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In this paper we discuss the C∞ properties of evolution for infinite system of interacting
particles. Such evolution is described in terms of semigroup generated by second order dif-
ferential operator of infinite number of variables. For anharmonic systems this operator
has unbounded non-Lipschitz coefficients and thus corresponding semigroup is not strongly
continuous in time in the space of continuously differentiable functions. This circumstance
makes inapplicable the standard technique of analysis and semigroup theory. Using the
connection between the semigroup theory and stochastic differential equations and obser-
vation about nonlinear symmetry of high order variational calculus, we state smoothing
properties of such infinite-dimensional evolution in the space of continuously differentiable
functions. The main attention is devoted to the influence of the nonlinearity on the topology
of regularity.

1 Introduction

The appearance of different type of nonlinearities can to a great extent influence the behaviour
of a system and usually requires relevant techniques adopted to the description of arising phe-
nomena. Consider the infinite-dimensional system of anharmonic oscillators described by the
Gibbs measure with finite range interaction of radius r0:

dµ =
1
Z

exp

{
− λ

∑
|k−j|≤r0

bk−jxkxj

} ∏
k∈Zd

exp{−U(xk)}dxk.

It exists and is unique for small λ > 0, and can be correctly constructed in terms of ther-
modynamic limit Λ → Z

d [1, 2]. The associated Hamiltonian, defined on cylinder functions of
polynomial behaviour u, v ∈ Pcyl(RZ

d
), is given by

Hµ =
∑
k∈Zd

{
−1

2
∂2

∂x2
k

+ (F (xk) + (Bx)k)
∂

∂xk

}
,

where F (xk) = U ′(xk) and (Bx)k =
∑

j:|j−k|≤r0
bk−jxj .

We should remark that semigroup of this operator e−tHµ is well-defined, strongly continuous
and even preserves the Sobolev-type spaces of differentiable functions WΘ [3]. This in particular
implies that operator Hµ is essentially self-adjoint in L2(RZ

d
, µ) and corresponding dynamics

is well-defined. However, spaces WΘ are of very special structure and actually do not give
precise information about the smooth properties of dynamics Pt = e−tHµ . Thus, it would be
interesting to investigate the properties of semigroup Pt in some spaces with sup-topology, like Cnb
(continuously differentiable functions). But in Cnb semigroup Pt is not strongly continuous on t,
and the standard methods of analysis and semigroup theory are not applicable. Nevertheless,
such semigroups can be described in the terms of stochastic differential equation in R

Z
d
:

dξ0k(t, x
0) = dWk(t) − {F (ξ0k(t, x

0)) + (Bξ0(t, x0))k}dt, ξ0k(0, x
0) = x0

k, k ∈ Z
d (1)
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then

(Ptf)(x0) = E f(ξ0(t, x0)), (2)

where the cylinder Wiener process W = {Wk(t)}k∈Zd with values in �2(a) = �2(a,Zd),
∑
ak=1

is canonically realized on measurable space (Ω = C0([0, T ], �2(a)),F ,Ft,P) with canonical fil-
tration Ft = σ{W (s)|0 ≤ s ≤ t} and cylinder Wiener measure P. Processes Wk, k ∈ Z

d are
independent R

1-valued Wiener processes and E denotes the expectation with respect to mea-
sure P. Further the set of all vectors a = {ak}k∈Zd such that δa = sup

|k−j|=1
|ak/aj | < ∞ we

denote by P. On the coefficients of Hµ we impose the following conditions: the nonlinear map
F : R

Z
d � x −→ F (x) = {F (xk)}k∈Zd ∈ R

Z
d

is generated by the C∞ monotone function F ,
F (0) = 0, which has polynomial growth on the infinity

∃k ≥ −1 ∀ i ≥ 1 |F (i)(x) − F (i)(y)| ≤ Ci|x− y|(1 + |x| + |y|)k. (3)

Note that for k > −1 the map F : R
Z

d → R
Z

d
is not locally Lipschitz in any space �p(c,Zd).

Due to (2) the investigation of regular properties of semigroup leads to the problem of smooth
dependence with respect to the initial data for solutions of stochastic differential equations (1).

