, Dirac equation
with the Coulomb interaction, and so on. The Hamiltonian H in the interacting boson model
is represented as a linear combination of the operators, corresponding to generating elements
Jfrl, J ng of the Lie algebra su(1,1). For this reason, the diagonalization of representation
operators, corresponding to such linear combinations, is an important problem.

After the appearance of quantum groups and quantum algebras, most problems of the rep-
resentation theory for Lie groups and Lie algebras have been transferred to the representation
theory of quantized groups and algebras. This development is also very important from the
point of view of possible applications both in mathematics and in physics. In particular, the
diagonalization of representation operators for simplest quantum algebras (especially, such as
sug(2) and suy(1,1)) is of great significance.

Representation operators for the quantum algebras su,(2) and suy(1, 1) find wide applications
in physics. For example, some models in quantum optics, such as Raman and Brillouin scatte-
ring, parametric conversion and the interaction of two-level atoms with a single-mode radiation
field (Dicke model), can be described by interaction Hamiltonians, which are representation
operators for su,(2) or suy(1,1) (see, for example, [1] and references therein).

A great interest to spectral analysis of the operators for the positive discrete series of suy(1, 1)
appears in the analysis on noncommutative (quantum) spaces. For example, the Laplace opera-
tor and the squared radius (together with the third operator, which serves as the operator Jy)
generate the algebra su,(1,1), acting on the space of polynomials on the n-dimensional Manin
space or on the quantum complex vector space (see [2-4]). These operators realize irreducible
representations of the algebra suy(1,1), which belong to the positive discrete series and form
a g-analogue of the oscillator representations of the Lie algebra su(1,1). To construct Hamilto-
nians of physical systems, existing in the Manin space or in the quantum complex vector space
(for example, Hamiltonians for harmonic oscillators in these spaces), one thus needs to deal
with operators of the positive discrete series representations of su,(1,1). Consequently, the
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diagonalization of these Hamiltonians reduces to the problem of diagonalization of representation
operators for the quantum algebra sug(1,1).

In the present paper we discuss the problem of the diagonalization (eigenfunctions, spectra,
transition coefficients, etc.) of some classes of operators for the discrete series representations of
the quantum algebra su,(1, 1), related to g-orthogonal polynomials. We restrict ourselves by the
discrete series representations of suy(1, 1), because these very representation operators are often
used as Hamiltonians of physical models and these representations are related to the g-oscillator
algebra.

Throughout the sequel we always assume that ¢ is a fixed positive number such that ¢ < 1.
We extensively use the theory of ¢-special functions and notations of the standard g-analysis
(see, for example, [5] and [6]). In particular, we use g-numbers defined as

a/2 _ ,—a/2

[a]q::q12 q12’
YR

where a is any complex number.

2 The algebra su,(1,1) and its discrete series representations

The classical Lie algebra su(1, 1) is generated by the elements Jg!, Jfl, ng, satisfying the relations
g S =15, R s =g, s g = T

In terms of the raising and lowering operators J§ = Jfl + iJ§1 these commutation relations can
be written as

5L T = xa8, [T IS =205

The discrete series representations Tﬁ of su(1,1) with lowest weights are given by a positive
number [ and they are realized on the spaces £; of polynomials in z. The basis in £; consists of
the monomials

dh(@) = {@0n/m} 22", n=0,1,2,3,....

Assuming that this basis consists of orthonormal elements, one defines a scalar product in L;.
The closure of £; leads to a Hilbert space, on which the representation TlJr acts.

We consider an explicit realization of representation operators Jfl, 1 =0,1,2, in terms of the
first-order differential operators:

d 1 d ; d
B=am ol =0+t e Jd:%(l—ﬁ)%—il:n.

Then

Jegh = +n)gh,  Jldh=V@+n)n+1)dy,  JYL =@ +n—-1)ng,_,.

