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Production and Polarization Effects in Some Tau-Lepton Decays
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The conditions for the independence of decays of the spin-1/2 resonances on the production mechanism of
the resonances and on polarizations of the incoming and outgoing particles are derived and applied in the case
of several tau-lepton decays. The necessity for inclusion of the influence of the production mechanism in the

evaluation of the lepton flavour violating decays is stressed.

1. INTRODUCTION

The theoretical results for lepton flavour vio-
lating (LFV) branching ratios (BR) are usually
given in terms of the decay rates, independently
of the production mechanism of the tau leptons.
In this paper the total cross sections involving de-
caying resonances are studied. The cross sections
are evaluated exactly and assuming the indepen-
dence of decay processes of the production mecha-
nism. The deviations of approximative cross sec-
tion from the exact cross section are analyzed.
The aim of this work is to show that the exact
calculation should be applied to LF'V processes,
too.

The independence of resonance decay rates of
the production mechanism has been conjectured
in the early sixties [EI,E,E], and recently it has been
refined for a scalar resonance [{]

dO’A dO’R(M) MFR_,A(M)

—_— = . 1
dM?d3P B3P aDr(M) (L)

do 4 is the cross section of the process 1 4+ 2 —
X+ (R — A) (1 and 2 are incoming particles,
R is a resonance, A are decay products of R,
and X are all particles not included in the R de-
cay). dor(M) is the cross section of the process
142 — X 4+ R (where R is treated as a free par-
ticle of an unphysical mass M). T'r_, 4(M) is the
decay rate of R (R again treated as a free parti-
cle of unphysical mass M). Dr(M) is the usual
denominator of the resonance-R propagator,

Dr(M) = (Mg — M?)* + MgT%(M) (2)
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(M is the physical mass of the resonance R, I'
is its total decay rate). P is the four-momentum
of the resonance R and M? = P2 Equation (fl]) is
valid for one decaying resonance in the amplitude.
It suggests that the process 142 — X+ (R — A)
can be viewed as a sequence of two independent
processes, 1+2 — X + R and R — A. Therefore,
the decay rate of the resonance R is independent
of the production mechanism. The approximate
integral form of Eq. (fll), valid for narrow reso-
nances, which follows from the approximate rela-
tion

/ MDg(M)~2dM? = = (3)
0 I'r
is given by
I'r_.
oa = op—=2, (4)
I'r

Equation ([]) can be generalized for several decay-
ing resonances in the amplitude, and this general-
ization is especially simple for narrow resonances.

For a scalar resonance, the product form for
the total cross section (oPF) ([[) is a consequence
of the product form of the corresponding matrix
element,

Ma = Mg iDp' Mp_.a, (5)

with notation as in (). Mz and Mp_, 4 are the
same matrix elements that appear in the evalu-
ation of the cross section 1 +2 — R+ X and
R — A.

In the case of spin-1/2 and vector resonances
or resonances with more complicated spin-tensor
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structure, the product form for matrix elements
() is not so simple and the product form for the
differential cross section (EI) is not generally valid.
The product form for the differential cross sec-
tion () for a vector resonance in the amplitude
has been studied in [[f]. The conditions for the
product formula for the differential cross section
or total cross section for the processes with one
and two spinor resonances are given here.

2. CONDITIONS FOR ¢PF FOR ONE
SPIN- 1/2 RESONANCE

For a spin-1/2 resonance, the matrix elements
Mp_a, Mg and M 4 read

MR—»A - UA“R?
Mpr = uRrUsg,
Ma = Dp'UsPrUs, (6)

where ug is the wave function of the resonance,
Us and Us ("spinor amplitudes”) are general
spinor functions describing the decay products
of the the resonance (A) and scattering process
142 — X + R (without the resonance wave func-
tion) and Pr = P+ My is the numerator of the
propagator of the resonance. Spinor functions Uyh
and Ug contain all information on momenta and
polarizations of the decay products {A} and par-
ticles 1,2, {X} respectively. The corresponding
decay rates and differential cross sections read

Troa = (16M7*) " 'Tr[PgT), (7)
dO’R o s
doa _ T

EW = 32—FTT[SPRTPR], (9)

where E = (M2 + P?)2 is the energy of the res-
onance, F' = F1 F3|vi — val, and

T = Z/dLIPSAUAxUA, (10)
{xa}

s = Z/d¢XstUS, (11)
{Ax}

with {A\a}, {XAx} and dLIPS4 and d¢x repre-
senting the polarizations of {A} and {X} par-
ticles, Lorentz invariant phase space of particles