In the case of Lipschitz coefficients with bounded derivatives the question of C∞-smoothness
of the stochastic flow and corresponding semigroup has already been solved using the standard
fixed point arguments and implicit function technique (see for example [4, 5]). In contrary,
equation (1) has coefficients, for which the Lipschitz property breaks even locally on balls in �p(a)
and these methods fail to work.

Basing on a simple observation about the symmetry of the system in variations we develop
technique, adopted to the investigation of C∞ smoothness of semigroups and associated stochas-
tic flows in essentially non-Lipschitz case. Our aim is to construct such spaces C(Θ)m with
sup-topology, that semigroup Pt : C(Θ)m 	→ C(Θ)m+1 and the following estimate is true:

‖Ptf‖C(Θ)m
≤ 1
tm/2

KΘ,meMΘ,mt‖f‖C(Θ)0
.

2 Main definitions, stochastic methods
and nonlinear quasi-contractive estimate

To study the smooth properties of semigroup, first of all we need the representation for deriva-
tives of semigroup ∂τPtf , where τ = {k1, . . . , km} is the set of directions, in which differentiation
is done and ∂τ = ∂|τ |/∂xk1 · · · ∂xkm . Formula (2) leads to

∂τ (Ptf)(x0) =
m∑
s=1

∑
γ1∪···∪γs=τ

E 〈∂(s)f(ξ0), ξγ1 ⊗ · · · ⊗ ξγs〉. (4)

∂(s)f = {∂γf}|γ|=s denotes above the set of sth-order partial derivatives of function and we used
notation

〈∂(s)f(ξ0), ξγ1 ⊗ · · · ⊗ ξγs〉 =
∑

j1,...,js∈Zd

(∂{j1,...,js}f)(ξ0)ξj1,γ1 · · · ξjs,γs .

Vector ξτ = {ξk,τ}k∈Zd is interpreted as a derivative of ξ0 with respect to the initial data

x0 = {x0
k}k∈Zd and ξk,τ = ∂|τ |ξ0k(t,x0)

∂x0
jn

···∂x0
j1

is called below a τ th variation of ξ0. The equation on ξτ is

derived by the formal successive differentiation of (1) with respect to x0:

dξk,τ
dt

= −F ′(ξ0k)ξk,τ −
∑

j: |j−k|≤r0
bk−jξj,τ − ϕk,τ , ξk,τ (0) = xk,τ (5)
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where ϕk,τ = ϕk,τ (ξ0, ξ·,γ , γ ⊂ τ, γ �= τ)

ϕk,τ =
∑

γ1∪···∪γs=τ, s≥2

F (s)(ξ0)ξk,γ1 · · · ξk,γs (6)

In (6) the summation
∑

γ1∪···∪γs=τ, s≥2
runs on all possible subdivisions of the set τ = {j1, .., jn},

ji ∈ Z
d on the nonintersecting subsets γ1, . . . , γs ⊂ τ , with |γ1|+ · · ·+ |γs| = |τ |, s ≥ 2, |γi| ≥ 1.

It is well-known that for initial data x0 ∈ �2(k+1)2(a) there is a unique strong solution to
equation (1), i.e. �2(a)-continuous Ft-adapted process ξ0(t, x0) ∈ D�2(a)(F ) that fulfills P a.e.
equation (1) in �2(a). For x0 ∈ �2(a) the generalized solution is obtained as a uniform on [0, T ]
P a.e. limit of strong solutions [6–8].

The solution to (5) is understood as the Ft-adapted process ξγ(t, x0) that fulfills (5) in
�mγ (cγ) a.e. on [0, T ] and such that for P a.e. ω ∈ Ω the map [0, T ] � t → ξγ(t, x0) ∈ �mγ (cγ)
is Lipschitz continuous, ξk,γ(0, x0) = xk,γ , k ∈ Z

d, ξγ(t, x0) ∈ Dom�mγ (cγ)(F ′(ξ0(t, x0)) +B), for
a.e. t ∈ [0, T ], and there is a strong �mγ (cγ)-derivative dξγ(t, x0)/dt a.e. on [0, T ].

Now we are going to obtain the representation for semigroup derivatives, which immediately
leads to the raise of smoothness for semigroup. To do this we need to recall some definitions of
analysis on Wiener space (Ω,F ,Ft,P) (or Malliavin calculus).