The quantum algebra suy(1, 1) and its irreducible representations are obtained by deformation
of the corresponding relations for the Lie algebra su(1, 1) and its irreducible representations. The
algebra suy(1,1) is defined as the associative algebra, generated by the elements J, J_, and J,
which satisfy the commutation relations

Jo Jo

q° —q
qt/2 — q1/2

[JO, Ji] =+Jg, [‘]*7 J+] = [2J0]q7 (1)
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and the conjugation relations
Jy = Jo, Ji=J_. (2)

(Observe that here we have replaced J_ by —J_ in the usual definition of the algebra sl,(2).)
We are interested in the discrete series representations of su4(1, 1) with lowest weights. These
irreducible representations will be denoted by Tl+, where [ is a lowest weight, which can be any
positive number (see, for example, [7]). These representations are obtained by deforming the
corresponding representations of the Lie algebra su(1,1).
As in the classical case, the representation TlJr can be realized on the space £; of all polyno-
mials in z. We choose a basis for this space, consisting of the monomials

fl=fl(z) :=d n=0,1,2,..., (3)
where
L 2l+k—1 1/2 ol qzl;ql/2
=1, H 1/2] _ 02 /4(_1/2, n=1,273,. .., (4)
k=1 (4 9

and (a;q), = (1 —a)(1 —ag)---(1 —ag" ). The representation 7} is then realized by the
operators

d
Jo=wtl  Ji= et Iy 1), . (5)

As a result of this realization, we have

Jofh=(+n)fh T fh= 204 nlgln 1 £, (6)
I fh =R =1 g fs (7)

Obviously, these operators satisfy the commutation relations (1).

We know that the discrete series representations TlJr can be realized on a Hilbert space,
on which the conjugation relations (2) are satisfied. In order to obtain such a Hilbert space,
we assume that the monomials f!(x), n = 0,1,2,..., constitute an orthonormal basis for this
Hilbert space. This introduces a scalar product (-, -) into the space £;. Then we close this space
with respect to this scalar product and obtain a Hilbert space, which will be denoted by H;.
The Hilbert space H; consists of functions (series)

[e.9] o0 [e.9]
= Z bofl(z) = Z bpcl " = Z anx"”,
n=0 n=0 n=0

where a, = bycl,. Since (f%, f1) = 6,un by definition, for f(z) = . apz™ and f(z) = 3. a, 2"
n=0 n=

o
we have (f, f) = 3 anan/|c,|?, that is, the Hilbert space H; consists of analytical functions
n=0

f(x) = > a, ™, such that

0
IFIIP =D lan/ch|? < oo.
n=0
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It is directly checked that for a function f(x) € H; we have ¢** i f(x) = f(¢°x). Therefore,
taking into account formulas (5), we conclude that

¢ fx) = 205 f(2) = ¢72 f(g"20), (8)
T f@) = g [0~ )] (9)
T 1) = gy [0 = Sl (10)

3 Hamiltonian type operators

We are interested in spectra, eigenfunctions and overlap functions for operators in the represen-
tations Tl+, which correspond to elements of the quantum algebra su,(1, 1) of the form

H:=¢"(J: +J)¢"" + f(¢"), DpER, (11)
where f is some polynomial (or function). These operators have the following properties:
(i) They are representable in the basis (3) by a Jacobi matrix.

(ii) They are symmetric operators.

(iii) They are not necessarily self-adjoint operators.

Recall that a Jacobi matrix is a matrix, with all entries vanishing except for those which
occur on the main diagonal and on two neighbouring (upper and lower) diagonals.
The most important example of the operators of the form (11) is

H®P) .= pl/A (4 J_)gP o/, pER.
For these operators the following theorem is true [8].

Theorem 1. If p > 1, then the operator H?) is bounded and has a discrete simple spectrum.
Zero is a unique point of accumutation of the spectrum. If p < 1, then the closure H®) of the
symmetric operator HP) is not a self-adjoint operator and it has deficiency indices (1,1), that

is, H®) has a one-parameter family of self-adjoint extensions. These extensions have discrete

simple spectra. If p =1, then H®) has a continuous simple spectrum, which covers the interval
(_b7 b), b= 2/((171/2 - q1/2)'

4 Applications of Hamiltonian type operators

There are many applications of the operators (11). Below we exhibit only some of these appli-
cations.