{A} and phase space of {X} particles, respec-
tively.
The most general form of T is

T = Tv+ T+ T4 o + Tys + T57s. (12)

The product form for the differential cross section
is satisfied if the product of the traces from Egs.
(@) and (§) is equal to the trace from Eq. (§).
The sufficient condition for that equality to be
satisfied is

1
PrTPr = PRaTT[TPR], (13)
with the most general solution for T,

T = Ty + Ty + TuP+ Tsvs, (14)

(P = P/M,). Although the condition ([13) is not
the only one that realizes the product form for the
differential cross section (IE) for one resonance in
the scattering process 1 +2 — R + X, it is the
only one that remains for more than one decaying
resonance in the scattering process.

If the summation over all polarizations of {A}
particles and integration over complete dLIPS 4
phase space is performed, T" depends only on the
momentum of the resonance P, and its most gen-
eral form,

T = Ty + ToP+ TuP+ T5vs (15)

(form factors T; depend only on P?) satisfies the
product form condition ) Therefore, if an ex-
periment is performed with a 47 detector, and
polarizations are not measured, the ¢PF is satis-
fied for processes with one decaying spin-1/2 reso-
nance. The result can be generalized for processes
with any number of decaying spin-1/2 resonances.
In the following, three possible situations which
deviate from the situation described by Eq. ([Lg),
will be discussed,
1. polarization of the decay products {A} of the
resonance,
2. a process with two or more spin-1/2 reso-
nances,
3. partial integration over phase space for pro-
cesses with two spin-1/2 resonances.
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3. PF AND POLARIZATION

The description of the polarization of massless
spin-1/2 particles, massive spin-1/2 and vector
particles and massless vector particles is differ-
ent. Helicity of the massless spin-1/2 particles
is completely determined by the V 4+ A vertices
and no additional four-vector is needed for the
description of the particle polarization. For mas-
sive spin-1/2 and vector particles one has to intro-
duce additional four-vector along with the parti-
cle four-momentum for a complete description of
the particle state. For instance, for a massive
spin-1/2 particle of mass m and four-momentum
p, the four vectors describing the particle state
are,

p = (E,pp),s = (p, Ep)/m. (16)

(D is the unit vector in the direction of p). The
direction of the spacial part of the four-vectors p
and s are the same. That follows from the def-
inition of the helicity quantization axis and the
fact that the little group of the massive parti-
cle is attached to its rest frame. For massless
vector particles, the additional four-vector that is
necessary for the description of a helicity of the
state, n, is independent of the four-momentum
of the particle, and it represents the laboratory
frame in which the quantization of the massless-
vector-particle spin is performed. In the labora-
tory frame it is a pure time-like four-vector.

If among the polarized particles of the decay
products of the resonance R only spin-1/2 and
massive vector particles appear, the complete in-
tegration over dLIPS 4 gives T" again the structure
([5) that assures oPF. The presence of polarized
massless vector particles among the decay prod-
ucts of the resonance R leads to additional terms
of the T even after the complete integration over
dLIPS 4,

T = T+ ToaP+ Topyf + T30,,0n" P”

+  TyaP+ Tuprfys + Ts7s, (17)
which cannot be removed by the most general
gauge transformation of polarization vectors of
the type, e(p,A;) — £(p, As) + aip, where p is
the four-momentum of the massless vector parti-
cle and «; are constants. The fourth and sixth
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term in Eq. ([L9) violate the product form condi-

tion ([19).

4. ¢oPF FOR TWO RESONANCE PRO-
CESSES

The expected oPF equation for a two narrow-
resonance process is

I'r,—~aTRr,—B

1— 2— — _PF

0OAB = ORyR, =04aB (18)
I'r, I'r,

(UAB = 0142—(R;1—A)(R2—B)>» OR\R> =

O1+2—R,R,).- The relevant matrix elements for
studying ¢PF are

Ma = Mpg,_a = UMl (19)
Mp = Mp,p = TLR2UB, (20)
Mp.r, = Mijo_rr, = utsul®, (21)
Map UAPH spRUB DL D! (22)