Denote by Jcyl the set of Ft-adapted continuous integrable cylinder-valued processes ut =
{ut,k}k∈Zd for which there exists such set Λu ⊂ Z

d, |Λu| < ∞ (support of cylindricity) that for
all points k �∈ Λu ut,k ≡ 0, t ∈ [0, T ] and

∀ k ∈ Λu ∀ p ≥ 1 E
∫ T

0
|ut,k|pdt <∞.

Definition 1. Measurable function G on Ω is stochastically differentiable in direction u ∈ Jcyl

and has directional derivative DuG if ∃ ε0 > 0 ∀ |ε| ≤ ε0 function G(ω• + ε
∫ •
0 usds) belongs to

∩
p≥1

Lp(Ω,P) and there is a measurable function DuG ∈ ∩
p≥1

Lp(Ω,P) such that

∀ p ≥ 1 lim
|ε|→0

E |G(ω• + ε
∫ •
0 usds) −G(ω)
ε

−DuG(ω)|p = 0.

Definition 2. We say that G ∈ Dloc(Ω) (locally stochastically differentiable) iff ∀ j ∈ Z
d there

is a map DjG ∈ ∩
p≥1

Lp(Ω,P,H) and ∀u ∈ Jcyl ∃DuG that has representation

DuG =
∑
j∈Λu

〈DjG,

∫ •

0
us,jds〉H.

Above H denotes the Cameron–Martin space of absolutely continuous functions γ : [0, T ] → R
1,

γ(0) = 0, equipped with the scalar product 〈γ, γ〉H =
∫ T
0 |•γ(s)|2ds.

Derivative Du has the following properties [9–11].
1. For smooth function f ∈ C∞(Rn,R1) of polynomial with all derivatives behaviour at

infinity and G1, . . . , Gn ∈ Dloc(Ω) we have f(G1, . . . , Gn) ∈ Dloc(Ω) and

Duf(G1, ..., Gn) =
n∑
i=1

[∂if ◦ (G1, . . . , Gn)]DuGi, u ∈ Jcyl. (7)

2. For real-valued Ft-adapted continuous processes Ht ∈ Dloc(Ω), t ∈ [0, T ] such that
E

∫ T
0 |Hs|pds <∞ and E

∫ T
0 ‖DjHs‖pHds <∞, for all p ≥ 1, j ∈ Z

d we have

∀ t ∈ [0, T ] ∀ k ∈ Z
d

{∫ t

0
Hsds,

∫ t

0
HsdWk(s)

}
∈ Dloc(Ω).
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3. Du

∫ t

0
Hs ds =

∫ t

0
DuHs ds,

Du

∫ t

0
Hs dWk(s) =

∫ t

0
Hsus,k ds+

∫ t

0
DuHs dWk(s), u ∈ Jcyl.

Theorem 1. Let ξ0(t, x0) be a generalized solution to (1), x0 ∈ �2(a). For vector v ∈ R
Z

d
with

finite number of nonzero coordinates introduce process

Γtv = [Id+ t(F ′(ξ0(t, x0)) +B)]v ∈ Jcyl.

Then the derivative in direction ut = Γtv gives

DΓvξ
0(t, x0) = tv. (8)

Moreover, the integration by parts formula holds

E 〈∂f(ξ0t ), v〉�2(1)Ψ =
1
t
E f(ξ0t ){Ψ

∫ t

0
〈Γsv, dW (s)〉�2(1) −DΓvΨ} (9)

for all Ft-measurable Ψ ∈ Dloc(Ω), f ∈ P∞
cyl(�2(a)), t > 0.

The proof is given in [12]. Using this theorem we rewrite the representation of partial deriva-
tives ∂τPtf (4) in the terms of stochastic derivatives. Introduce notation D

k = DΓek
where

ek = (. . . , 0, 1k, 0, . . .) ∈ R
Z

d
is kth unit vector. Formula (9) gives for Ft-measurable Ψ ∈ Dloc(Ω)

∀ f ∈ P∞
cyl(�2(a)) E ∂kf(ξ0t )Ψ =

1
t
E f(ξ0t )D

∗
kΨ (10)

with

D
∗
kΨ = Ψ

∫ t

0
〈Γsek, dW (s)〉�2(1) − D

kΨ.