4.1. Quantum mechanics in noncommutative world. A big interest in spectral analysis
of the operators for the positive discrete series of su,(1,1) appears in the analysis on noncom-
mutative (quantum) spaces. The n-dimensional Manin space can serve as a simple example of
such a space. This space is defined by elements (quantum coordinates) x1, xa, . .., T,, satisfying
the relations z;x; = qx;z; for ¢ < j. A certain g-deformation Uq’(son) of the universal enveloping
algebra U (so,) of the Lie algebra so,, (not coinciding with the Drinfeld-Jimbo quantum algebra
Uq(sop)) acts on the Manin space (it replaces the action of the rotation group SO(n) on the
n-dimensional Euclidean space; for details see [2]).

The squared radius on the Manin space is given by the formula

Q=z1+q w2+ . +q a2,
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A Laplace operator on it is defined as
Ag=q" 107 +q" 205+ + 0,

(the definition of the derivatives d; are given in [2] and [3]). The operators A, and Q (the
operator of the multiplication by @) are invariant with respect to the algebra Uy (so,,).

It is known [2] that A, and Q generate the quantum algebra sl;2(2). Moreover, J; = c@Q and
J_ = d A, (where ¢ and ¢ are constants). In the usual Euclidean space, Hamiltonians of many
physical systems are constructed by means of a linear combination of the Laplace operators and
the radius. Similarly, Hamiltonians of physical systems in the Manin space are constructed as
combinations of the Laplace operator A, and the operator Q Then we led to the fact that these
Hamiltonians are combinations of the operators Jy and J_ (see [9]). However, we wish that
a Hamiltonian H, in the Manin space tend to a corresponding Hamiltonian H in the Euclidean
space. In order to achieve this, we have to multiply the operator J; + J_ from the left and
from the right by the operator ¢?/° with an appropriate p. (This multiplication is explained by
the fact that g-deforming the classical algebra U(g), where g is a Lie algebra, into the quantum
algebra Uy(g), one performs twisting of the elements, corresponding to positive and negative
root elements.) Thus, we come to the consideration of Hamiltonians, which are operators of the
form (11).

4.2. Quantum optics. Hamiltonians of the type (11) appear in the quantum optics.
Examples of such Hamiltonians and further details can be found in [1].

4.3. g-Oscillators, based on suq(2) and sugq(1,1). This g-oscillator, which is different
from the g-oscillators of Biedenharn and Macfarlane, is introduced in [10]. It can be described as
follows. Let us take in a finite dimensional representation of the algebra suy(2) or in a discrete
series representation of the algebra sugy(1,1) the operators

1 1
B = §qJ0/4[J+ + J_]qJ0/4, By = 5qu/4[J+ _ J_}qu/él.

Both operators B; and By are symmetric and bounded. These operators satisfy the relations
[Jo, B1] = iBa, [Jo, Ba] = iBx, [B1, Bo] = f(Jo,C), (12)

where f is some (explicitly known) function and C'is the Casimir operator. Clearly, the operator
f(Jo, C) is diagonal in the canonical basis.

Now we introduce a Hamiltonian, a position operator and a momentum operators by the
formulas

1
P = =By, Q = By, H=Jo—1l+3,

where [ is an index of the representation. Then if f. are basis elements of the representation
space, then for the Hamiltonian H we have

1
g = (n+ 3 ) £
It follows from (12) that the position and momentum operators satisfy the relations

[HaQ]:_iP’ [H,P]:iQ,

where [-, -] is the usual commutator.
Thus, using the algebras suy(2) and suy(1,1), we have obtained Hamiltonian systems of
quantum (not g-deformed) mechanics.
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4.4. g-Orthogonal polynomials. As will be explained in the next section, operators of
the form (11) are closely related to g-orthogonal polynomials. With the aid of these operators
we established a notion of duality of polynomials, orthogonal on some countable sets. By means
of this duality we derived new orthogonality relations for some instances of polynomials (see [11]
and [12]).

