HIGH - BRIGHTNESS BEAM CURRENT LIMIT IN RF FIELDYuri K. BatyginHigh Energy Systems Division, American Science & Engineering, Inc., CA 95054, USAAbstractAn analytical solution for a self-consistent particleequilibrium distribution in an RF field with uniformtransverse focusing is applied to the problem of the highbrightness beam current limit. The distribution function inphase space is determined as a stationary function of theenergy integral. Particle distribution of the bright beamalways tends to such a shape that the space charge beampotential is opposite to the external potential regardless ofthe applied field. Analytical expressions for r-zequilibrium beam profile and beam current limit in an RFfield are obtained.1 INTRODUCTIONThe stationary self-consistent particle distribution inan RF field provides an estimation of the maximum beamcurrent in an accelerating field. The approximation of thebunched beam as an ellipsoid gives the most simple wayto determine the maximum beam current. However, anellipsoid is not a self-consistent solution for a bunchedbeam in an RF field. In Ref. [1] the self-consistentbunched beam was approximated by a uniformlypopulated cylinder with density dependent on thelongitudinal coordinate. In Ref. [2] the spatial particledistribution in a 3-dimensional configuration space wascalculated numerically. In Ref. [3] an analytical solutionfor a self-consistent high brightness bunched beamdistribution was found. The latest approach allows us todetermine the self-consistent maximum accelerated beamcurrent.2 SELF-CONSISTENT SPACE CHARGEPOTENTIAL OF THE BEAMThe Hamiltonian for particle motion in an RF fieldwith continuous transverse focusing is given by [1]

H = px2 + py22 m g

+ pz22 m g3 + q Uext

+ q Ubg2, (1)Uext

= Ekz [Io

(kzrg)sin(js-kzz) - sinjs+kzzcosjs

] + Gtr22, (2)where px and py are transverse particle momentum,pz = p - ps and z = z - zs are deviations from longitudinalmomentum and position of synchronous particle,respectively, Uext is the potential of an external field, Ubis the space charge potential of the beam, E is theamplitude of the accelerating field, s is the synchronousphase, Gt is the gradient of the focusing field, r is theparticle radius, kz = 2p/(bl) is the wave number and l isthe wavelength. In Ref. [3] the first approximation for aself-consistent potential of the beam was found:Ub

= - g21 + d Uext , (3)where d » b-1 is a small parameter, inversely proportionalto the dimensionless beam brightness, b, b = 2bg

IIc R2et2, (4)I is the beam current, R is the beam radius, Ic is thecharacteristic value of the beam currentIc = 4peo mc3q , (5)and et is the transverse beam emittance. Equation (3)indicates that the particle distribution of the bright beamhas such a shape that the space charge potential isopposite to the external potential. This fact is well knownfor a stationary distribution of a transported beam in alinear focusing channel [1]. Equation (3) generalizes thisstatement for a 3-dimensional beam distribution.Taking the first approximation to the space chargepotential of the beam, Eq. (3), the Hamiltoniancorresponding to the self-consistent bunch distribution isas follows:

+ pz22 m g3

+ q (d1 + d) Uext . (6)Equation (6) indicates that in the presence of an intense,bright bunched beam (d << 1), the stationary longitudinalphase space of the beam becomes narrow in momentumspread, remaining, in the first approximation, the same incoordinate. This is in a qualitative agreement with thestudy of Ref. [1].3 SELF-CONSISTENT BEAM PROFILEA self consistent space charge distribution of amatched beam in a channel is attained from the Poisson’sequation:r(r,z) = - eo

[1r ¶¶r (r ¶Ub¶r

) + ¶2Ubg2¶z2] = 2 eo g21 + d Gt. (7)The space charge density of a high brightness beam isnearly constant within the bunch.From Eq. (3) it follows, that, in the firstapproximation, space charge potential of the beam is thesame function of coordinates, as the external potential, with opposite sign. Therefore, equation Uext (r, z)= constgives the family of equipotential lines of space chargefield of the beam:Io

(kzrg)sin(js-kzz) - sinjs+ kzzcosjs

+ Gtkz2 E r2 = const. (8)In general case, bunch boundary does not create anequipotential surface. Consider uniformly populatedbunch with boundary R(z), defined by nonlinear equationIo

