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Standard Model prediction for the muon anomalous magnetic moment (g − 2) is reviewed. Recent shifts in
the QED and hadronic contributions are discussed. The result is compared with the latest Brookhaven E821
measurement.

1. Introduction

In February 2001 the Brookhaven collaboration
E821 announced a new measurement of the muon
anomalous magnetic moment [1],

aµ = 116 592 020(160) × 10−11 (1)

which exceeded the theoretical prediction by
about 2.6 standard deviations. This disagreement
motivated a large number of theoretical specula-
tions about various New Physics scenarios. The
Standard Model (SM) prediction has also been
scrutinized and, eventually, found to have been
flawed. The difference between theory and ex-
periment has been reduced almost to 1σ.

More recently [2], E821 announced a new re-
sult, based on an analysis of all data taken with
positive muons. The resulting world average is

aexp
µ (Average) = 116 592 030(80) × 10−11. (2)

Due to the greatly reduced experimental error,
and the continuing progress in analyzing e+e−

annihilation and τ decay data, essential for the
theoretical prediction, this result again differs sig-
nificantly from the SM prediction.

The SM prediction for aµ is given by a sum of
QED, hadronic, and electroweak contributions,

aSM
µ = aQED

µ + aHad
µ + aEW

µ . (3)

These three terms have been discussed in detail
in recent reviews [3,4]. Since those studies, the
hadronic part, and to a lesser extent also the QED
and electroweak ones, have changed. Those devel-
opments are summarized in subsequent sections.

2. Standard Model contributions

2.1. QED

QED contribution is by far the largest part of
the muon anomalous magnetic moment. It is ex-
pressed by a truncated expansion in α ' 137.036,

aQED
µ =

5
∑

n=1

Cn

(α

π

)n

. (4)

The first three coefficients Ci are known analyt-
ically (see [5] and references therein). C4 has
been computed numerically and its various ele-
ments are still being checked and improved. It is
now believed to exceed by several units the pre-
liminary value Cold

4 = 126.07(41) [6]. This shifts
the value of aQED

µ by about +15 × 10−11 or five
times the theoretical uncertainty usually assigned
to the QED part. An independent evaluation of
C4 would certainly be very helpful.

The five-loop contribution C5 is estimated by
studying diagrams most strongly enhanced by
logarithms of the muon and electron mass ratio.
It amounts to about 6×10−11 in aµ, not very im-
portant for the E821 accuracy goal of 40×10−11.

The uncertainty of +3 × 10−11 in aQED
µ arises

in roughly equal measure from errors assigned to
α and C4,5, and a small number estimating the
higher order terms in the QED series. However,
until an updated numerical result for aQED

µ , ex-
pected in the near future [7], is published, it may
be safe to increase the error estimate to about
+15 × 10−11:

aQED
µ = 116 584 721(15) × 10−11. (5)
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2.2. Electroweak contribution

Observation of the electroweak loops was
among the original goals of E821. This is the
smallest of the SM contributions and the only one
not seen in the earlier CERN experiment.

The leading electroweak effect arises from one-
loop diagrams with W and Z bosons. Two-loop
contributions decrease it by about 23%, due to
large logarithms of the muon and weak boson
mass ratio [8–11]. Also the three-loop leading
logarithms have been evaluated [12,13] but their
effect is negligible.

Recently, there has been some controversy re-
garding the treatment of light-quark loops in two-
loop electroweak diagrams, such as the one shown
in Fig. 1.

µ

γ

γZ

f

Figure 1. Effective Zγγ∗ coupling induced by a

fermion triangle, contributing to aEW

µ .

Such diagrams give rise to large logarithms of
the ratio of the Z-boson mass (MZ) and the muon
or light-hadron mass. It was found in [10] that
when one adds triangle loop contributions with
all charged fermions in a given generation, those
logarithms cancel. More recently, in [14] it was
claimed that this cancellation is spurious and due
to a simplistic treatment of light hadrons in [10].
However, it seems unlikely that a low-energy ef-
fect of strong interactions can alter the ultravi-
olet asymptotics of such diagrams, reflected in
the coefficient of the leading logarithm of MZ .
This issue was reexamined in [12]. The conclu-
sion of that study is that the operator product
expansion analysis in [14] is flawed; part of the
short-distance contribution to the virtual trian-
gle in Fig. 1 is missing in [14]. When this effect
is added, the cancellation of the large logarithms
is restored.