5 Relation to moment problem and g-orthogonal polynomials

There exists close relationship between the following directions, which we use for studying Hamil-
tonian type operators (see [13] and [14]):

(i) the theory of symmetric operators L, representable by a Jacobi matrix;
(ii) the theory of orthogonal polynomials;

(iii) the theory of classical moment problem.

Let us describe this relationship. Let L be a closed symmetric operator on a Hilbert space H.
Let eq,e9,... be a basis in H such that

Le, = apenq1 + bpen +an_1€,-1.

o
Let |z) = > pn(x)e, be an eigenvector of L with the eigenvalue x, that is, L|z) = x|x). Then
n=0

L|z) = Z(pn(l‘)anenﬂ + pn(z)bnen + pr(T)an—16n-1) = an(:n)en.
n=0 n=0

Equating coefficients of the vector e, one comes to a recurrence relation for the coefficients p, (x):

anpn+1(w) + bnpn(x) + an—lpn—l(x) = xpn(m)

Since p_1(x) = 0, then setting po(z) = 1, we see that this relation completely determines the
coefficients p,,(x). Moreover, p,(x) are polynomials in z of degree n. If coefficients a,, and b,, are
real, then all coefficients of the polynomials p,(x) are real and they are orthogonal with respect
to some positive measure p(x). If the operator L is self-adjoint, then this measure is uniquely
determined and

/ P (@) P (2)d() = Sy

where the integration is taken over some subset (possibly discrete) of R. Moreover, the spectrum
of the operator L is simple and coincide with the set, on which the polynomials are orthogonal.
The measure p(z) determines the spectral measure for the operator L (for details see [14],
Chapter VII).

If a closed symmetric operator L is not self-adjoint, then the measure p(z) is not determined
uniquely. Moreover, in this case there exist infinitely many measures, with respect to which the
polynomials are orthogonal. Among these measures there are so-called extremal measures (that
is, such that a set of polynomials {p,(x)} is complete in the Hilbert space L? with respect to
the corresponding measure). These measures determine self-adjoint extensions of the symmetric
operator L.

On the other side, with the polynomials p,(x), n =0,1,2,..., the classical moment problem
is associated [13]. Namely, with these polynomials (that is, with the coefficients a,, and b, of
the corresponding recurrence relation) positive numbers ¢,, n = 0,1,2,..., are related, which
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enter into the classical moment problem. The definition of classical moment problem consists
in the following. There is a set of positive numbers ¢,, n = 0,1,2,.... We are looking for
a measure p(x), such that

/aznd,u(x) = cp, n=0,1,2,..., (13)

where the integration is taken over some fixed subset of R. There are two principal questions:

(i) Does exist a measure p(x), such that relations (13) are satisfied?

(ii) If such a measure exists, is it determined uniquely?

The answer to the first question is positive, if the numbers ¢,, n = 0, 1,2, ..., are those, which
correspond to a particular family of orthogonal polynomials. Moreover, a measure p(z) then
coincides with the measure, with respect to which these polynomials are orthogonal.

If a measure in (13) is determined uniquely, then we say that we deal with determined moment
problem. It is the case when the region of integration is bounded. If there are many measures,
with respect to which relations (13) hold, then we say that we deal with indetermined moment
problem. In this case there exist infinitely many measures p(x) for which (13) take place. In
the second case the corresponding polynomials are orthogonal with respect to all these measures
and the corresponding symmetric operator L is not self-adjoint.

Thus, we see that one can study the operator L by investigating the corresponding sets of
orthogonal polynomials and their moment problems. We do that here for Hamiltonian type
operators.