Therefore, the partial derivatives of semigroup permit representation

∂τPtf(x) =
|τ |∑
�=1

∑
γ1∪···∪γ�=τ

∑
j1,...,j�∈Zd

E f(ξ0t )
D
∗
j1
· · ·D∗

j�
(ξj1,γ1 · · · ξj�,γ�

)
t�

. (11)

To obtain the raise of smoothness under the action of semigroup Pt we have to investigate the
behaviour of derivatives D

βξτ = D
j1 · · ·Dj�ξτ , β = {j1, . . . , j�}.

Theorem 2. For initial data x0 ∈ �2(a) the coordinates of variations are locally stochastically
differentiable ξk,τ (t, x0) ∈ Dloc(Ω) and D

βξk,τ ∈ Dloc(Ω), β ⊂ Z
d, |β| ≥ 1. The stochastic

derivatives D
βξk,τ are represented as a strong solutions in �mτ (cτ,β), mτ = m1/|τ |, to system

D
βξk,τ (t) = x̃k;τ,β −

∫ t

0
[(F ′(ξ0) +B)Dβξτ ]kds−

∫ t

0
ϕk;τ,β(s)ds, (12)

where x̃τ,β = 0 for |β| ≥ 1 and x̃τ,∅ = x̃τ ,

ϕk;τ,β(t) =
∑

γ1 ∪ · · · ∪ γ� = τ
|γi| ≥ 1, � ≥ 1

∑
σ0 ∪ · · · ∪ σ� = β

|σ0| ≥ 2 − �, |σi| ≥ 0

t|σ0|δσ0
k F

(�+|σ0|)(ξ0k) D
σ1ξk,γ1 · · ·Dσ�ξk,γ�
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and vectors cτ,β ∈ P fulfill hierarchy

∃Kc δσ0
k [ck; τ,β]|τ |a

−k+1
2
m1

k ≤ Kc[ck; γ1,σ1 ]
|γ1| · · · [ck; γ�,σ�

]|γ�|, k ∈ Z
d. (13)

Above δβj =
∏
i∈β

δij is a product of Kronnecker symbols and the subdivisions of sets τ = γ1∪· · ·∪γ�,
β = σ0 ∪ · · · ∪σ� are such that 1 ≤ � ≤ |τ | and for � = 1, |σ0| ≥ 1; for � ≥ 2 |σ0| ≥ 0. Moreover,
at t = 0 there is asymptotic ∀R > 0 ∃KR ∈ ∩

p≥1
Lp(Ω,P) such that

∀ |β| ≥ 1 ‖Dβξτ (t, x0)‖�mτ (cτ,β) ≤ t|β|+1KR(ω), t ∈ [0, T ]

uniformly on max(‖x0‖�2(a), ‖x̃γ,∅‖�mγ (cγ,∅), γ ⊂ τ) ≤ R.

The proof of this Theorem is quite complicated and will be given in forthcoming paper [13].
Remark that the equations (12) are obtained by direct action of D

β on equations (5), because (8)
and chain rule (7) for F give D

βF (�)(ξ0j (t, x
0)) = δβj t

|β|F (�+|β|)(ξ0j (t, x
0)).

The property D
kξ0t = tek implies not only the simple integration-by-parts formula, but also

a simplified structure of coefficients in (12). In particular, one sees the nonlinear symmetries
in this equation, i.e. that the terms F ′(ξ0)Dβξτ , t|β|F (1+|β|)(ξ0)ξτ , t|β|F (|τ |+|β|)(ξ0)ξj1 · · · ξjn ,
τ = {j1, . . . , jn} appear in the r.h.s. of (12) simultaneously. Taking into account this reason we
introduce a nonlinear expression

ρτ,β(t) =
∑

γ⊂τ, σ⊂β, γ 
=∅

E pγ,σ(‖ξ0(t, x0)‖2
�2(a))‖

D
σξγ

t|σ|
‖mγ

�mγ (cγ,σ), mγ = m1/|γ|.

The following Theorem gives a quasi-contractive estimate on ρτ,β, which will be the principal
tool for investigation of the raise of smoothness properties of semigroup.