Somewhat surprisingly, the numerical result
is very similar in both approaches. It depends
weakly on the Higgs mass mH , and for mH = 150
GeV is

aEW
µ = 154(1)(2) × 10−11. (6)

where the first error corresponds to hadronic loop
uncertainties and the second to an allowed Higgs
mass range of 114 GeV <∼ mH

<∼ 250 GeV, the
current top mass uncertainty and unknown three-
loop effects.

2.3. Hadronic effects

Hadronic contributions to g − 2 are usually
divided into three parts. The largest contri-
bution is the leading order vacuum polarization
(LOVP). Verification and further reduction of its
uncertainty are crucial for extracting interesting
physics information from the E821 measurement.
Some details of the LOVP calculation are dis-
cussed below.

Second, there is the next-to-leading order vac-
uum polarization (NLVP) contribution, of about
−100(6) × 10−11. It is obtained with a similar
procedure as the LOVP but is suppressed by an
extra factor α/π. Its present accuracy is sufficient
for E821 purposes.

The third part arises due to the hadronic light-
by-light (HLBL) scattering. This is also a rel-
atively small contribution, 110(30) × 10−11, but
its uncertainty and even the central value are still
somewhat controversial. This will be discussed at
the end of this section.

2.3.1. Vacuum polarization

The largest part of hadronic contributions to
aµ comes from a vacuum polarization insertion
into the one-loop QED diagram. By applying
dispersion relation to the photon vacuum polar-
ization, this diagram can be rewritten as a con-
volution of a kernel function and the e+e− an-
nihilation cross section into hadrons. Since the
kernel function falls off for large values of the in-
tegration variable s in dispersion integral, run-
ning from 4m2

π to ∞, the integral is saturated at√
s ≤ 2 GeV. Since the cross section of e+e− an-

nihilation into hadrons cannot be computed from
first principles at such low energies, one has to
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rely on the experimental data. One can use the
data on e+e− → hadrons or employ the data on
decays τ → ντ + hadrons and, using isospin sym-
metry, relate it to e+e− → hadrons.

Both methods have been applied in the past
and each of them has different merits and short-
comings. e+e− data have the advantage of be-
ing exactly what enters the dispersion integral,
although some theoretical work, like removal of
the initial state radiation and vacuum polariza-
tion corrections, has to be applied. The disad-
vantage of this method is that for a long time
the accuracy of e+e− data below 1.7 GeV was
insufficient for the precision of E821. This has
changed recently. New, very precise data became
available on e+e− → π+π− in the ρ resonance re-
gion and new results on σ(e+e− → hadrons) at
2 GeV ≤

√
s ≤ 3 GeV have been obtained.

The use of τ decay data has been largely mo-
tivated by the accuracy of ALEPH and CLEO
measurements. However, the disadvantage of this
method is the amount of theoretical assumptions
one has to make in order to get from τ decays
to e+e− annihilation cross sections. For exam-
ple, a convincing study of isospin violating effects
(electromagnetism, quark masses, ρ − ω interfer-
ence) is required before the precision of 1% can
be guaranteed.

A recent study [15] presents two separate re-
sults for the vacuum polarization contribution. If
only e+e− data are employed, the result reads
6847(70) × 10−11. Results from τ decays are
more accurate in the energy region where they
are available, but unfortunately they significantly
differ from e+e− data. The tau-aided result is
7090(59) × 10−11, and as we will see it leads to a
very good agreement of the Standard Model with
the g − 2 measurement.

Another study of e+e− data [16] found the
value 6831(62) × 10−11, confirming the above
e+e− result.

2.3.2. Light-by-light scattering

The hadronic light-by-light (HLBL) scattering
contribution is the trickiest part of the theoreti-
cal prediction for aµ because (a) the typical loop
momenta are of the order of 1 GeV or less (see
Fig. 2 for an example of hadronic contributions),

(b) it seems impossible to relate this contribution
to experimental data. Assuming that very small
momentum transfers k ∼ mµ ∼ mπ saturate
HLBL, one might attempt to use the chiral per-
turbation theory to estimate aµ(HLBL). Unfor-
tunately, this basic assumption about the small-
ness of momenta is not valid for HLBL scattering
diagrams and in fact the Feynman integrals are
saturated at a relatively high scale k ∼ mρ ∼ 1
GeV, where the arguments based on χPT alone
are insufficient. Within the χPT alone one can-
not determine the UV counterterm proportional
to the muon anomalous magnetic moment. For
this reason one has to rely on models (vector me-
son dominance, Nambu-Jona Lasinio) to describe
contributions of large momentum degrees of free-
dom.

µ

π0

γγ γ

Figure 2. Pion pole contribution to hadronic light-by-

light effect in the muon g − 2.

