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In this paper we discuss the C'*° properties of evolution for infinite system of interacting
particles. Such evolution is described in terms of semigroup generated by second order dif-
ferential operator of infinite number of variables. For anharmonic systems this operator
has unbounded non-Lipschitz coefficients and thus corresponding semigroup is not strongly
continuous in time in the space of continuously differentiable functions. This circumstance
makes inapplicable the standard technique of analysis and semigroup theory. Using the
connection between the semigroup theory and stochastic differential equations and obser-
vation about nonlinear symmetry of high order variational calculus, we state smoothing
properties of such infinite-dimensional evolution in the space of continuously differentiable
functions. The main attention is devoted to the influence of the nonlinearity on the topology
of regularity.

1 Introduction

The appearance of different type of nonlinearities can to a great extent influence the behaviour
of a system and usually requires relevant techniques adopted to the description of arising phe-
nomena. Consider the infinite-dimensional system of anharmonic oscillators described by the
Gibbs measure with finite range interaction of radius ry:

1
dp = ?eXp{ —A Z bijk%} H exp{—U(wp) by

lk—j|<ro kezd

It exists and is unique for small A > 0, and can be correctly constructed in terms of ther-
modynamic limit A — Z% [1,2]. The associated Hamiltonian, defined on cylinder functions of

polynomial behaviour u,v € Pcyl(]RZd), is given by

=% {—1‘9—2+(F(x )+ (Bx) )i}
- 2 0x? k M oxr [
kezd
where F(zy) =U'(x) and (Bx)r = Y,  bp_jz;.
jili—kl<ro
We should remark that semigroup of this operator e *+ is well-defined, strongly continuous
and even preserves the Sobolev-type spaces of differentiable functions Wg [3]. This in particular
implies that operator H), is essentially self-adjoint in Lo (de, u) and corresponding dynamics
is well-defined. However, spaces Wg are of very special structure and actually do not give
precise information about the smooth properties of dynamics P, = e *H«. Thus, it would be
interesting to investigate the properties of semigroup F; in some spaces with sup-topology, like C7'
(continuously differentiable functions). But in C}' semigroup F; is not strongly continuous on ¢,
and the standard methods of analysis and semigroup theory are not applicable. Nevertheless,
such semigroups can be described in the terms of stochastic differential equation in RZ%

d&lg(tv x()) = de(t) - {F(fg(t, xO)) + (Bgo(t7$0))k}dta 52(0,1‘0) = x2> ke Zd (1)
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then

(Pef)(2°) = E f(£°(t.2")), (2)

where the cylinder Wiener process W = {Wj(t)}yez¢ with values in £2(a) = fa(a, Z9), S ap=1
is canonically realized on measurable space (2 = Cy([0,T],¢2(a)), F,Ft,P) with canonical fil-
tration F; = o{W(s)|0 < s < ¢} and cylinder Wiener measure P. Processes Wy, k € Z? are
independent R!-valued Wiener processes and E denotes the expectation with respect to mea-
sure P. Further the set of all vectors a = {ax},eze such that 6, = sup |ax/a;| < oo we
k—j|=1
denote by P. On the coefficients of H, we impose the following conditi‘onsj:| the nonlinear map
F:RY 53 — F(z) = {F(zk)}reza € RZ* is generated by the C'° monotone function F,
F(0) = 0, which has polynomial growth on the infinity

Jk> -1 Vi>1 [FO@) - FO@y)| < Cila —y|(1+ || + [y])*. (3)

Note that for k > —1 the map F : RZ? — RZ? is not locally Lipschitz in any space £,(c, Zd).

Due to (2) the investigation of regular properties of semigroup leads to the problem of smooth
dependence with respect to the initial data for solutions of stochastic differential equations (1).

In the case of Lipschitz coefficients with bounded derivatives the question of C*°-smoothness
of the stochastic flow and corresponding semigroup has already been solved using the standard
fixed point arguments and implicit function technique (see for example [4,5]). In contrary,
equation (1) has coefficients, for which the Lipschitz property breaks even locally on balls in ¢, (a)
and these methods fail to work.