Theorem 3. Let F fulfill (3), x0 ∈ �2(a) and vectors cγ,σ ∈ P satisfy hierarchy (13). Suppose
that monotone functions pγ,σ ∈ C2(R1

+) are such that ∃ ε > 0 ∃Kp > 0 ∀ z ∈ R+

pγ,σ(z) ≥ ε and (1 + z)(|p′γ,σ(z)| + |p′′γ,σ(z)|) ≤ Kppγ,σ(z),

(pτ,β)|τ |(1 + z)
k+1

2
m1 ≤ Kp(pγ1,σ1)

|γ1| · · · (pγ�,σ�
)z|γ�| (14)

for any subdivision τ = γ1 ∪ · · · ∪ γ�, β = σ0 ∪ · · · ∪ σ� such that 2 − � ≤ |σ0|.
Then there is a constant M = Mτ,β ∈ R

1 such that the quasi-contractive nonlinear
estimate holds

ρτ,β(t) ≤ eMtρτ,β(0). (15)

The r.h.s. limit t = 0 is substituted by Theorem 2.

Proof. If we introduce function hi(t) =
i∑

�=0

∑
σ ⊂ β
|σ| = �

∑
γ ⊂ τ
γ 
= ∅

E pγ,σ(‖ξ0(t, x0)‖2
�2(a))

∥∥∥D
σξγ
t|σ|

∥∥∥mγ

�mγ (cγ,σ)

then it is clear that for estimate (15) it is sufficient to prove that for any i ∈ {0, . . . ,m}
hi(t) ≤ eMithi(0) or an estimate

gσ(t) ≤ eK1tgσ(0) +K2

∫ t

0
eK1(t−s)hi−1(s)ds

for function gσ(t) =
∑

γ⊂τ, γ 
=∅

E pγ,σ(‖ξ0(t, x0)‖2
�2(a))

∥∥∥D
σξγ
t|σ|

∥∥∥mγ

�mγ (cγ,σ)
.

The proof is based on Ito formula, estimate Hµpγ,σ(z) ≥ Kγ,σpγ,σ(z), z ∈ R+ (see [5, Hint 9])
and Young inequality. �
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The following Proposition is an immediate consequence of Theorem 3.

Proposition 1. Let F fulfill (3), ψ ∈ P and function Q ∈ C2(R1) satisfy (14)1. Then ∀n ∈ N

∃M = Mn(ψ,Q) such that for any t ∈ [0, T ] the estimate holds

E Q(‖ξ0(t, x0)‖2
�2(a)) |Dβξk,τ |mτ ≤

t|β|mτ eMt|τ |ψ0Q(‖x0‖2
�2(a))(1 + ‖x0‖2

�2(a))
k+1

2
mτ (|τ |+|β|−1)

a
k+1

2
mτ (|τ |−1)

k

∏
i∈β

a
k+1
2
mτ

i

∏
j∈τ

ψ
m1/|τ |
k−j

for all 1 ≤ m1 ≤ n, |τ | ≤ m1, |β| ≤ n and mτ = m1/|τ |.

3 Smoothing properties of semigroups

Proposition 1 shows that for D
βξγ there is a certain ordering of behaviour with respect to β, γ ⊂

Z
d, generated by weights

(
(1 + ‖x0‖2

�2(a))
k+1

2 , {a−
k+1
2

k }k∈Zd

)
. Due to the representation (11)

it influences corresponding relations between different order derivatives of semigroup Pt and
therefore requires a reduction of weights in seminorms on partial derivatives ∂τPtf in CΘ, which
we are going to introduce.