(uf' and uf? are the wave functions of the reso-
nances, U4 and UP describe the resonance prod-
ucts, P® and P?2 are the numerators of the
propagators of the resonances, Dr, and Dpg, are
the corresponding denominators of the propaga-
tors, and s is 1 + 2 — R; R, amplitude without
the resonance wave functions). Squaring the am-
plitude, using the usual trick for the subdivision
of the phase space of outgoing particles ([E,E]),

1
dLIPSap WdM;él dM?, dLIPSk, g,
dLIPS4dLIPSg, (23)

integrating out the delta functions, and inte-
grating over the squares of unphysical resonance
masses, one obtains the approximative expression
(valid for narrow resonances) for the total cross
section (LHS of Eq. (1))

P A3 F1
287T2FR1 FR?M?hMIO?z
> SHTr[PfhAPha, PP PR, ] (24)

i

PX"tF-1
= — [ dQ
2671'21_‘}{11—‘32 / B

Z S Tr[PFT PR3, PRTBPR25,,] (25)

ij

OAB ~ /dQRldLAdLB
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(>‘ = (pl +p2)27 P = |PR1| = |PR2|7 Mlo%l and
MIO,-‘:2 are physical masses of the resonances; d{2r,
is differential solid angle of P Ry, dL4 and dLp
are remnants of dLIPS4 g phase spaces after in-
tegration over delta functions; PR« = Pr, £ Mg,,
a = 1,2, are numerators of R, propagators — plus
sign is for a particle resonance and minus sign for
an antiparticle resonance;

th = AUl x Ua,

t8 = UL x Us,

are absolute squares of the spinor amplitude de-
cay products of resonances Ry 2,

> S A = S = sty x s, (26)

7; are Dirac algebra matrices and I is a set of
Lorentz indices assigned to a particular 7; matrix;
> ; Silj'] are tensor functions which are part of the
absolute square of the spinor amplitude s; the
quantities

Tap = /dLA,BtA»B (27)

are ”spinor decay rates of resonances R; 2 be-
QMR Tr[PRl R2T 4 g] ). The

expression for the RHS of Eq. (1§) is obtained
from (R4) by replacement

cause ', , .A,B =

Z SIJTT PthAPRl’Y IfPth ’PRZ’Y ]] N

Z SI‘]T’F['PRl’y [P 2’}/]J]
ij

xTr[tAPE ) Tr[tB PR, (28)

The oPF equation leads to the equality of LHS
and RHS of Eq. (§). It can be shown that the
only way to satisfy that equality is that the fol-
lowing two conditions are satisfied,

1
(7331 TAPE: ) = pha §T’I’(TA'PR1 ),

1
(PRoTBpha) = phe 5Tr(TB7DR2) (29)

(TAB = tAB or TAB = [dL, pthP). Egs.
(B9) are identical in form to Eq. ([[J), and their

most general solutions have the same form as

9.

T4 = TP+ + TP s + T,
T8 = TP + 75 + TPP s +T s (30)

The generalization of ¢PF conditions for more
than two spin-1/2 resonances is obvious.

5. ANALYSIS OF oPF for e"et — (717 —
A)('r+ — B) PROCESSES

From the above analysis follows that to prove
the some process containing only spin-1/2 reso-
nances satisfies cPF one has to show that all ab-
solute squares of the spinor amplitudes of spin-
1/2 resonances included in the process, or any
phase space integral (partial or complete) of these
quantities must satisfy the condition (é) That
rule will be used to study several e"et — (77 —
A)(t~ — B) ptocesses with respect to the con-
dition (1J). Three processes are chosen for the
analysis, e"e™ — (17 — 7)) (T — 7TD,),
ecet — (17 — I"u)(tT — [Tyi,) and
ecet — (77 — 7)) (rT — ITy). First two
are Standard Model processes, while the third be-
longs to the physics beyond the Standard Model.
The first one contains one observable scalar per
decaying resonance, the second contains one ob-
servable lepton per resonance, and the third com-
prises one resonance as in the first case while the
other resonance decays into observable lepton and
photon. The parts of the phase space of the un-
observable particles can be integrated. In the
following analysis simple model of LFV — Stan-
dard model with additional heavy neutrinos [f])
is used.