Basing on a simple observation about the symmetry of the system in variations we develop
technique, adopted to the investigation of C*° smoothness of semigroups and associated stochas-
tic flows in essentially non-Lipschitz case. Our aim is to construct such spaces C(gym with
sup-topology, that semigroup P : C(gym — C(gym+1 and the following estimate is true:

1

2 Main definitions, stochastic methods
and nonlinear quasi-contractive estimate

To study the smooth properties of semigroup, first of all we need the representation for deriva-
tives of semigroup 0, P, f, where 7 = {k1, ..., ky,} is the set of directions, in which differentiation
is done and 9, = 9"l /oxy, - - - dxy,,. Formula (2) leads to

O (Pif)(z Z Y EB@YE) & @ ®8,). (4)

s=1 y1U--Uys=T

o) f = {o,f }I“/|=8 denotes above the set of st"-order partial derivatives of function and we used
notation

OIE) e @ @& = Y 04y NEVm e
j1,...,j5€Zd
Vector & = {€k,}peza is interpreted as a derivative of ¥ with respect to the initial data

ol (t,2°) th

29 = {20} cze and &, = 50 =50 1s called below a 7% variation of €. The equation on & is
In 1

derived by the formal successive differentiation of (1) with respect to z:

dgk,’r
dt

=—F'(E%kr— Y. bj&ir—orr  &r(0) = zps (5)

J:1i—kl<ro
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where @, - = 037 (€0,€5,7 C Ty £ 7)
orr= >, FOEG,, & (6)

Y1U-Uys=T, s>2
In (6) the summation > runs on all possible subdivisions of the set 7 = {j1, .., jn},
YU Uys=T, 522
ji € Z% on the nonintersecting subsets 1, ...,vs C 7, with |y1| +---+ |vs| = |7], s > 2, |3i| > 1.

It is well-known that for initial data z° € lok41)2 (a) there is a unique strong solution to
equation (1), i.e. £3(a)-continuous F-adapted process £9(t,2°) € Dy, ) (F) that fulfills P a.e.
equation (1) in f2(a). For 2° € f5(a) the generalized solution is obtained as a uniform on [0, T
P a.e. limit of strong solutions [6-8].

The solution to (5) is understood as the Fi-adapted process &,(t,2°) that fulfills (5) in
., (cy) a.e. on [0,T] and such that for P a.e. w € Q the map [0,T] 5 t — &,(t,2°) € lm, (cy)
is Lipschitz continuous, & ~(0,2°) = xy ., k € Z%, &,(t,2%) € Domng(CW)(F’(go(t,mO)) + B), for
a.e. t € [0,T], and there is a strong £y, (c,)-derivative d&,(¢t,2%)/dt a.e. on [0, T].

Now we are going to obtain the representation for semigroup derivatives, which immediately
leads to the raise of smoothness for semigroup. To do this we need to recall some definitions of
analysis on Wiener space (€2, F, F;, P) (or Malliavin calculus).

Denote by J., the set of Fi-adapted continuous integrable cylinder-valued processes u; =
{u 1 }geza for which there exists such set A, C Z%, |A,| < oo (support of cylindricity) that for
all points k & Ay, ur, =0, t € [0,7] and

T
Vke A, Vp>1 E/ |ug i |Pdt < oo.
0

Definition 1. Measurable function G' on (2 is stochastically differentiable in direction u € Jey
and has directional derivative D, G if 3gg > 0 V|e| < ¢ function G(ws + € [ usds) belongs to

Ql LP(Q2,P) and there is a measurable function D,G € Ql LP(£2, P) such that
p> p>

G(we Y usds) — G
Yp>1 lm E| (we + € [, usds) (w)

- D,G P —0.
le|—0 £ uG(W)]

Definition 2. We say that G € Do (Q) (locally stochastically differentiable) iff Vj € Z? there
is amap D;G € QILP(Q,P,H) and Vu € Jey1 3D,G that has representation
p>

DG =) <DjG,/ s jds) 1.
j€Au 0
Above H denotes the Cameron—Martin space of absolutely continuous functions « : [0, 7] — R*,
7(0) = 0, equipped with the scalar product (7,v)y = fOT 1Y(s)|2ds.
Derivative D,, has the following properties [9-11].