Let Θ = Θ0 ∪ · · · ∪Θn denote any array of pairs (p,G) ∈ Θi with i-tensor G = G1 ⊗ · · · ⊗Gi,
constructed by vectors G1, . . . , Gi ∈ P, and monotone functions p ∈ C2(R1

+) with property (14)1.
Array Θ0 should consist of pairs (p,∅) with empty tensor ∅ such that ∅ ⊗ G = G ⊗ ∅ = G,
G ∈ P. The array Θ = Θ0 ∪ · · · ∪ Θn, n ∈ N, is quasi-contractive with parameter k iff for all
(p,G) ∈ Θi, i = 2, . . . , n, and all pair of indexes k, j ∈ {1, . . . , i}, k �= j, there is (p̃, G̃) ∈ Θi−1

such that ∃K > 0 ∀ z ∈ R+

(1 + z)
k+1

2 p̃(z) ≤ Kp(z) and (Ĝ{k,j})� ≤ KG̃�, � = 1, . . . , i− 1. (16)

Above for tensor G = G1 ⊗ · · · ⊗ Gi, we used notation Gi = Gi and (i − 1)-tensor Ĝ{k,j} is
constructed from i-tensor G = G1 ⊗ · · ·⊗Gi by the rule Ĝ{k,j} = G1 ⊗ · · ·⊗Gk−1 ⊗Gk+1 ⊗ · · ·⊗
Gj−1 ⊗A−(k+1)GkGj ⊗Gj+1 ⊗ · · · ⊗Gi with A−(k+1) = {a−(k+1)

k }k∈Zd .

Definition 3. We say that f ∈ CΘ(�2(a)), Θ = Θ0 ∪ · · · ∪ Θn iff f ∈ C(�2(a)) and ∀ τ =
{k1, . . . , ki}, |τ | ≤ n there are partial derivatives ∂τf = ∂k1 · · · ∂kif ∈ C(�2(a)) such that the
norm ‖f‖Θ = max

i=0,...,n
|||∂(i)f |||Θi

is finite, where

|||∂(i)f |||Θi
= sup

x∈�2(a)
max

(p,G)∈Θi

|||∂(i)f(x)|||G
p(‖x‖2

�2(a))
, |||∂(i)f(x)|||2G =

∑
τ={k1,...,ki}∈Zd

G1
k1 ...G

i
ki
|∂τf(x)|2.

Above partial derivatives ∂τf are understood in the sense that ∀x0 ∈ �2(a) ∀h ∈ X∞([a, b]) =
∩

p≥1, c∈P

AC∞([a, b], �p(c)) representations hold

∀ |τ | = 0, . . . , n− 1 ∂τf(x0 + h(•))
b

a

=
∫ b

a

∑
k∈Zd

∂τ∪{k}f(x0 + h(s))h′k(s)ds,

where we used notation AC∞([a, b], X) = {h ∈ C([a, b], X); ∃h′ ∈ L∞([a, b], X)} for Banach
space X.

In [14] it was shown that the semigroup Pt preserves spaces CΘ(�2(a)) and fulfills estimate
∃MΘ,KΘ: ∀ f ∈ CΘ(�2(a))

‖Ptf‖CΘ
≤ KΘe

MΘt‖f‖CΘ
(17)

if the array Θ is quasi-contractive with parameter k.
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Introduce TkΘ = {( (1+ z2)
k+1

2 p(z), sym(G⊗k+2) ); (p,G) ∈ Θ} and denote (Θ)m =
m∪
i=0

T ikΘ,

(Θ)0 = Θ. Remark that for quasi-contractive with parameter k array Θ the array (Θ)m is also
quasi-contractive. This follows from (Θ)i = (Θ)i−1 ∪ Tk(Θ)i−1 and ordering (16).

Next Theorem gives the raise of smoothness in scale CΘ under the action of semigroup Pt.
Denote by DΘ the closure in CΘ of f ∈ P∞

cyl(�2(a)) such that ‖f‖CΘ
<∞.

Theorem 4. Let Θ be quasi-contractive array with parameter k (3). Then ∀m ≥ 1 ∃KΘ,m,
MΘ,m such that ∀ f ∈ DΘ we have Ptf ∈ C(Θ)m , t > 0 and

‖Ptf‖C(Θ)m
≤ 1
tm/2

KΘ,me
MΘ,mt‖f‖CΘ

, t > 0. (18)

Proof. Let Θ = Θ0 ∪ · · · ∪Θn be a quasi-contractive array. Consider f ∈ P∞
cyl(�2(a)) such that

‖f‖CΘ
<∞. It is not difficult to see that for (18) it is sufficient to prove: ∀ i ∈ {0, . . . , n} ∀ t > 0

|||∂(i+1)Ptf |||TkΘi
≤ 1√

t
KeMt‖f‖CΘ

(19)

or using Ptf = Pt/2Pt/2f it can be shown inductively that (19) follows from: ∀ i = 0, . . . , n and
Θi ∈ Θ:

|||∂(i+1)Ptf |||TkΘi
≤ KeMt

{
1√
t
|||∂(i)f |||Θi

+ max
�=1,...,i

(|||∂(�)f |||Θ�
, |||∂(�)f |||TkΘ�−1

)
}
.