6 Spectrum and eigenfunctions of Hamiltonians H (%)

This section deals with eigenfunctions 5&(:& ¢) and eigenvalues of a one-parameter family of the
self-adjoint operators

1 _ cos ¢
H) = (g1 + g7 g7 4 T i g% (14)

of the representation 7;" of the algebra su,(1,1): H®) & (z;¢0) = A&, (2; ). Using the relations
(8)—(10) we find that

H® f(z) = c(a™! — 2/ cos o + ¢!V 22) f(gz) — c(a™ + ¢Y* la) f (),

where ¢ = (¢@~1/%)/2(¢"/? — ¢~/?). By using this expression we find (details are given in [15])
that the eigenfunctions of H®) are

R (aze’?; @)oo (aze™%; q) oo _cos(f — )
Gloie) = (b2 0=9); q) oo (bre’*=9); ) o0’ A= q V2 —ql/2’
where a = ¢@*D/4 and b = ¢(1=2D/4 A relation between the eigenfunctions 55\(33; ¢) and the

basis functions f!(z) is now an easy consequence of the generating function

(06t g)cc (a1 g)oc
(€i(9_“”)t; Q)oo (6"(“’_%; Q)oo

= Pulcos(d — p);alg) "
0
for the g-Meixner—Pollaczek polynomials P, (y; alq), defined (see [16], section 3.9) as

2. . .
Py (cos(0 4 ¢);alq) =a™" e"”wm 302 (q_”, ae’ @129 ae= 42 04, q) :

(¢ On
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Thus
o g(1-20n/4

E\(w19) = Y T Palcos(0 — 9):¢'9) f(2).
n=0 n

To find a spectrum of the operator H¥), we note that the g-Meixner—Pollaczek polynomials
P, (cos(6—¢)) = P, (cos(§ — ¢); ¢'|q) are orthogonal and the orthogonality relation has the form

L (5 9)n
] Py (cos(0 — @) Pr(cos(0 — ¢))wy(cos(0 — ¢))df = GO

where
(209D q)
¢'(el0=9); ¢) oo (¢'€; ¢) o

(see formula (3.9.2) in [16]). This orthogonality relation can be written as

we(cos(0 = @) = (4: @)oo (45 @)oo

’ (¢ n -1/2 _  1/2 —1/2 _ _1/2\\\,» _
(g PG = PG = g )0 ()N = b,

where

D) = we(Ag~ % = ¢')) (g * = ¢'/?) _ —cos(m+ @) b cos(m — @)
A= sin(p — 0) 4T q1/2 —gl/2” T2 g

Therefore, we may formulate the following theorem:

(15)

Theorem 2. The operator H¥) has continuous and simple spectrum, which completely covers
the interval (a,b), where a and b are given by (15).

Continuity of the spectrum means that the eigenfunctions ff\(x;go) do not belong to the
Hilbert space H;. They belong to the space of functionals on the linear space £;, which can be
considered as a space of generalized functions on ;.

7 A limit to the classical case
The classical limit (that is, the limit ¢ — 1) has sense only for the operator
/2 1(q1/4J+ b AT g2,
2

When ¢ — 1 the operator H(™/2) tends to the operator Jl(d): lini H(™/2) — Jl(d). In this limit
q—)

the basis elements (3) turn into the basis elements gl (x) of the representation space for the Lie
algebra su(1,1) and the eigenfunctions &} (x;7/2) of H(™/?) into the eigenfunctions

E\(@) = (1 +iz) "1 —iz) T

of the operator Jl(C ), They are related to the eigenfunctions of the operator Jéd) as

> n \Y 2
HNOEDY (W) D\ 7/2) fL(x Z PO\ 7/2)x
n=0 n
where Pél)()\; 7/2) are the classical Meixner—Pollazcek polynomials, defined by the formula

20)n . _9i
PW(z; ) = =2 2Dn e o Fy(—n, v+ iz; 21; 1 — e 2¥), >0, 0<p<m.
n!