1. For smooth function f € C*°(R",R!) of polynomial with all derivatives behaviour at
infinity and Gy, ...,Gy, € Dioc(Q2) we have f(G1,...,Gy) € Dioc(2) and

n

Duf(G1,..,Gn) = [0if o (G1,...,Gu)| DuGi,  u € Toyt (7)

i=1
2. For real-valued Fi-adapted continuous processes H; € Dioc(f2), t € [0,7T] such that
E fOT |Hs|Pds < oo and E f(;[ |D; Hyl[},ds < oo, for all p > 1, j € Z% we have

t t
Vtel[0,T)Vk e z¢ {/ Hds, / Hdek(s)} € Dioe(Q).
0 0
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t t
3. Du/ HSdS:/ Dy H, ds,

D, /Hde /Huskds+/DHde() U € eyl

Theorem 1. Let £°(t,2°) be a generalized solution to (1), x° € £3(a). For vector v € RZ" with
finite number of nonzero coordinates introduce process

Ty = [Id 4+ t(F'(€°(t,2°)) + B)v € Tey-
Then the derivative in direction uy = I'vv gives
Dr,&%(t, 2°) = tv. (8)
Moreover, the integration by parts formula holds
1 t
E(01(E). )a)¥ = 7B SENY [ o dW(9)g) ~ Dr¥) Q

for all Fy-measurable ¥ € Dioc(2), f € Poyj(L2(a)), t > 0.

The proof is given in [12]. Using this theorem we rewrite the representation of partial deriva-
tives 0, P,f (4) in the terms of stochastic derivatives. Introduce notation D* = Dr,, where
er=(...,0,14,0,...) € RZ% is k" unit vector. Formula (9) gives for Fi-measurable ¥ € Dj,.(2)

Vi Pillala)) B OS(E)Y = LB (D (10)
with
t
D;;xp_xp/o (Dser, AW (s)) 4, (1) — DFD.

Therefore, the partial derivatives of semigroup permit representation

7] D* - DX (Ei o e £
aPtf Z Z Z Ef(f?) J1 Jz(%;ﬁl gjemz). (11)

0=1 MU-Uye=T jy .. 5,74

To obtain the raise of smoothness under the action of semigroup P; we have to investigate the
behaviour of derivatives DA¢, = Dt -- - Dieg., B = {j1,..., 50}

Theorem 2. For initial data z° € l3(a) the coordinates of variations are locally stochastically
differentiable & +(t,2°) € Dioe(S2) and ]D)ﬁ&w € Die(Q), B C Z¢, |B] > 1. The stochastic
derivatives D¢y, . are represented as a strong solutions in by, _(c;3), m; = my/|7|, to system

t t

DA - (t) = Tpar g — / [(F'(&°) + B)DP¢, ]xds — / Prerp(5)ds, (12)
0 0

where T3 =0 for |B| > 1 and T, & = T,

Orrp(t) = Z Z t\ool(ggOF(f-ﬁ-loo\)(gg) D71y, - - - D76y,

MU Uye =7 ooU---Uop =4
[vil>21,£>1 ool 22—4, |oi| 20
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and vectors cy g € P fulfill hierarchy

Ech 5130 [Ck; T,ﬁ]‘T‘aI;Tml < KC[C]CQ'Vl,Ul]"Y” T [ck;w,az]h’e'v ke Zd' (13)

Above (56 II 51 s a product of Kronnecker symbols and the subdivisions of sets 7 = y1U- - -U~y,
i€l
B =o09U---Uogy are such that 1 < { <|7| and for { =1, |og| > 1; for £ > 2 |o¢| > 0. Moreover,

at t = 0 there is asymptoticVR >0 dKgr € 91 LP(Q,P) such that
p>

VIBI =1 [IDPe(t,2%)le,, ey < I KR(w),  te0,T)
uniformly on maX(HxOH[Z(a), ||%%@||gm7(c,y,g),’7 cT7)<R.

The proof of this Theorem is quite complicated and will be given in forthcoming paper [13].
Remark that the equations (12) are obtained by direct action of D? on equations (5), because (8)
and chain rule (7) for F give D?FO(£0(t, 20)) = 67t 180 (£9(2, 20)).

The property ]D)kfg = tey, implies not only the simple integration-by-parts formula, but also
a simplified structure of coefficients in (12). In particular, one sees the nonlinear symmetries
in this equation, i.e. that the terms F'(¢9)DO¢,, tBIFO+IBD(£0)¢ Bl pUTI+IB) (0, .. ¢
7 ={Jj1,...,Jn} appear in the r.h.s. of (12) simultaneously. Taking into account this reason we
introduce a nonlinear expression

pro®) = > Epe(I€2")E )50

YCT, 0CB, v#L

D, m

fo| Hzm (cy,0)? My = ml/w"

The following Theorem gives a quasi-contractive estimate on p, g, which will be the principal
tool for investigation of the raise of smoothness properties of semigroup.