Due to integration-by-parts formula (10) we have

∂ki+1 · · · ∂k1Ptf =
i∑

�=1

∑
γ1∪···∪γ�={k1,...,ki+1}

E 〈∂(�)f(ξ0), ξγ1 ⊗ · · · ⊗ ξγ�
〉 (20)

+
1
t

∑
j1,...,ji+1∈Zd

E ∂ji · · · ∂j1f(ξ0)ξj1,k1 · · · ξji+1,ki+1

∫ t

0
〈Γseji+1 , dW (s)〉�2(1) (21)

− 1
t

i+1∑
�=1

∑
j1,...,ji+1∈Zd

E ∂ji · · · ∂j1f(ξ0)ξj1,k1 · · ·Dji+1ξj�,k�
· · · ξji+1,ki+1 . (22)

The following estimates finish the proof:

|||(20)|||TkΘi
≤ KeMt max

�=1,...,i
(|||∂(�)f |||Θ�

, |||∂(�)f |||TkΘ�−1
)

|||(21)|||Tk(p,G) ≤
1√
t
KeMt|||∂(i)f |||Θi

,

|||(22)|||Tk(p,G) ≤ KeMt|||∂(i)f |||Θi
. (23)

Estimate (231) follows from (17). To obtain (232) we apply the Hölder inequality

|||(21)|||Tk(p,G) ≤

∣∣∣∣∣ ∑
j1,...,ji+1∈Zd

(
E

|∂ji · · · ∂j1f(ξ0)|2
p2(zt)

)1/2

Aj1,...,ji+1

∣∣∣∣∣
G⊗Ak+2

t (1 + ‖x0‖2
�2(a))

k+1
2 p(‖x0‖2

�2(a))
(24)

with zt = ‖ξ0(t, x0)‖2
�2(a) and

A
k1,...,ki+1

j1,...,ji+1
=

(
E p2(zt) |ξj1,k1 · · · ξji+1,ki+1

∫ t

0
〈Γseji+1 , dW (s)〉�2(1)|2

)1/2

.
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A simple consequence of Ito formula gives(
E (

∫ t

0
〈Γseji+1 , dW (s)〉�2(1))

2(i+2)

)1/2(i+2)

≤ KeMt
√
ta

−k+1
2

ji+1
(1 + ‖x0‖2

�2(a))
k+1

2 , (25)

the Hölder inequality with q� = 1/(i+ 2), (25) and Proposition 1 with |β| = 0, τ = {j} imply

A
k1,...,ki+1

j1,...,ji+1
≤

i+1∏
�=1

(
E p2 i+2

i+1 |ξj�,k�
|2(i+2)

)1/2(i+2)
{

E
(∫ t

0
〈Γseji+1 , dW 〉

)2(i+2)
}1/2(i+2)

≤ KeMt
√
t(1 + ‖x0‖2

�2(a))
k+1

2 p(‖x0‖2
�2(a))

a
−k+1

2
ji+1

i+1∏
�=1

ψj�−k�

. (26)

Substituting (26) in (24) we obtain

|||(21)|||Tk(p,G) ≤
KeMt

√
t

(tr a)1/2

×
∑
j∈Zd

δ
k+1

2
|j|

a

ψj

 ∑
k1,...,ki

G1
k1 · · ·Giki

|
∑
j1,...,ji

(
E

|∂ji · · · ∂j1f(ξ0)|2
p2(zt)

)1/2 i∏
�=1

1
ψj�−k�

|2
1/2

≤ K ′eMt

√
t
KG,ψ|||∂(i)f |||(p,G) ≤

K ′eMt

√
t
KG,ψ|||∂(i)f |||Θi

.

Estimate (233) can be done in a similar way. �
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