The spinor decay rates involved in the processes
read (complete phase space integration and sum-
mation over all polarizations is assumed):

= A2 2 Wud| m727 7
FT—>7I'IJ7- G f (1 - m_72—>PTPLa
5 Gz
FT—»l*DluT = 3 267{3P L,
3 .2
= _ Yy Sw — 213
Loy = m(l —mj)
R(PR +mi PL)Fipy. (31)
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Barred quantities are dimensionless. They are
obtained from the corresponding dimensionfull
quantities multiplying them by a power of the
tau mass. Gp is Fermi constant, ay = ¢2/(47);
Frpy = (3, B5Bu G(\))? is a factor which
contains information on the magnitude of LFV
— see Refs. [E] Obviously, all spinor decay rates
satisfy the oPF condition ([L3). Notice the simi-
larity in the structure of the spin dependent parts
of all three I'-s.

The approximative expressions (the numerator
of the W-boson propagator s replaced by M3,)
for the absolute squares of spinor amplitudes for
these three processes read

tT—)IJ,—ﬂ'

o -1 Ay —4 _ =
brvot = Mz g My (1 — 57— sl,ll)IZSVZPL
)
m siy(L—mj
T 29N, LEV

p., (P + mi Pr) (32)

tT—>l'y

(571 = (Pr—p1)?, 5,1 = (Pu+p1)?), The structures
of the spin dependent parts of all three t-s are
similar. Further, none of three absolute squares
of spinor amplitudes satisfies the cPF condition
([3). Therefore, a deviation from the oPF is
expected if the complete integration over phase
space is not peformed. The phase space mea-
sures of all three processes contain the differen-
tials of solid angles of the two observable particles.
For the process eet — (77 — ", )(tt —
[Ty v;), we performed the following integrations
over phase space. We defined the difference of the
differentials of the RHS and LHS of Eq. ([1§)

dAoc = dUA7B — F—tddedeFAdrB. (33)
T
Next, the unit spheres of the solid angle vari-
ables of the measurable particles were subdivided
into two hemispheres (left L and right R with
respect to the direction of the incoming elec-
tron). So four sectors with respect to the solid
angle integrations of observable particles were
obtained (LL, LR, RL and RR). Further, we
performed a complete integration over one of the
four parts of the phase space and at the same
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time over the remaining part of the phase space.
The results evaluated for center of mass energy
A2 = \/20m., are given in the following table.

Table 1.

The deviation of the cross section from the
product form

sector Ac(GeV~2)
LL —7.67x10°10
LR 7.44 x 10710
RL 7.82 x 10710
RR —7.47 x 10710
LL+ LR+ RL+ RR 0.11 x 10~10

The integration is ten dimensional. The inte-
gration was performed by a simple, non-adaptive
Monte-Carlo program. Therefore, the result ob-
tained for the sum of the four contributions can
be considered as consistent with zero (it tends
to zero as one enlarges the number of integra-
tion points). On the other side, the cross sec-
tions for the total decay rate for ee™ — (17 —
=y )(rT — Ty, ), evaluated using the prod-
uct form formula (LHS of Eq. ([§)), is

ofF = 4.42 x1077GeV. (34)

The relative deviation of from the oPF is of the
order of 20%. The similarity of the structures of
the spin dependent parts of all three ¢-s indicates
that the relative deviation of from the oPF for
other two processes is of the same order of mag-
nitude.

In the literature, LF'V decay rates are usually
theoretically evaluated assuming the cPF. On the
other side, measurements of LFV processes are
performed by detectors which are not completely
47 detectors. Therefore, in principle, one should
include the dependence of the LF'V decay rates on
the production mechanism when presenting the
theoretical results.

6. CONCLUSION

The conditions for the product form of a decay
rate (oPF) of an amplitude containing one or
more spin-1/2 resonances have been found. The
analysis of the cPF has been performed for one
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and two resonances, for unpolarized particles and
complete integration over phase space of outgoing
particles, for polarized particles and complete in-
tegration over phase space of outgoing particles,
and for unpolarized particles and partial integra-
tion over phase space. It has been found that
the oPF is not satisfied if decay products of the
resonance contain polarized massless spin-1 par-
ticle(s) even for complete integration over phase
space or if partial integration over phase space
is performed, regardless of the polarization of
the particles. The formalism has been applied to
three e"et — (77 — A)(7T — B) processes, two
Standard Model processes and one lepton flavour
violating (LFV) process. These three examples
show explicitely that complete integration over
phase space and summation over all polarizations
leads to the oPF, but if partial integration over
phase space is performed, large deviations from
the oPF are obtained. A comment on a possible
improvement of the theoretical results for LFV
decay rates, including their dependence on the
production mechanism, is given.
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