Theorem 3. Let F fulfill (3), 2° € l3(a) and vectors ¢, € P satisfy hierarchy (13). Suppose
that monotone functions p,, € C*(RL) are such that 3e >0 3K, >0Vz € Ry

Pro(z)2e  and  (1+2)(Ip) o (2)] + 1) 4(2)]) < Kppyo(2),

k+1
(pre) N1+ 2) 2™ < Kp(pyyon) - (Prg,) 21 (14)
for any subdivision T =y U---U~,, B =00U---Uoay such that 2 — ¢ < |og|.
Then there is a constant M = M, 3 € R! such that the quasi-contractive nonlinear
estimate holds
pr(t) < eMprs(0). (15)

The r.h.s. limit t = 0 s substituted by Theorem 2.

Proof. If we introduce function h;(t) = Z > > Ep,o(lIE°(t, HZ? HD &

=0 ¢CcB ~CrT bmey (ey,0)
loj=£ ~v# @
then it is clear that for estimate (15) it is sufficient to prove that for any ¢ € {0,...,m}

hi(t) < eMith;(0) or an estimate

t
go(t) < eKltga(O) + Kg/ eKl(t_S)hi,l(s)ds
0

D¢,
“tlol

for function g,(t) = Y.  Ep,. (]2t )He2 a)) ’
YCT, V#D

The proof is based on Ito formula, estimate H,p, »(2) > Ky spv.0(2), 2 € R4 (see [5, Hint 9])
and Young inequality. |

Em'y ( ’Y,G)



Regularity of the Infinite-Dimensional Evolutions 1241

The following Proposition is an immediate consequence of Theorem 3.

Proposition 1. Let F fulfill (3), ¥ € P and function Q € C*(R') satisfy (14);. Then ¥n € N
AM = M, (¢, Q) such that for any t € [0,T] the estimate holds

Blm, ,Mt 02 0 tlme (I7[+18]-1)
e 0o ||@2(a)>< e 12,00

— k+1 me

a,’ (I71-1) I g, "1 ¢m1/lf\

i€B JET

QUIE 217, (a))

foralll <my <n, || <my, |B] <n and m, = my/|7|.

3 Smoothing properties of semigroups

Proposition 1 shows that for D5§7 there is a certain ordering of behaviour with respect to 3,7 C
_ktl
72, generated by weights ((1 + HJ:OHZ(CL))%, {a, * }kezd>. Due to the representation (11)

it influences corresponding relations between different order derivatives of semigroup P; and
therefore requires a reduction of weights in seminorms on partial derivatives 0. P, f in Cg, which
we are going to introduce.

Let © = Qg U ---UB,, denote any array of pairs (p,G) € ©; with i-tensor G = G' ® --- @ G,
constructed by vectors G, ..., G" € P, and monotone functions p € C?(RL) with property (14);.
Array ©g should consist of pairs (p, @) with empty tensor & such that @ ®@ G = G® @ = G,
G € P. The array © = Qg U ---U O,, n € N, is quasi-contractive with parameter k iff for all
(p,G) € ©;,i=2,...,n, and all pair of indexes k,j € {1,...,i}, k # j, there is (p, 5) €0,
such that 3K >0Vz e Ry

(1+2)% p(z) < Kp(z)  and  (G*N < KG, ¢=1,...,i—1. (16)

Above for tensor G = G!' ® --- ® G?, we used notation G' = G' and (i — 1)-tensor Gk} is
constructed from i-tensor G = G1 ®@---® G% by the rule ¥} = Gl @ - @ GF 1o Gl ... @
Gl @A~ IGEG @ GItl @ - @ G with A=(HD) = (o Fy,

Definition 3. We say that f € Cg(l2(a)), © = O U ---U B, iff f € C(l2(a)) and VT =

2
{ki,...,ki}, |7| < n there are partial derivatives 0, f = 8k1 Ok, f € C(f2(a)) such that the
norm || flle = max |||6(i)f|||@i is finite, where

: W f ()
’”a(z)f’”@i = Sup max | 2 |g7
s w816, (I, )

POf@)lg= Y. Gi..Ghlo-f(@).

r={k,...,k; }€24

Above partial derivatives 9, f are understood in the sense that Va° € f3(a) Vh € Xoo([a,b]) =

ACx([a, b], ions hol
pzlriceIF’ Cx(la, b],£,(c)) representations hold

Wl =0, n—1 O, f(2° + h(e / S Oruy (20 + B(s)) Ry (5)ds,

@ kezd

where we used notation AC([a,b],X) = {h € C([a,b],X); 30" € L*([a,b],X)} for Banach
space X.