The Meixner-Pollazcek polynomials in the expression for §§\(a:) are a limit case of the corre-
sponding g-Meixner—Pollazcek polynomials (see [16], section 5.9).
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8 A limit to the g-oscillator algebra

Let us consider the operator I := 2H©) from Section 6. It acts upon the canonical basis f,lc,
k=0,1,2,..., as

k41 _ o kHIN1/201 o k42042Y1/2
q I (1—¢"")7*(1—q )
Iff =apflo, +aprft \+ ———=fh ar=
k k+1 k—1 q_1/2—q1/2 k q—1/2_q1/2

Clearly, the operator I depends on the index [ of the representation Tl+. Taking the limit

I — 400, we obtain the operator ) = l lim (¢! — 1)'/21 such that
——400

1 — g+l 1/2 1— g 1/2
ka:(ﬁ) fk+1+<1_qq) fi-t.

Here f is a vector, which must be a limit of the vectors f,lc as | — 4o00. However, such limit
does not exist. In order to have a well-defined limit of basis vectors we change a basis. To this
end, we take in H; another scalar product. Namely, we take in £; the basis consisting of the
monomials

£l 20, \1/2
fl (:I/‘) = bl xn7 n = 071727“'7 bé = 1) bl = %.
n n L L

(a: ),

One can take in £; the scalar product such that these vectors constitute an orthonormal basis
and close £; with respect to this scalar product. The closure of this space will be denoted by H;.
Then the operator I is realized by the formula

Jo+l1 1— qjo—l Jo

+ -1 q

sl Tt ———
g 1/2 — ¢/ q1/2 — ¢l/2

I= 12— q1/2x

and we have

L+k
~ ~ ~ q ~
I1fi(x) = apfrpa (@) + ap—1 f_y (2) + mf}w

where aj, are the same as above.
Repeating the reasoning of Section 6, we obtain that the eigenfunctions of the operator I in
the space H; are

T @ Qlee Tg) R gl

~ L @)oo (6123 @) oo 2cosf
& (z) = (¢'7; ¢)oo(q' 73 q) N

and these eigenfunctions are decomposed in terms of the basis { ﬂl(x)} as
- <1 B -
&) =" FP.(Mq? = ¢"?)d|0) fi(x).
n=0 bn

Due to the orthogonality relation for ¢g-Meixner—Pollazcek polynomials, spectrum of the opera-
tor I is simple and coincides with the interval (—a,a), a = 2¢"/*(1 — ¢)~/2.

Now we take the limit I — +o0o. Then the basis vectors f.(x) turn into the basis vectors

en(z) = (:9); %", n=01,2,....



1048 N.M. Atakishiyev and A.U. Klimyk

The operator Q@ = lim (¢! — 1)Y/2I has the form

l—+o00
1iqn+1 1/2 1iqn 1/2
Qen(z) = <17q> en+1(z) + < 1= ¢ en—1(z) = (a™ + a_)en(2),
where
1_qn+1 1/2 3 1_qn 1/2
aten(r) = (17—q> en+1(z), a " ep(z) = < - en—1(z).

The operator qu+lf’l€ () = qkﬁ, () of the representation TlJr of suy(1,1) turns in the limit as
[ — 400 into the operator

¢Ven(r) = ¢"en(2).

It is easy to see that the operators a®, a~ and ¢" satisfy the relations

N _+ _

—qatam =1, (Yot =qa"¢",  am =4

a~a’ a_qN ,
that is, they generate the well-known g-oscillator algebra introduced by Biedenharn and Mac-
farlane. Clearly, Q = a™ + a~ is the position operator for this g-oscillator.

The limit I — 400 turns the eigenfunctions fé\ (z) into eigenfunctions of the operator @) having

the form

~ 1 2cos 6
e e U R Y

We have Q€ A(x) = AE A(x) and a spectrum of the operator ) is simple and coincides with the
interval (—b,b), b= 2/(1 — q)'/2.

