SELF-CONSISTENT MODEL OF 3-DIMENSIONAL TIME-DEPENDENTELLIPSOIDYuri K. BatyginHigh Energy Systems Division, American Science & Engineering, Inc., CA 95054, USAAbstractA self-consistent treatment of a 3-dimensional time-dependent ellipsoid with negligible emittance is performed.Envelope equations describing the evolution of an ellipsoidboundary are obtained. For a complete model it is requiredthat the initial particle momenta be a linear function of thecoordinates. Numerical examples and verification of theproblem by a 3-dimensional particle-in-cell simulations aregiven.1 INTRODUCTIONA bunched beam in an accelerating field is oftenapproximated by a uniformly charged ellipsoid. However,self-consistent solutions corresponding to such an ellipsoidare valid only in special cases. Time - independent solutionsfor an azimuthally-symmetric ellipsoid (spheroid) weretreated in Refs. [1], [2] and time -dependent solutions forthe same ellipsoid were found in Ref. [3]. It is well knownthat there is no 3-dimensional self-consistent solution for atime-dependent uniformly charged ellipsoid, similar to KVdistribution [4]. In this paper we consider the existence of asolution for a 3D time-dependent ellipsoid with zero phasespace volume.2 TIME-DEPENDENT ELLIPSOID INSELF-CONSISTENT FIELDConsider the evolution of an initially uniformlycharged ellipsoid in the rest system of coordinates withapplied focusing potentialUext(x, y, z, t) = Gx

(t) x22 + Gy

(t) y22 + Gz

(t) z22 , (1)where Gx(t), Gy(t), Gz(t) are time-dependent gradients of thefocusing field in 3 directions. External focusing fields arelinear functions of coordinates:Ex(ext) = - Gx(t) x, Ey(ext) = - Gy(t) y , Ez(ext) = - Gz(t) z. (2)The potential of the uniformly charged ellipsoid in freespace is given by [5]Ub

= - rRxRyRz4 eo

(x2Rx2+s

+ y2Ry2+s

+ z2Rz2+s ) ds

(Rx2+s)(Ry2+s)(Rz2+s)o¥ , (3)r

= 34p

QeRxRyRz , (4)where Qe is the charge, Rx, Ry, Rz are semi-axes and isthe electrostatic field of the ellipsoid are linear functions ofthe coordinates:Ex(b)

= - ¶Ub¶x

= r Mxeo x , (5)Mx

= 12

RxRyRz ds(Rx2

+ s) (Rx2 + s)(Ry2 + s)(Rz2 + s)o¥ , (6)where x = x, y, z.Consider the dynamics of an arbitrary element insidethe ellipsoid with coordinates (x, x+ dx), (y, y + dy), (z, z +dz) which contains dN (x, y, z) particles. Assume that theellipsoid remains uniformly populated, therefore theequations of particle motion under the external field andspace charge forces of the ellipsoid are linear:{

dxdt = pxm dpxdt = - qGx

(t)x + q r(t) Mx(t)eo x , (7)similarly for the y and z directions. The general solutionx(t), px(t) of the set of linear differential equations of thefirst order, Eqs. (7), are linear combinations of the initialconditions xo, pxo:

x(t)px(t)

= a11(t) a12(t) a11(t) a12(t) xopxo , (8)where aij(t), i,j =1, 2 are coefficients of the solution matrix..Similar solutions are valid for the y and z directions. Let usintroduce an additional requirement that the initial particlemomenta are linear functions of the coordinates:pxo = axÆxo , pyo = ayÆyo, pzo = azÆzo . (9)In this case the solution, x(t), is a linear function of theinitial particle position:x(t) = a11(t) xo + a12(t) axxo = cx(t)Æxo , (10)and similarly, y(t) = cy(t)Æyo, z(t) = cz(t)Æzo. At a fixedmoment of time, t, the volume of a selected element, dV(t)= dx(t) dy(t) dz(t), is connected with the initial volume,dVo = dxo dyo dzo, by the linear relationship dx(t) dy(t) dz(t)= cx(t) cy(t) cz(t) dxo dy o dzo , ordV(t) = c(t) dVo . (11)

The number of particles inside the selected element isconserved, dN = const, because no one particle canpenetrate the boundary of an element because of the lineartransformation of particle positions, Eq. (10). Therefore, theparticle density, r(t) = dN/dV(t) , is connected with theinitial density, ro = dN/dVo, by the linear equationr(t) = ro dVo/dV(t) , orr

(x,y,z,t) = r(xo,yo,zo,0)c(t) . (12)Eq. (12) indicates that the initially uniformlypopulated ellipsoid, r(xo,yo,zo,0) = const, remainscharge density of the ellipsoid, r(x,y,z,t), depends only ontime according to Eq. (12) and is not a function ofcoordinates x, y, z. Such an ellipsoid delivers linear spacecharge forces according to Eqs. (5), (6). Therefore, theoriginal suggestion about particle motion in a linear field isproved to be correct.Due to the absence of momentum spread in the beam,particles at the surface of the ellipsoid remain there duringwritten as equations for maximum extended particles withcoordinates x = Rx, y = Ry, z = Rz:

d2Rxdt2

+ q Gx(t)m Rx

- 34p qm Qeeo

Mx(Rx, Ry, Rz)Ry Rz = 0, (13) d2Rydt2

+ q Gy(t)m Ry

My(Rx, Ry, Rz)Rx Rz = 0, (14) d2Rzdt2

+ q Gz(t)m Rz

Mz(Rx, Ry, Rz)Rx Ry = 0 . (15)3 DRIFT OF ELLIPSOID IN FREE SPACEThe expansion of the ellipsoid in a drift space isdescribed by Eqs. (13) - (15) with Gx = Gy = Gz = 0. InFigs. 1, 2 numerical results of the drift of an ellipsoid withQe = 3 nK with the initial semi-axes values Rx = 2 cm,Ry = 1 cm, Rz = 4 cm and longitudinal velocity of bz = 0.01are presented. Numerical calculations were performed using4particles on the grid 1/2 Nx x Ny x Nz = 64 x 128 x 512.The difference in analytical and numerical values of theellipsoid sizes are within 3% of each other.4 APPLICATION TO PARTICLEDYNAMICS IN A LINACThe particle motion in an RF field with uniformfocusing is described by the Hamiltonian [7]:

H = px2 + py22 m g

+ pz22 m g3 + q Uext

+ q Ubg2 , (16)Uext

= Ekz[Io

(kzrg)sin(js-kzz) - sinjs + kzzcosjs

] + Gr22, (17)

0 1 2 3 4 5 6 7

0 5 10 15 20 25 30 35 z (cm)

R^y

R^x

R^z

R (cm)

Fig. 1. Envelopes of a uniformly populated ellipsoid in adrift space: solid lines - PIC simulation, dotted lines -analytical solution of Eqs. (13) - (15).

-6 -4 -2 0 2 4 6

-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4 z, cm

x, cm y, cm

30 32 34 36 38 40 42 -4 -2 0 2 4

-4 -3 -2 -1 0 1 2 3 4 z, cm

x, cm y, cm

Fig. 2. Uniformly populated ellipsoid in drift space: (a) t= 0, (b) t = 1.2Æ10-7 sec.

where px and py are transverse particle momenta,pz = p - ps is the deviation from the longitudinalmomentum, z is the deviation from the position of asynchronous particle, E is the amplitude of the acceleratingfield, js is the synchronous phase, kz = 2p/(bsl) is the wavenumber, l is the wavelength, G is the constant gradient ofthe focusing field, and r is the particle radius. The potentialof the external field, Uext, is a nonlinear function of thecoordinates z, r. In the vicinity of a synchronous particle,wz/vs <<1, the following expansion is valid:sin(js

- wvs z) » sinjs

- (wvs z)cosjs

- 12(wvs z)2sinjs . (18)The approximation, Eq. (18), is valid for longitudinalparticle oscillations, much smaller than the separatrix size.In addition, consider the radial deviation to be much smallerthan the bunch period r << bsl then we can assumeIo

(wrgvs) »

1 + 14

(wrgvs)2 . (19)Under these restrictions, the potential, Eq. (17), becomes:Uext = Gz

z22 + G r22

[ 1 - Gz2 g2G sin(js-kzz)sinjs] , (20)Gz

= w E sinjsvs . (21)Potential, Eq. (20), depends on phase of particle in RFfield. For small accelerating gradient, Gz /(2 g2G) <<1, thepotential, Eq. (20), is close to that of Eq. (1) and theenvelope equations (13) - (15) describe the evolution of asmall ellipsoidal bunch in a constant external field. Specialsolutions Rx’’ = Ry’’ = Rz’’ = 0 give the conditions for astationary (time-independent) bunch, which is inequilibrium with the external field:Gx

= 34p

Qeeo

Mx(Rx, Ry, Rz)Rx Ry Rz , x = x, y, z. (22)In Fig. 3 the results of beam dynamics with Q = 1.4nK in a channel with G = 3.6 kV/cm2, Gz= 0.58 kV/cm2, l= 8.57 m, = 0.0178 are presented. The values of Rx = Ry= 0.5 cm, Rz = 2 cm correspond to a stationary bunch. Theinitial conditions for an ellipsoidal bunch were selected tobe Rx = 0.4 cm, Ry = 0.6 cm, Rz = 1.8 cm. Deviation fromthe stationary solution results in oscillations aroundequilibrium, while the ellipsoid remains uniformlypopulated.5 REFERENCESInternational Conference on High-Energy Accelerators,Cambridge, A148 (1967).2. R.L.Gluckstern, A.V.Fedotov, S.S.Kurennoy, R.D.Ryne,AIP Conference Proceedings 448, Editors: A.U.Luccioand W.T.Weng, Woodbury, New York, (1998), p.245.3. A.S.Chikhachev, Soviet Physics Technical Physics, 29,9, (1984), p.990.4. F.Sacherer, Ph.D. Thesis, University of California(1968).5. W.D.MacMillan, The Theory of the Potential/Theoretical Mechanics, Dover Publications, (1958).6. Y.Batygin, Proceedings of the 3rd European ParticleAccelerator Conference (EPAC92), Berlin, Editors:H.Henke, H.Homeyer and Ch. Petit-Jean-Genaz,Editions Frontiers, Paris, p. 822 (1992).7. I.M.Kapchinsky, Theory of Resonance LinearAccelerators (Atomizdat, Moscow, 1966, Harwood,1985) 0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25

0 1 2 3 4 5 6 �

R (cm) x

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25

0 1 2 3 4 5 6 �

R (cm) y

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25

0 1 2 3 4 5 6 �

R (cm) z

channel, t = tc/l; solid lines - PIC simulation, dotted lines -analytical solution.