Since it is obviously quite difficult to evaluate
reliability of these models and to estimate con-
vincingly the theoretical uncertainty of their pre-
dictions, the final result for HLBL contribution to
g − 2 and the estimate of its uncertainty are very
subjective and differ among recent studies [17–
19]. The final result here is based on the VMD
model for π0 [20], and charged pion contributions
[21]; the missing high-energy part of HLBL (the
counterterm) is estimated using the quark loop
diagram with an infrared cut-off provided by the
quark mass MQ = 200−400 MeV. The result for
HLBL is then aµ(HLBL) = 110(30) × 10−11 (this
includes a preliminary re-examination of the pion
box diagrams).

Given the discrepancy between the electron-
positron annihilation and tau decay results, we
are left with two SM predictions. They differ from
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each other by about 2.3 times the errors combined
in quadrature,

aHad
µ =

{

6857(76) × 10−11 e+e−–based
7100(67) × 10−11 τ–aided

(7)

3. Summary

The complete Standard Model prediction is ob-
tained by adding equations (5,6,7),

aSM
µ =

{

116 591 732(78) × 10−11 e+e−–based
116 591 975(69) × 10−11 τ–aided

(8)

Present experimental world average, eq. (2),
exceeds both theoretical numbers,

aexp
µ (Average) − aSM

µ

=

{

298(112) × 10−11 (2.7σ) e+e−–based
55(106) × 10−11 (0.5σ) τ–aided

(9)

The experimental error will be further reduced
when data taken with negative muons are ana-
lyzed. It is very important to reduce theoreti-
cal errors in the hadronic contributions to match
those improvements. As far as the vacuum po-
larization contribution is concerned, we can soon
expect an independent check of the e+e− re-
sults based on radiative-return data obtained at
DAΦNE and at B-factories. A new analysis of
τ decays will likely be necessary to clarify the
discrepancy between the two approaches. Such
analysis may be based on the very large sample
of τ data collected at B-factories.

Acknowledgments

I am grateful to William Marciano, Kirill Mel-
nikov, and Arkady Vainshtein for many help-
ful discussions. This research was supported in
part by the Natural Sciences and Engineering Re-
search Council of Canada.

REFERENCES

1. H. N. Brown et al., Phys. Rev. Lett. 86, 2227
(2001).

2. G. W. Bennett et al., Phys. Rev. Lett. 89,
101804 (2002).

3. A. Czarnecki and W. J. Marciano, Phys. Rev.
D64, 013014 (2001).

4. K. Melnikov, Int. J. Mod. Phys. A16, 4591
(2001).

5. S. Laporta and E. Remiddi, Phys. Lett.
B379, 283 (1996).

6. T. Kinoshita, talk given at Yale University,
May 2001.

7. T. Kinoshita and M. Nio, Phys. Rev. Lett.
90, 021803 (2003).

8. T. V. Kukhto, E. A. Kuraev, A. Schiller,
and Z. K. Silagadze, Nucl. Phys. B371, 567
(1992).

9. A. Czarnecki, B. Krause, and W. Marciano,
Phys. Rev. Lett. 76, 3267 (1996).

10. A. Czarnecki, B. Krause, and W. Marciano,
Phys. Rev. D52, R2619 (1995).

11. S. Peris, M. Perrottet, and E. de Rafael, Phys.
Lett. B355, 523 (1995).

12. A. Czarnecki, W. J. Marciano, and A. Vain-
shtein, (2002), in press in Phys. Rev. D.

13. G. Degrassi and G. F. Giudice, Phys. Rev.
D58, 053007 (1998).

14. M. Knecht, S. Peris, M. Perrottet, and E.
De Rafael, JHEP 11, 003 (2002).

15. M. Davier, S. Eidelman, A. Hocker, and Z.
Zhang, (2002).

16. K. Hagiwara, A. D. Martin, D. Nomura, and
T. Teubner, (2002), hep-ph/0209187.

17. M. Knecht and A. Nyffeler, Phys. Rev. D65,
073034 (2002).

18. M. Knecht, A. Nyffeler, M. Perrottet, and E.
de Rafael, Phys. Rev. Lett. 88, 071802 (2002).

19. M. Ramsey-Musolf and M. B. Wise, Phys.
Rev. Lett. 89, 041601 (2002).

20. I. Blokland, A. Czarnecki, and K. Melnikov,
Phys. Rev. Lett. 88, 071803 (2002).

21. T. Kinoshita, B. Nizic, and Y. Okamoto,
Phys. Rev. D31, 2108 (1985).

7th International Workshop on Tau Lepton Physics (Tau02), Santa Cruz, CA, 10-13 September, 2002

WE09 196