9 Hamiltonian with bounded discrete spectrum

In this section we consider the operator

Hy = q3J0/4<J+ i J_)q3J0/4 _ <[J0 — 1], 42 + o + l]qq—l/2> F02,

(note that this operator depends on the index [ of the representation Tl+) It acts on the basis
elements (3) by the formula

Hi f} = a’k‘-i—lf]lc—‘rl +apfr_q — qg(l%)mdkf/lm

where

ar = q3(l+k)/2—3/4\/[k]q 20+k—1]g  dy=[klgdV2 + 20+ k], ¢~V

By using this action it is easy to check that the H; is a bounded self-adjoint operator. Eigen-
functions of the operator Hy, Hix4(z) = A x4 (z), can be represented in the form

Xa(@) = P\ fi(@).
k=0

It is not hard to prove that

(qzl'Q)k 12 1k 20—1 1
Pkm:(W) (@ g, ¢ = (1— g,
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where pr(¢¥; ¢%q) = 201(¢7%,0; ¢*; ¢;¢¥") are the so-called little g-Laguerre (Wall) poly-
nomials (see, for example, [16], section 3.20).
Due to the orthogonality relation

21 - qm k. 21—1 k. 21—1 qzln(Q' Qn
) (@™ M) pu(d®; % Hg) = =500
Ookzo(q;q)k " " (@) "

for little g-Laguerre polynomials (see formula (3.20.2) in [16]), a spectrum of the operator H
coincides with the set of points ¢" /(1 —¢~!), n = 0,1,2,.... This means that the eigenfunctions

- q"
XA, (z39) = E(2), n=0,1,2,..., An = g1

constitute a basis in the representation space. We thus proved the following theorem.

Theorem 3. The operator Hi has a simple discrete spectrum, which consists of the points
¢"/(1—q '), n=0,1,2,.... The corresponding eigenfunctions Z. (x) constitute an orthogonal
basis in the space H;.

10 Hamiltonian related to big g-Laguerre polynomials

In this section we are interested in the operator

Hy = aq‘]o/4(\/ 1— quo—lJJrq(JO*l)/2 + q(JO*l)/{]_1 /1 _ quo—l)qJ0/4 ~ 31?70 + Baqlo
of the representation Tl+, where b < 0 and
a=(=0)"?¢(1-q), B=b1+q), La=bg+¢"(b+1).

Since the bounded operator ¢”° is diagonal in the canonical basis (3) without zero diagonal
elements, the operator Ho is well defined.
We have the following expression for the symmetric operator Hs in the canonical basis (3):

Hy fl = (_ab)1/2q(n+2)/2 [\/(1 — q")(1 — agnt1)(1 — bgt1) f] n+1

+ a2V =) (1~ ag™) (1= bg™) | — [abg® (1 + q) — ¢ (a + ab+ b)) £y,

where a = ¢?~1. Since ¢ < 1 the operator Hs is bounded. Therefore, one can close this operator,
so we assume that Hs is a closed (and, consequently, defined on the whole space H;) operator.
Since Ho is symmetric, its closure is a self-adjoint operator.

For eigenfunctions &y (z) of the operator Hy, H2&x(z) = M)\ (x), we have the expression

00 . 1/2
Ex) =) (—ab) gt (wq’bq’%) Po(X;a,b;q) i (),
= (¢ Dn

where P, (\;a,b;q) are big g-Laguerre polynomials, defined by the formula

Pu(Xia,biq) := 362(q7",0,; aq,bg; q,q) = (¢7"/bia) " 201(a7 ", agq/X; ag; g, \/b).
The orthogonality relation for these polynomials is known to be of the form

= (0" @)oo (g™ /b5 q)

(CLq"+ 5 0)oc

b (6" Qoo (bg™ /a; )
at= (bg" 3 q)oo
_ (@b/a,aq/b9)00  (4:9)m (—ab)ymgmm+3)/25

(aq,bq;0)c  (aq,bq; @)m
Therefore, we arrive to the following assertion:

24" P (ag™ s a,b;q) Py (ag" ™5 a, b q)

n=0

2 q" P (bg™ ™ a, b5 q) P (bg" 5 a, b; q)
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Theorem 4. The spectrum of the operator Ho coincides with the set of points ag™t!, bg"t!,
n=20,1,2,.... The spectrum is simple and has only one accumulation point at 0.
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