In [14] it was shown that the semigroup P; preserves spaces Cg(f2(a)) and fulfills estimate
3Me, Ke: ¥V f € Co(la(a))

1Pifllce < Kee'™||fllcq (17)

if the array © is quasi-contractive with parameter k.
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k+

Introduce Ti® = {( (14 22)"% p(z), sym(G&*+2)): (p,G) € O} and denote (©)™ = 'go Tie,

(©)Y = ©. Remark that for quasi-contractive with parameter k array © the array (©)™ is also
quasi-contractive. This follows from (0)° = (0)"~! U Tk (0)"~! and ordering (16).

Next Theorem gives the raise of smoothness in scale Cg under the action of semigroup P;.
Denote by Dg the closure in Cg of f € Pg(l2(a)) such that || f[jce < oo.

Theorem 4. Let © be quasi-contractive array with parameter k (3). Then Vm > 1 3 Kg ,
Me m such that V f € Dg we have P f € C(@)m, t >0 and

1
[P Al < mKome e |floe, > 0. (18)

Proof. Let © = ©gU---U®O, be a quasi-contractive array. Consider f € P;({2(a)) such that
|| fllce < oo. It is not difficult to see that for (18) it is sufficient to prove: Vi € {0,...,n} Vt >0

; 1
|H3( +1)Ptf|HTk@i < %KeMt”fHCe 19

or using P f = P, /5P o f it can be shown inductively that (19) follows from: Vi = 0,...,n and
O, € 6:

1
Vi

Due to integration-by-parts formula (10) we have

100 Pl < Kb { 110 lle, + max (109 e, 10 I, ,) -

aki+1 "'8161Ptf = Z Z E<a(£)f(50)7§71 ® "'®§w> (20)
/=1 ’\/1U-~~U’yg={k1,...,ki+1}
1 t
+ Z Z E 8ji T 8j1 f(€0)€j17k1 T fji+1,ki+1 / <F56ji+l ) dW(S)>f2(1) (21)
jl,...,ji+1€Zd 0
1 i+1 )
- ? Z Z E aji T 8jlf(£o)§j1,k1 o 'D]i+1§jz7kz o 'gji+17ki+l' (22)

=1 jy,....jiy1€2%

The following estimates finish the proof:

120)lre, < Ke™* max (109 flle,. 110 fllne,_,)

20ty

Lo My a6
12Dl < ZzKe 10l
122l 6y < K™ 109 £l (23)

Estimate (23;) follows from (17). To obtain (233) we apply the Holder inequality
1/2
5 @mm%mwyAA

J1yeesJit1 EZY PQ(Zt)

2Dz 0y < e
< (1L +[[2012, ) T

geAT (24)

1
p(Hl’OIIZ(a))
with z; = ||£0(t,a:0)||%2(a) and

t 1/2
k 7"'7ki
Ajll,...,ji_rll = <Ep2(zt) ‘§j17k1 o '5ji+1,kz‘+1 /0 <F86ji+17dW(5)>Z2(1)’2>
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A simple consequence of Ito formula gives

! 2(i+2) R Mt ;5 o2 k£
<E (/0 <P8€ji+17dW(s)>£2(l)) ) < Ke taji_‘_f (14| Hég(a)) 2 (25)

the Holder inequality with ¢, = 1/(i + 2), (25) and Proposition 1 with |3] =0, 7 = {j} imply

i+1 1/2(i+2)

k1,....k; i+2 . 1/2(i+2) t 2(i+2)
Ajll""vjij_ll S (E p2 o ’é.jﬁyké ’2(Z+2)> E /0 <Fsejl-+1’ dW)
/=1

k+1
2

kt1 aj,
< KMV 4 1217, 2 (1217, 0) 77— (26)

H wje*k‘z
=1

Substituting (26) in (24) we obtain

}(€A4t

@Dl gy <~ (tra)V/2

k- .
KL

da 1 ; 105, O PO Py 1
> W 2 GGl 2 (E (=) > Hwﬂ-m‘

jeZd k1,...k; J1yeeesdi =1

}{Veﬂit : l{7eﬂit :
< NG Kaullo9 fll g < Ko ullo9 flle,-

t Vit

1/2

Estimate (233) can be done in a similar way. [
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