(kzRg)sin(js-kzz) - sinjs+kzzcosjs+C(kzR)2= const. (9)Space charge potential of the bunch with boundary, Eq.(9), is close to that, given by Eq. (3). Parameter C is usedto adjust the shape of the bunch in such a way, that spacecharge field of the bunch is opposite to the external fieldwith the specific values of accelerating field, E, andfocusing gradient, Gt.The value of constant in Eq. (9) can be determinedfrom the condition, that longitudinal bunch size is, in thefirst approximation, the same as for zero - current mode.Therefore, at R(z) = 0, the left bunch boundary iskzz = 2js and the value of constant isconst = 2js cosjs - 2 sinjs . (10)Substitution of Eq. (10) into Eq. (9) gives the firstapproximation to the beam profile, R = R(z), defined bythe expression (see Fig. 1 b):Io

(kzRg)sin(js-kzz)+sinjs-(2js-kzz)cosjs+C(kzR)2=0. (11)For a long bunch, bl >> Rmax, one can assume Io (x) » 1and transverse bunch size, Rmax is:Rmax

= 1kz

2 (js cosjs - sinjs)C . (12)Parameter C can be expressed as a function of theratio of transverse, Gt, and longitudinal, Gz, gradients ofelectric field within the bunch, C = C (Gt/Gz), see Fig. 2.Because of Eq. (3), the ratio of gradients, Gt/Gz, is thesame for the external field and for the space charge fieldof a stationary bunch. The gradient of accelerating fieldin the vicinity of synchronous particle isGz = 2p

E sinjsbl . (13)The values of gradients of space charge field of thebunch are obtained from numerical solution of thePoisson’s equation for a uniformly populated bunch withboundary, Eq. (11), for every specific value of theparameter C. Inverse function, C = C (Gt/Gz) , gives thedependence, presented in Fig. 2.a)

-0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25 x 10_{-2}

-0.3 -0.2 -0.1 0 0.1 0.2 z /�

E q / (mc )

�z 2

b) -0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08

-0.3 -0.2 -0.1 0 0.1 0.2 z /� x / �

c) -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25 x 10_{-2}

-0.3 -0.2 -0.1 0 0.1 0.2 z /�

E q / (mc )

�z 2

Fig 1. Stationary distribution of bunched beam, js = -1, C= 3.8, d = 0.2: a) RF accelerating field, b) particledistribution, c) longitudinal space charge field of thebunch.

4 MAXIMUM BEAM CURRENTThe above analysis allows us to determine thevalue of maximum beam current which can beaccelerated for given values of an accelerating field, E,and focusing gradient, Gt. The volume of the bunch isobtained by integration of the bunch shape along the z-coordinate:V = p

R2(z) dzzminzmax . (14)For a long bunch, bl >> Rmax, integration gives:

V = (bl)38p2C f(js) , (15)f(js) = 3js sinjs

- 92 js2 cosjs + cosjs - cos2js . (16)The total charge of the bunch is Q = r V, and thebeam current, I = Q c/l, is therefore,I = Ic

( b3g216p3C (1 + d)

) (Gt q l2m c2) f(js) . (17)Eq. (17) gives a unique expression for the limitedbeam current for every combination of the values of RFfield, E, and focusing gradient, Gt. The expression off (js), Eq. (16), is close to a cubic function of thesynchronous phase, js3, (see Fig. 3). It indicates, that themaximum beam current is proportional to the cube of thesynchronous phase, which is in qualitative agreementwith the study of Ref. [1].5 REFERENCES[1] I.M.Kapchinsky: Theory of Resonance LinearAccelerators, Harwood, 1985.[2] M.Reiser: Theory and Design of Charged ParticleBeams, Wiley, New York, 1994.[3] Y.Batygin, Proceedings of the 6-th EuropeanParticle Accelerator Conference (EPAC98),Stockholm, Ed. by S.Myers, L.Liljeby, Ch. Petit-Philadelphia, (1998), 1094. 0 1 2 3 4 5 6 7

1 2 3 4 5 6

a b

G / G^{t z}

C

Fig. 2. Coefficient C in bunch shape as a function of ratioof transverse and longitudinal gradients: a) js = -600, b)js = -300. 0 1 2 3 4 5 6

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 phase f(phase)

Fig. 3. Function f(js) = 3jssinjs

- 92js2cosjs+cosjs - cos2js .